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Abstract

Financial markets frequently exhibit dramatic episodes where asset prices undergo rapid growth followed by

abrupt collapses, that are incompatible with standard linear time series models. While anticipative heavy-

tailed linear processes offer a promising alternative for modeling such phenomena, they impose uniform

bubble patterns across different episodes, contradicting empirical evidence. This paper introduces a new

model, based on α-stable moving average aggregates, that accommodates heterogeneous bubble dynamics.

We establish the theoretical properties of this model, demonstrating that it admits a semi-norm repre-

sentation on a unit cylinder, thereby enabling the prediction of extreme trajectories with varying growth

dynamics. We develop a minimum distance estimation procedure based on the joint characteristic function

and establish its asymptotic properties. Monte Carlo simulations confirm the estimator’s good finite-sample

performance across various specifications, and we implement a subsampling methodology to empirically

verify the convergence to asymptotic normality. Our empirical application to the CBOE Crude Oil ETF

Volatility Index successfully decomposes observed volatility dynamics into distinct components with different

persistence properties, revealing that what appears as a single bubble episode actually consists of multiple

superimposed processes with heterogeneous growth rates and crash probabilities.
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1. Introduction

Financial markets regularly witness dramatic episodes where asset prices undergo rapid growth followed

by abrupt collapses. These phenomena, termed rational asset pricing bubbles when they diverge from funda-

mental values (Blanchard and Watson , 1982; Tirole , 1985), have become increasingly prominent alongside

well-documented features such as heavy-tailed distributions and volatility clustering. These bubbles emerge

as solutions to linear rational expectation models that admit multiple stationary equilibria through infinite

variance innovations (Gouriéroux et al. , 2020). Another theoretical paper that provides justification for

bubbles having different growth rates is Lux and Sornette (2002), which demonstrates how agent inter-

actions can create bubble formation, with bubbles growing in seemingly rational ways driven by investor

expectations. Their model effectively captures sudden dramatic crashes and replicates the “fat tails” ob-

served in empirical financial market data, suggesting that traditional representative rational agent models

inadequately explain these phenomena.

From an empirical perspective, so-called mixed-causal (or anticipative) models appear as good candidates

to account for the non-linear dynamics of bubbles and the non-Gaussian environment characterized by Lux

and Sornette (2002) and Gouriéroux et al. (2020). Indeed, future-oriented models may generate intermittent

periods of explosive growth and relative stability within a stationary linear framework while also admitting

a regular time representation involving non-linear dynamics or non-i.i.d. innovations. Among others, we

can mention (Andrews et al. , 2009; Lanne and Saikkonen , 2011, 2013; Hecq et al. , 2016, 2017; Cavaliere

et al. , 2020; Velasco and Lobato , 2018; Fries and Zakoian , 2019; Hecq et al. , 2020; Gouriéroux and

Jasiak , 2016, 2018; Gourieroux and Jasiak , 2023; Hecq and Velasquez-Gaviria , 2025; Gouriéroux et al.

, 2025). Most importantly, this framework exhibits intriguing properties, such as a predictive distribution

with lighter tails than the marginal distribution. This enables more accurate predictions of higher-order

moments (see e.g. Fries , 2022) and forecasts based on pattern recognition (see de Truchis et al. , 2025a),

which are critical for informed investment decisions.

However, anticipative models impose a similar increase rate for all bubbles, fully determined by the non-

causal autoregressive coefficients (Gouriéroux and Zakoian , 2017). This lack of flexibility might conflicts

with empirical evidence on financial markets where the surge of explosive episodes can exhibit very different

pattern. Moreover, Gouriéroux et al. (2021) recall that aggregation implies various sources of noise and

is hence very different from mixed-causal AR processes and more generally, different from any two-sided

moving average. As it incorporates independent unobservable stochastic factors aggregation it is more

suitable for financial applications. For instance, if one want to build derivatives to hedge portfolios against

the uncertainty associated with the anticipative components and the risk of sudden bubble crashes, the two

factor of risk should be priced and accounted for in the derivatives.

In this paper, we make two contributions to the literature on econometric modeling of financial bubbles.
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First, we introduce a novel flexible framework that overcomes a key limitation of existing anticipative

heavy-tailed models, which impose uniform growth patterns across different bubble episodes. Our approach

allows for diverse bubble dynamics by aggregating multiple latent components, each with distinct stochastic

properties. We derive the theoretical tail properties of this model and demonstrate that, similarly to non-

aggregated processes (de Truchis et al. , 2025a), it admits a semi-norm representation on a unit cylinder,

expect if one of the underling component is purely non-anticipative, thereby enabling the prediction of

extreme trajectories with heterogeneous growth patterns.

Second, we develop an inference procedure for anticipative stable aggregates, departing from Gouriéroux

and Zakoian (2017) and building upon Knight and Yu (2002). While Gouriéroux and Zakoian (2017)

focus on continuous support distributions for the aggregation weights in the specific case of anticipative

Cauchy AR(1) processes, our approach extends to the general α-stable case with discrete support, a frame-

work more suitable for empirical applications. We propose a deconvolution minimum distance estimator

based on the joint characteristic function that effectively identifies the model parameters. Our methodol-

ogy draws from Knight and Yu (2002) and Xu and Knight (2010), who developed asymptotic theory for

minimum distance estimation using the empirical characteristic function in stationary time series, but we

extend their approach to handle the heavy-tailed stable distributions. We establish the asymptotic prop-

erties of our estimator under suitable regularity conditions, proving consistency and asymptotic normality.

To empirically validate the finite-sample convergence toward the limiting Gaussian distribution, we imple-

ment a subsampling procedure following Politis and Romano (1994) and Politis, Romano and Wolf (1999),

which reveals heterogeneous convergence speeds across parameter dimensions and confirms that while cer-

tain parameters approach asymptotic normality relatively quickly, others—particularly the autoregressive

coefficients—require substantially larger sample sizes to achieve reliable normal approximations.

As an empirical illustration, we estimate an aggregation of purely anticipative stable AR(1) processes

using the CBOE Crude Oil ETF Volatility Index (OVX) data, and we demonstrate that the observed

volatility patterns can be effectively decomposed into multiple latent stable components with heterogeneous

persistence properties. The empirical analysis reveals that what initially appears as a single explosive

episode actually consists of several superimposed processes with distinct autoregressive parameters and

crash probabilities.

The Section 2 introduces the stable aggregates model and suggests a new minimum distance estimator

base on the characteristic functions of the unobserved latent components. Section 3 extends the represen-

tation theorem of de Truchis et al. (2025a) to stable aggregates and theoretically derive the conditions

under which the forecast of a stable aggregate is possible. The finite sample performance of the minimum

estimator are documented in Section 4 and an application to the CBOE Crude Oil ETF Volatility Index is

proposed in Section 5. Section 6 concludes and all proofs are postponed in the B.

The remainder of this paper is organized as follows. Section 2 introduces the stable aggregates model
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and develops a new minimum distance estimator based on the characteristic functions of the unobserved

latent components. Section 3 extends the representation theorem of de Truchis et al. (2025a) to stable

aggregates and theoretically derives the conditions under which the forecast of a stable aggregate is possible.

Section 4 documents the finite sample performance of the minimum distance estimator through Monte Carlo

simulations and implements a subsampling methodology to empirically verify the asymptotic normality of the

estimator. An application to the CBOE Crude Oil ETF Volatility Index is proposed in Section 5. Section

6 concludes. All proofs are provided in Appendix B, while subsampling diagnostics and complementary

convergence results are collected in Appendix A.

2. Estimating stable-aggregate of moving average

Consider Xt an α-stable moving average defined by

Xt =
∑
k∈Z

dkεt+k, εt
i.i.d.∼ S(α, β, σ, 0) (2.1)

with d0 > 0, (dk) a real deterministic sequence such that if α 6= 1 or (α, β) = (1, 0),∑
k∈Z
|dk|s < +∞, for some s ∈ (0, α) ∩ [0, 1], (2.2)

and if α = 1 and β 6= 0,

0 <
∑
k∈Z
|dk|
∣∣∣ ln |dk| ∣∣∣ < +∞. (2.3)

For dk = ρk, Xt is a simple strictly stationary anticipative AR(1). For Xt the strictly stationary solution

of Ψ(F )Φ(B)Xt = Θ(F )H(B)εt, with F and B the lead and lag operators, the process belongs to the class

of mixed-phase ARMA. Furthermore, if Θ = H = 1, Xt is called a mixed-causal or MAR(p, q) process, where

p = deg(Φ) and q = deg(Ψ). Adding the (α, β) = (1, 0) restrictions (let say S1S), Xt actually comes down

to the so-called anticipative Cauchy AR(1) studied, e.g., in Gouriéroux and Jasiak (2018). As emphasized

in the introduction, stable moving averages of the form (2.1) generate trajectories bound to feature the same

pattern t 7→ cdτ−t (up to a scaling c and a time shift τ) recurrently through time. This can be seen as a

strong limitation when it comes to time series modelling as argued by Gouriéroux and Zakoian (2017) in

the context of explosive bubbles. They suggest to alleviate this restriction by considering processes resulting

from the linear combination of different models.

Definition 2.1. Let (X1,t), . . . , (XJ,t) be J ≥ 1 stable moving averages, each satisfying (2.1)-(2.3), for

some distinct coefficients sequences (dj,k)k and mutually independent error sequences εj,t
i.i.d.∼ S(α, βj , 1, 0),

j = 1, . . . , J . Let also (πj)j=1,...,J be positive numbers summing to 1, σ > 0 be a scale parameter and define

Xt = σ

J∑
j=1

πjXj,t, for t ∈ Z.
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We will call such process Xt a stable aggregate, and call Xj,t, j = 1, . . . , J the latent components of Xt.
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Figure 1: Simulated stable aggregate dynamics with two components. Top left: Distribution of weights for the two components

with ρ1 = 0.90, π1 = 0.40 for the first component and ρ2 = 0.70, π2 = 0.60 for the second component. Top right: The resulting

trajectory of the aggregated process Xt. Middle and bottom panels: The individual latent component processes with different

persistence parameters.

The estimator we propose is valid for any strictly stationary stable aggregate satisfying Definition 2.1,

but in practice, it requires to formally derive the characteristic function of the latent components which

can be tedious. In the rest of this section, we focus on βj = β for simplicity and provide the derivation

for two important parametric cases: the aggregation of purely anticipative AR(1) or MAR(0,1) processes

and the aggregation of mixed causal-noncausal MAR(1,1) processes. Notice that even in these specific

frameworks, these aggregations feature much richer dynamics than single-component stable processes, as

illustrated in Figure 1. To disentangle the components of Xt, our method leverages the independence of the

latent processes and the resulting structure of the joint characteristic function:

ϕX (u, v) = E
(

exp{i(uXt + vXt+1)}
)

=
J∏
j=1

ϕXj (σπju, σπjv) (2.4)

where ϕXj is the joint characteristic function of a single latent component.
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2.1. Case 1: Aggregation of Anticipative AR(1) Processes

We first restrict our attention to the case where each latent component Xj,t is a purely anticipative

AR(1) process. Its moving average representation is given by dj,k = ρkj1k≥0, with 0 < ρj < 1. This

restriction ensures that the asymmetry parameter β is preserved through the infinite summation defining

each latent component Xj,t. From an economic perspective, positive autoregressive coefficients correspond

to monotonic bubble growth patterns without oscillations, which is the empirically relevant case for financial

applications modeling speculative bubbles.4 The process is thus defined by Xj,t =
∑∞
k=0 ρ

k
j εj,t+k. The joint

characteristic function of the vector (Xj,t, Xj,t+1) is given by

ϕXj (u, v) = E
(

exp i(uXj,t + vXj,t+1)
)

= E
(

exp i
(
(uρj + v)Xj,t+1 + uεj,t

))
, (2.5)

for (u, v) ∈ R2. Due to the independence of the innovations, this simplifies to

ϕXj (u, v) = E
(

exp i(uρj + v)Xj,t+1

)
E
(

exp iuεj,t
)
,

Assuming for simplicity a common asymmetry parameter βj = β, we have for α 6= 1

logE
(

exp i(uρj + v)Xj,t+1

)
= −|uρj + v|α

1− |ρj |α
(

1− iβ sign(uρj + v) tan
(πα

2

))
logE(exp iuεj,t) = −

(
1− iβ sign(u) tan

(πα
2

))
|u|α.

The log-characteristic function of the aggregate is then obtained by substituting these expressions into

Equation (2.4)

logϕX (u, v) = −σα
J∑
j=1

παj

(
|uρj + v|α

1− |ρj |α
(

1− iβsign(uρj + v) tan πα2

)
+ |u|α

(
1− iβsign(u) tan πα2

))
.

The Cauchy case examined in Gouriéroux and Zakoian (2017) is recovered for α = 1, β = 0, leading to

logE(exp iuεj,t) = −|u| and

logϕX (u, v) = −σ
J∑
j=1

πj

(
|uρj + v|
1− |ρj |

+ |u|
)
.

As each latent component satisfies |ρj | < 1, the strict stationarity condition for Xt is given by

J∑
j=1

πsj
1− |ρj |s

<∞ for s ∈ (0, α) ∩ [0, 1]. (2.6)

4To see why this matters, recall that for a sum
∑∞

k=0 ckZk with Zk
i.i.d.∼ S(α, β, σ, 0), the resulting distribution is

S(α, β′, σ′, 0) where β′ =
∑∞

k=0
|ck|αsign(ck)∑∞
k=0
|ck|α

· β. When ρj > 0, all coefficients ck = ρkj are positive, yielding β′ = β. How-

ever, when ρj < 0, the coefficients alternate in sign, leading to β′ = 1−|ρj |α

1+|ρj |α
· β 6= β. The case ρj < 0 would thus require a

component-specific modified asymmetry parameter β′j in the characteristic function.
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2.2. Case 2: Aggregation of Mixed Causal-Noncausal MAR(1,1) Processes

We now consider a richer dynamic structure where each latent componentXj,t is a mixed causal-noncausal

MAR(1,1) process defined by (1−φjL)(1−ψjL−1)Xj,t = εj,t, with |φj | < 1 and |ψj | < 1. The corresponding

MA(∞) coefficients are given by ψkj (1−φjψj)−1 if k ≥ 0 and φ|k|j (1−φjψj)−1 for k < 0. The log-characteristic

function for a single component Xj is derived from the linear combination of innovations

uXj,t + vXj,t+1 =
∞∑

k=−∞
(udj,k + vdj,k−1)εj,t+k.

In the symmetric (SαS) case, the log-characteristic function is

logϕXj (u, v) = −
∞∑

k=−∞
|udj,k + vdj,k−1|α.

We split the sum into its causal (k ≤ 0) and non-causal (k ≥ 1) parts. For the causal part (k ≤ 0), the generic

term is udj,k +vdj,k−1 = (1−φjψj)−1(uφ|k|j +vφ
|k−1|
j ) = (u+vφj)(1−φjψj)−1φ

|k|
j . For the non-causal part

(k ≥ 1), the generic term is udj,k + vdj,k−1 = (1 − φjψj)−1(uψkj + vψk−1
j ) = (uψj + v)(1 − φjψj)−1ψk−1

j .

The sum becomes the sum of two geometric series
∞∑

k=−∞
|udj,k + vdj,k−1|α = 1

|1− φjψj |α

( 0∑
k=−∞

|(u+ vφj)φ|k|j |
α +

∞∑
k=1
|(uψj + v)ψk−1

j |α
)

= 1
|1− φjψj |α

(
|u+ vφj |α

∞∑
l=0

(|φj |α)l + |uψj + v|α
∞∑
l=0

(|ψj |α)l
)

= 1
|1− φjψj |α

(
|u+ vφj |α

1− |φj |α
+ |uψj + v|α

1− |ψj |α

)
.

Finally, substituting this result into the aggregate function from Equation (2.4), we obtain the log-

characteristic function for the MAR(1,1) aggregate for the SαS case . For the asymmetric case with α 6= 1

we impose, for simplicity but without loss of generality, that all components satisfy φj > 0 and ψj > 0 and

we obtain

logϕX (u, v) = −σα
J∑
j=1

παj
|1− φjψj |α

(Cj(u, v) +Aj(u, v)) (2.7)

where Cj(u, v) and Aj(u, v) represent the complex-valued contributions from the causal and non-causal

dynamics of each component j, respectively

Cj(u, v) = |u+ vφj |α

1− |φj |α
(

1− iβ sign(u+ vφj) tan
(πα

2

))
,

Aj(u, v) = |uψj + v|α

1− |ψj |α
(

1− iβ sign(uψj + v) tan
(πα

2

))
.

The strict stationarity condition for Xt is now given by
J∑
j=1

πsj
|1− φjψj |s

(
1

1− |ψj |s
+ |φj |s

1− |φj |s

)
<∞ for s ∈ (0, α) ∩ [0, 1]. (2.8)
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2.3. The minimum distance estimator

As suggested by Knight and Yu (2002) and Gouriéroux and Zakoian (2017), one can rely on the empirical

counterpart of the joint characteristic function (ECF) to build a minimum distance estimator (MDE). The

ECF is simply defined as

ϕn(u, v) = 1
n− 1

n−1∑
j=1

exp(i(uXj+1 + vXj)) (2.9)

which can be decomposed into real and imaginary parts:

ϕn(u, v) = 1
n− 1

n−1∑
j=1

cos(uXj+1 + vXj) + 1
n− 1

n−1∑
j=1

i sin(uXj+1 + vXj) (2.10)

By the law of large numbers, ϕn(u, v) P→ ϕ(u, v; θ0) as n→∞, where θ0 denotes the true parameter values.

Then, the identification of the parameters θ = (σ, ρ1, . . . , ρJ , π1, . . . , πJ , α, β) relies on distinct asymptotic

behaviors of the joint characteristic function for different values of (u, v). For small values of u, the limit

behavior of (2.9) is dominated by the α-stable distribution’s properties. Specifically, for u > 0,

α = lim
u→0

log log |ϕn(u, 0)|−1

log |u| (2.11)

and

β = − lim
u→0

Im(logϕn(u, 0))
Re(logϕn(u, 0)) · cot πα2 . (2.12)

For the identification of the remaining parameters, we exploit the behavior of the function

gn(λ) = lim
u→0

log |ϕn(u, λu)|
|u|α

≈ −σα
J∑
j=1

παj

(
|1 + ρkλ|α

1− |ρj |α
+ |λ|α

)
(2.13)

for v = λu and λ ∈ R. By evaluating gn(λ) for 2J + 1 different values of λ, we can obtain a system of

equations to identify (σ, ρ1, . . . , ρJ , π1, . . . , πJ).

Now we can define the MDE estimator as the minimizer of the objective distance measure

DX (θ) =
∫ +∞

−∞

∫ +∞

−∞
|ϕn(u, v)− ϕ(u, v; θ)|2w(u, v)dudv (2.14)

where w(u, v) is a weighting function ensuring the convergence of the integral. The MDE estimator is then

defined as

θ̂n = arg min
θ
DX (θ). (2.15)

The identification analysis above assumes that the number of latent components J is known. In practice,

determining J from the data constitutes a challenging model selection problem. A natural approach would

be to adapt information criteria to our characteristic function framework, for instance by defining IC(J) =
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logDX (θ̂J) + κ · dim(θJ)/n, where dim(θJ) = 2J + 2 (or 2J + 3 when β is estimated) and κ is a penalty

constant. Alternatively, one could consider sequential testing of H0 : J = J0 against H1 : J = J0+1 based on

the scaled difference LRn = n[DX (θ̂J0)−DX (θ̂J0+1)]. A third avenue, suggested by Gouriéroux and Zakoian

(2017), exploits the fact that the function gn(λ) defined in (2.13) exhibits kinks at the points λ = −1/ρj
for j = 1, . . . , J , so that the number of such kinks could in principle be used to infer J ; however, detecting

these kinks reliably in finite samples remains an open problem. More generally, deriving the asymptotic

distribution of test statistics for J is notoriously difficult in mixture models due to the well-known problem

of parameters lying on the boundary of the parameter space when a component vanishes. This issue is

further compounded in our setting by the non-standard nature of the objective function and the heavy-

tailed innovations. We therefore treat J as fixed throughout this paper and leave the formal development

of model selection procedures for future research.

Knight and Yu (2002), show that under the following regularity conditions, the MDE estimator has

standard limit theory. They suggest that it could accommodate α-stable models. Actually, some of their

assumptions, listed hereafter, does not readily extend to the α-stable case. The characteristic functions

of α-stable distributions are likely to exhibit singularities in their derivatives when α ∈ (0, 2), particularly

near points where |ρju + v|α vanishes. Without appropriate regularization through the weight function,

these singularities can cause the integrals defining the first and second derivatives of (2.14) to diverge. The

following lemma establishes the precise conditions under which their regularity assumptions remains valid

for α-stable aggregates.

Lemma 2.1. Consider the MDE objective function defined by

DX (θ) =
∫ +∞

−∞

∫ +∞

−∞
|ϕn(u, v)− ϕ(u, v; θ)|2w(u, v) du dv (2.16)

where w(u, v) = exp(−κ(u2 + v2)) with κ > 0 a positive constant.

Then,

(ι) For any α > 0, the objective function DX (θ) belongs to the differentiability class C1(Θ).

(ιι) For any α > 1, the objective function DX (θ) belongs to C2(Θ) and Assumption 3, 6, 7 and 8 are

satisfied.

Lemma 2.1, shows that we need to reduce the parameter space of α by introducing Assumption 2,

in addition to whole set of assumptions of Knight and Yu (2002), to recover their asymptotic theory in

presence of α-stable models. It also reveals the critical role of the decaying exponential weights w(u, v).

Assumption 4 is satisfied under the condition given by (2.6) or (2.8) and Assumption 5 is satisfied by the

global identification conditions exposed in (2.11), (2.12) and (2.13). The proof of Lemma 2.1 is postponed

in Section B.
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Assumption 1. θ ∈ Θ where the parameter space Θ ⊂ R2J+3 is a compact set with θ0 ∈ Int(Θ).

Assumption 2. The tail parameter space is such that α ∈ (1, 2) and w(u, v) is an exponential weight

function of form exp(−κ(u2 + v2)) with κ > 0 a positive constant.

Assumption 3. With probability one, DX (θ) is twice continuously differentiable under the integral sign

with respect to θ over Θ.

Assumption 4. The sequence {Xt} is strictly stationary and ergodic.

Assumption 5. Let D0(θ) =
∫∫
|ϕ(u, v; θ0)− ϕ(u, v; θ)|2w(u, v)dudv and D0(θ) = 0 only if θ = θ0.

Assumption 6. K(x; θ) is a measurable function of x for all θ and bounded, where

K(x; θ) =
∫∫ [

(cos(uxj+1 + vxj)− Re ϕ(u, v; θ))∂Re ϕ(u, v; θ)
∂θ

+(sin(uxj+1 + vxj)− Im ϕ(u, v; θ))∂Im ϕ(u, v; θ)
∂θ

]
w(u, v)dudv. (2.17)

Assumption 7. The (2J + 3)× (2J + 3) matrix

Σ(θ0) =
∫∫ (

∂ϕ(u, v; θ0)
∂θ

)(
∂ϕ(u, v; θ0)

∂θ′

)
w(u, v)dudv

is nonsingular and
∂2ϕ(u, v; θ)
∂θ∂θ′

is uniformly bounded by a w-integrable function over Θ.

Assumption 8. Let Fj be a σ-algebra such that {Kj ,Fj} is an adapted stochastic sequence, where Kj =

K(xj ; θ). We can think of Fj as being the σ-algebra generated by the entire current and past history of Kj.

Let νj = E[K0|Kj ,Kj−1, . . .]−E[K0|Kj−1,Kj−2, . . .] for j ≥ 0. Assume that E(K0|F−m) converges in mean

square to 0 as m→∞ and
∑∞
j=0 E[ν′jνj ]1/2 <∞.

Proposition 2.1. Under Assumptions 1-8

√
n(θ̂n − θ0) d→ N

(
0,Σ(θ0)−1Ω(θ0)Σ(θ0)−1) (2.18)

where Σ(θ0) is defined in Assumption 7, and Ω(θ0) is the long-run variance matrix of the score function

K(x; θ0) from Assumption 6

Ω(θ0) = V
(
K(x1; θ0)

)
+ 2

∞∑
j=2

Cov
(
K(x1; θ0),K(xj ; θ0)

)
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The proof of this theorem is omitted as, by Lemma 2.1, it follows from a straightforward extension of

Theorem 2.1 of Knight and Yu (2002). Notice that in our α-stable framework, unlike Xu and Knight

(2010), Σ(θ0) and Ω(θ0) have no closed-form solutions. Moreover, to alleviate the optimization problem

from a numerical standpoint, we directly estimate the products ςj = σ × πj for j = 1, . . . , J . rather than σ

and (π1, . . . , πJ) separately. This reparametrization does not entail any loss of information, as the structural

parameters are uniquely recoverable from the estimates ς̂j through

σ̂ =
J∑
j=1

ς̂j , π̂j = ς̂j
σ̂
, j = 1, . . . , J.

The constraint
∑J
j=1 πj = 1 is automatically satisfied by construction. Standard errors for σ̂ and π̂j can be

obtained via the delta method from the asymptotic covariance matrix of ς̂ = (ς̂1, . . . , ς̂J)′.

Furthermore, the identification conditions (2.11)-(2.13) fundamentally rely on the distinctness of the

autoregressive coefficients ρ1, . . . , ρJ . To formalize this requirement, we define the minimum separation

∆ρ := minj 6=k |ρj − ρk| and characterize how identification quality degrades as components become close.

Proposition 2.2. Let Σ(θ0) be the information matrix defined in Assumption 7 and let Σρρ denote the

submatrix corresponding to the autoregressive parameters (ρ1, . . . , ρJ). As ∆ρ → 0 with all other parameters

held fixed:

(a) λmin(Σρρ) = O(∆2α
ρ ).

(b) maxj=1,...,J Avar(
√
nρ̂j) = O(∆−2α

ρ ).

(c) κ(Σ(θ0)) := λmax(Σ(θ0))/λmin(Σ(θ0)) = O(∆−2α
ρ ).

These results, proven in Appendix B.4, have important practical implications. First, identification is

more fragile for heavier-tailed distributions: with α = 1.5 and ∆ρ = 0.1, the eigenvalue bound scales as

0.13 = 0.001, whereas for the Cauchy case (α = 1), it scales as 0.12 = 0.01. Second, reliable inference

on individual ρj parameters requires either well-separated components or substantially larger sample sizes

when ∆ρ is small. Third, from a model selection perspective, if preliminary estimates suggest |ρ̂1 − ρ̂2| < δ

for some threshold δ, practitioners should consider whether a single-component model with an effective ρ̄

might be more parsimonious and better identified.

2.4. Case 3: Aggregation of Mixed Stable and Gaussian Processes

Our estimation framework can also be extended to accommodate aggregates mixing α-stable and Gaus-

sian components, an approach explored in Gouriéroux and Zakoian (2017) and Gouriéroux et al. (2021) but

only for the Cauchy case. Consider a process Xt resulting from the aggregation of an α-stable MAR(p, 1),

p ∈ {0, 1} with α ∈ (1, 2) and a Gaussian AR(1) component XN ,t. As the distinction between causal and
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non-causal dynamics is unidentifiable when α = 2, we adopt the standard causal specification for the Gaus-

sian component. The log-characteristic function of the Gaussian AR(1) component XN ,t = φNXN ,t−1 + ηt,

ηt ∼ N (0, 1), for the vector (XN ,t, XN ,t−1) is given by

logϕN (u, v) = −1
2

1
1− φ2

N
(uφN + v)2 − u2

2

The resulting aggregate log-characteristic function, logϕX (u, v), is the sum of the stable component’s charac-

teristic functions logϕXj (u, v) and logϕN (u, v), scaled by their respective aggregation weights as in Equation

(2.4). This composite function can be directly employed in the MDE objective function (2.14). The esti-

mator θ̂n defined in (2.15) remains valid because the stability index α = 2 for the Gaussian component is

fixed and not estimated. Since logϕN (u, v) is C∞ with respect to its parameters, and logϕX (u, v) is C2

for α ∈ (1, 2) (as established in Lemma 2.1), their sum remains C2. The regularity conditions required

for the asymptotic theory of the MDE estimator (Proposition 2.1) are thus satisfied, allowing for the joint

identification of the parameters of both the stable and Gaussian latent processes.

3. Forecasting aggregation of moving averages

This section begins by summarizing relevant findings from de Truchis et al. (2025a), DFT henceforth,

concerning the description of stable random vectors on the unit cylinder.5 Let the vector X = (X1, . . . , Xd)

be an α-stable random vector, Γ a finite spectral measure on the Euclidean unit sphere Sd and µ0 a non-

random vector in Rd, such that,

E
(
ei〈u,X〉

)
= exp

{
−
∫
Sd

|〈u, s〉|α
(

1− i sign(〈u, s〉)w(α, 〈u, s〉)
)

Γ(ds) + i 〈u,µ0〉

}
, ∀u ∈ Rd,

(3.1)

where 〈·, ·〉 denotes the canonical scalar product, w(α, s) = tg
(
πα
2
)
, if α 6= 1, and w(1, s) = − 2

π ln |s|

otherwise, for s ∈ R. Drawing on DFT, we explore alternative representations of X where the integration

is performed over a unit cylinder C‖·‖d := {s ∈ Rd : ‖s‖ = 1}, defined by a semi-norm ‖ · ‖ on Rd, in

presence of stable aggregates. The reason why we are interested in alternative representations is that, in

the presence of the Euclidean norm, the spectral measure encodes information in all directions of Rd and

does not allow us to predict future elements of the vector X while ensuring that these future elements are

not themselves carriers of information for prediction. By contrast, the semi-norm ‖ · ‖ is flexible enough to

force some directions Rd to vanish.

We will say that X is representable on C
‖·‖
d if X can be written as in (3.1) with

(Sd,Γ,µ0) replaced by (C‖·‖d ,Γ‖·‖,µ0
‖·‖). As demonstrated in DFT for the single-component model,

5We exclude the Gaussian case from further discussion as anticipative dynamics are not identifiable when α = 2.
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X is representable on C‖·‖d ⇐⇒ Γ(K‖·‖) = 0 when α 6= 1 or if X is S1S. Moreover, Γ‖·‖(ds) =

‖s‖−αe Γ ◦ T−1
‖·‖ (ds) with T‖·‖ : Sd \ K‖·‖ −→ C

‖·‖
d defined by T‖·‖(s) = s/‖s‖. Importantly, this new

representation inherits from the traditional representation the following asymptotic conditional tail prop-

erty: for any Borel sets A,B ⊂ C‖·‖d with Γ‖·‖
(
∂(A ∩B)

)
= Γ‖·‖

(
∂B
)

= 0, and Γ‖·‖(B) > 0,

P‖·‖x (X, A|B) −→
x→+∞

Γ‖·‖(A ∩B)
Γ‖·‖(B)

, (3.2)

where ∂B (resp. ∂(A ∩B)) denotes the boundary of B (resp. A ∩B), and

P‖·‖x (X, A|B) := P
(
X

‖X‖
∈ A

∣∣∣∣‖X‖ > x,
X

‖X‖
∈ B

)
.

To build a forecasting strategy upon these theoretical results, DFT considers vectors of the form Xt =

(Xt−m, . . . , Xt, Xt+1, . . . , Xt+h), m ≥ 0, h ≥ 1, derived from a stable moving average process and choose,

without loss of generality, semi-norms satisfying

‖(x−m, . . . , x0, x1, . . . , xh)‖ = 0 ⇐⇒ x−m = . . . = x0 = 0, (3.3)

for any (x−m, . . . , xh) ∈ Rm+h+1. They show that for α 6= 1 and (α, β) = (1, 0), the representability of Xt

on a semi-norm unit cylinder depends on the number of observation m+1 but not on the prediction horizon

h. More precisely, they find that sequences of consecutive zero values in must either be of finite length or

extend infinitely to the left :

∀k ∈ Z,
[
(dk+m, . . . , dk) = 0 =⇒ ∀` ≤ k − 1, d` = 0

]
. (3.4)

This result surprisingly establishes that the anticipativeness of a stable moving average is a necessary con-

dition (and sufficient for α 6= 1 and (α, β) = (1, 0)) to make use of (3.2) in order to feasibly predict Xt.

The more non-anticipative a moving average is (i.e., the larger the gaps of zeros in its forward-looking

coefficients), the larger m must be to achieve representability of (Xt−m, . . . , Xt, Xt+1, . . . , Xt+h) on the

appropriate unit cylinder.

3.1. Extending the representation to stable aggregates

To extend these results to stable aggregates, we first provide the spectral representation of paths of the

aggregated process Xt on the Euclidean unit sphere.

Lemma 3.1. Let Xt be an α-stable aggregate with latent moving averages (X1,t), . . . , (XJ,t) as in Definition

2.1, but now allowing βj ∈ [−1, 1] to vary across components, and Xt = (Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h) for

any m ≥ 0, h ≥ 1.
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Then, Xt is α-stable and its spectral representation (Γ,µ0) on the Euclidean unit sphere Sm+h+1 writes

Γ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αe δ{ ϑdj,k

‖dj,k‖e

}, (3.5)

µ0 =

0, if α 6= 1

− 2σ
π

∑J
j=1

∑
k∈Z πjβjdj,k ln ‖σπjdj,k‖e, if α = 1

where dj,k = (dj,k+m, . . . , dj,k, dj,k−1, . . . , dj,k−h), wj,ϑ = (1 + ϑβj)/2, for any k ∈ Z, j = 1, . . . , J , δ is the

Dirac mass, ϑ ∈ S1 with S1 = {−1,+1}, and if dj,k = 0, the term vanishes by convention from the sums.

Notice that Γ = σα
∑J
j=1 π

α
j Γj , where Γj denotes the spectral measure of the pathXj,t from the moving

average (Xj,t), j = 1, . . . , J . If all the Xj,t’s are symmetric (βj = 0 for all j), then Xt and Γ are symmetric

as well, but the reciprocal however does not hold true. The measure Γ will be symmetric if and only if

σα
∑J
j=1 π

α
j

(
Γj(A) − Γj(−A)

)
= 0 for any Borel set A ⊂ Sm+h+1. The latter condition is necessary and

sufficient for Xt to be symmetric in the case where α 6= 1, whereas for α = 1, it guarantees that Xt will

be symmetric up to an additive shifting, as µ0 may be non-zero. The symmetry of paths intervenes in the

representability conditions provided in the following lemma.

Lemma 3.2. Let Xt be an α-stable aggregate with latent moving averages (X1,t), . . . , (XJ,t) as in Definition

2.1, where each component j has asymmetry parameter βj ∈ [−1, 1]. Let m ≥ 0, h ≥ 1 and ‖ · ‖ be a

semi-norm on Rm+h+1 satisfying (3.3). When either α 6= 1 or Xt ∼ S1S, the vector Xt is representable on

C
‖·‖
m+h+1 if and only if condition (3.4) holds with m for all coefficient sequences (dj,k)k, j = 1, . . . , J . For

α = 1 and Xt asymmetric, the vector Xt is representable on C‖·‖m+h+1 if and only if (3.4) holds and

∑
k∈Z
‖dj,k‖e

∣∣∣∣ ln(‖dj,k‖/‖dj,k‖e)∣∣∣∣ < +∞, ∀j ∈ {1, . . . , J} (3.6)

hold with m and h for all sequences (dj,k)k, j = 1, . . . , J .

The next proposition extends to stable aggregated processes the notion of past-representability introduced

in DFT and helps to understand to what extent anticipativeness is crucial in this more general framework.

Proposition 3.1. Let Xt be an α-stable aggregate with latent moving averages (X1,t), . . . , (XJ,t) as in Def-

inition 2.1, where Xt = σ
∑J
j=1 πjXj,t with scale parameter σ > 0.

(ι) Define for j = 1, . . . , J the setsMj = {m ≥ 1 : ∃k ∈ Z, dj,k+m = . . . = dj,k+1 = 0, dj,k 6= 0}, and

m0,j =

 sup Mj , if Mj 6= ∅,

0, if Mj = ∅.
(3.7)
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(a) For α 6= 1, the aggregated process Xt is past-representable if and only if (Xj,t) is past-

representable for all j = 1, . . . , J , i.e.,

sup
j=1,...,J

m0,j < +∞. (3.8)

Moreover, letting m ≥ 0, h ≥ 1, Xt is (m,h)-past-representable if and only if (3.8) holds and m ≥

max
j=1,...,J

m0,j.

(b) For α = 1, the process Xt is past-representable if and only if (3.8) holds and there exists a pair

(m,h), m ≥ max
j=1,...,J

m0,j, h ≥ 1 such that either

Xt is S1S, or, Xt asymmetric and (3.6) holds for all sequences (dj,k)k.

If such a pair exists, then the process Xt is (m,h)-past-representable.

(ιι) Let ‖·‖ be a semi-norm satisfying (3.3) and assume that Xt is (m,h)-past-representable for some m ≥ 0,

h ≥ 1. The spectral representation (Γ‖·‖,µ‖·‖) of the vectorXt = (Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h) on C‖·‖m+h+1

is given by:

Γ‖·‖ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

}, (3.9)

µ‖·‖ =

0, if α 6= 1

− 2σ
π

∑J
j=1

∑
k∈Z πjβjdj,k ln ‖σπjdj,k‖, if α = 1

(3.10)

where dj,k = (dj,k+m, . . . , dj,k, dj,k−1, . . . , dj,k−h), wj,ϑ = (1 + ϑβj)/2, for any k ∈ Z, j = 1, . . . , J , δ is the

Dirac mass, ϑ ∈ S1 with S1 = {−1,+1}, and if dj,k = 0, the term vanishes by convention from the sums.

The necessary condition (3.8) extends what was noticed in the Proposition 3 of DFT, namely, that

anticipativeness is a minimal requirement for past-representability. Importantly, notice that a single non-

anticipative latent moving average is enough to render the aggregated process not past-representable, re-

gardless of the other latent components. Also, for α 6= 1, the past-representability of an aggregated process

is equivalent to that of its latent moving averages, but this does not seem to hold in general for α = 1. In

the latter case however, if all the latent moving averages are symmetric, that is, β1 = . . . = βJ = 0, then

the paths Xt are S1S for any m ≥ 0, h ≥ 1 and (ι)(b) collapses to (ι)(a).

The representability condition also simplifies in the case of aggregated ARMA processes and requires

each latent ARMA process to be anticipative.

Corollary 3.1. For any j = 1, . . . , J , let (Xj,t) be the ARMA strictly stationary solution of

Ψj(F )Φj(B)Xj,t = Θj(F )Hj(B)εj,t, with mutually independent sequences εj,t
i.i.d.∼ S(α, βj , 1, 0). Define

Xt = σ
∑J
j=1 πjXj,t for any positive weights πj summing to 1 and σ > 0. Then, for any α ∈ (0, 2),
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(β1, . . . , βJ) ∈ [−1, 1]J , the following statements are equivalent:

(ι) (Xt) is past-representable,

(ιι) inf
j

deg(Ψj) ≥ 1,

(ιιι) sup
j
m0,j < +∞,

with the m0,j’s as in (3.7). Moreover, letting m ≥ 0, h ≥ 1, the aggregated process (Xt) is (m,h)-past-

representable if and only if for any j = 1, . . . , J , m0,j < +∞, and m ≥ max
j
m0,j.

3.2. Tail conditional distribution of stable aggregates

Now, we derive the tail conditional distribution of linear stable aggregates. The case of a general past-

representable stable aggregate is considered. We also pay a particular attention to the anticipative GαS

AR(1) because to the best of our knowledge, no deconvolution estimation techniques exists for stable aggre-

gates as defined in 2.1, except for the anticipative GαS AR(1) discussed in Section 2. To be relevant for the

prediction framework, the Borel set B appearing in Equation 3.2 has to be chosen such that the conditioning

event {‖Xt‖ > x}∩{Xt/‖Xt‖ ∈ B} is independent of the future realisations Xt+1, . . . ,Xt+h. For ‖·‖ a semi-

norm on Rm+h+1 satisfying (3.3), denote S‖·‖m+1 = {(s−m, . . . , s0) ∈ Rm+1 : ‖(s−m, . . . , s0, 0, . . . , 0)‖ = 1}.6

Then, for any Borel set V ⊂ S‖·‖m+1, define the Borel set B(V ) ⊂ C‖·‖m+h+1 as

B(V ) = V × Rh.

Notice in particular that for V = S
‖·‖
m+1, we have B(V ) = C

‖·‖
m+1. In the following, we will use Borel sets of

the above form to condition the distribution of the complete vector Xt/‖Xt‖ on the observed shape of the

past trajectory. The latter information is contained in the Borel set V , which we will typically assume to

be some small neighbourhood on S‖·‖m+1. It will be useful in the following to notice that

V × Rh =
{
s ∈ C‖·‖m+h+1 : f(s) ∈ V

}
,

where f the function defined by

f :
Rm+h+1 −→ Rm+1

(x−m, . . . , x0, x1, . . . , xh) 7−→ (x−m, . . . , x0)
. (3.11)

Let Xt an α-stable aggregate as in Definition 2.1. Assume Xt is (m,h)-past-representable, for some

m ≥ 0, h ≥ 1. Also, we know by Proposition 3.1 (ιι), that Γ‖·‖ is of the form

Γ‖·‖ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

}. (3.12)

6The set S‖·‖m+1 corresponds to the unit sphere of Rm+1 relative to the restriction of ‖ · ‖ to the first m+ 1 dimensions.
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Proposition 3.2. Let Xt be an α-stable aggregate as in Definition 2.1. Assume Xt is (m,h)-past-

representable, for some m ≥ 0, h ≥ 1. Also, we know by Proposition 3.1 (ιι), that Γ‖·‖ is of the form

Γ‖·‖ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

}. (3.13)

Under the above assumptions, we have

P‖·‖x
(
Xt, A

∣∣∣B(V )
)
−→
x→+∞

Γ‖·‖
({

ϑdj,k
‖dj,k‖

∈ A : ϑf(dj,k)
‖dj,k‖

∈ V
})

Γ‖·‖
({

ϑdj,k
‖dj,k‖

∈ C‖·‖m+h+1 : ϑf(dj,k)
‖dj,k‖

∈ V
}) , (3.14)

for any Borel sets A ⊂ C
‖·‖
m+h+1, V ⊂ S

‖·‖
m+1 such that

{
ϑdj,k
‖dj,k‖

∈ C
‖·‖
m+h+1 : ϑf(dj,k)

‖dj,k‖
∈ V

}
6= ∅,

Γ‖·‖
(
∂(A ∩B(V ))

)
= Γ‖·‖(∂B(V )) = 0, where B(V ) = V × Rh and f is as in (3.11).

Observe that setting V = S
‖·‖
m+1, and A an arbitrarily small closed neighbourhood of all the points

(ϑdj,k/‖dj,k‖)ϑ,j,k, as in the single-component case we have lim
x→+∞

P
(
Xt/‖Xt‖ ∈ A

∣∣∣‖Xt‖ > x
)

= 1. In

other terms, when far from central values, the trajectory of process (Xt) necessarily features patterns of the

same shape as some ϑdj,k/‖dj,k‖, which is a finite piece of a moving average’s coefficient sequence. The

index j indicates from which of the J underlying moving averages the pattern stems from, the index k points

to which piece (dj,k+m, . . . , dj,k, dj,k−1, . . . , dj,k−h) of this moving average it corresponds, and ϑ ∈ {−1,+1}

indicates whether the pattern is flipped upside down (in case the extreme event is driven by a negative value

of an error (εj,τ )). The likelihood of a pattern ϑdj,k/‖dj,k‖ can be evaluated by setting A to be a small

neighbourhood of that point. In particular, only one pattern dk/‖dk‖ can appear through time for J = 1

(up to a time shift and sign flipping). This is no longer the case in general for J ≥ 2, where the shape of

each extreme event appears as if being drawn from a collection of patterns.

Interestingly, as in DFT in the non-aggregated case, the observed path (Xt−m, . . . ,Xt−1,Xt)/‖Xt‖ will a

fortiori be of the same shape as some ϑ(dj,k+m, . . . , dj,k+1, dj,k)/‖dj,k‖ when an extreme event will approach

in time. Observing the initial part of the pattern can give information about the remaining unobserved

piece: the conditional likelihood of the latter can be assessed by setting V to be a small neighbourhood of

the observed pattern. In practice, we anticipate that matching an observed path to a particular pattern j

among the collection of J patterns will be challenging, even for a small number of latent components.

3.3. Example: Aggregation of Anticipative AR(1) Processes

We now consider the aggregation of stable anticipative AR(1) processes discussed in Section 2. We

assume without loss of generality that the ρj ’s are distinct. For each anticipative AR(1) with parameter
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ρj , the moving average coefficients are of the form (ρkj1{k≥0})k, and thus, m0,j = 0 for all j, where the

m0,j ’s are given in (3.7). By Corollary (3.1), we know for any m ≥ 0, h ≥ 1, the aggregated process Xt
is (m,h)-past-representable. The spectral measures of paths Xt simplify and charge finitely many points.

Their forms are given in the next lemma.

Lemma 3.3. Let Xt be an aggregation of α-stable anticipative AR(1) processes as in Definition 2.1 with

dj,k = ρkj and general scale parameter σ > 0.

Letting Xt = (Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h) for m ≥ 0, h ≥ 1, its spectral measure on C
‖·‖
m+h+1 for a

seminorm satisfying (3.3) is given by

Γ‖·‖ =
∑
ϑ∈S1

[
wϑδ{(ϑ,0,...,0)} +

J∑
j=1

σαπαj

(
wj,ϑ

h−1∑
k=−m+1

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

} + w̄j,ϑ
1− |ρj |α

‖dj,h‖αδ{ ϑdj,h
‖dj,h‖

})],
(3.15)

where for all ϑ ∈ S1, j ∈ {1, . . . , J} and −m+ 1 ≤ k ≤ h,

dj,k = (ρk+m
j 1{k≥−m}, . . . , ρ

k
j1{k≥0}, ρ

k−1
j 1{k≥1}, . . . , ρ

k−h
j 1{k≥h}),

wj,ϑ = (1 + ϑβj)/2,

wϑ =
J∑
j=1

σαπαj wj,ϑ,

w̄j,ϑ = (1 + ϑβ̄j)/2,

β̄j = βj
1− ρ<α>j

1− |ρj |α
,

and if h = 1 and m = 0, the sum
∑h−1
k=−m+1 vanishes by convention.

The next proposition provides the tail conditional distribution of future paths in the case where the ρj ’s

are positive. Let us first introduce useful neighbourhoods of the distinct charged points of Γ‖·‖. Denote

d0,−m = (
m+h+1︷ ︸︸ ︷

1, 0, . . . , 0) so that the charged points of Γ‖·‖ are all of the form ϑdj,k/‖dj,k‖ with indexes (ϑ, j, k)

in the set I := S1×
(
{1, . . . , J}×{−m,h}∪{(0,−m)}

)
. With f as in (3.11), define for any (ϑ0, j0, k0) ∈ I,

the set V0 as any closed neighbourhood of ϑ0f(dj0,k0)/‖dj0,k0‖ such that

∀(ϑ′, j′, k′) ∈ I, ϑ′f(dj′,k′)
‖dj′,k′‖

∈ V0 =⇒ ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

, (3.16)

In other terms, V0 × Rd is a subset of C‖·‖m+h+1 in which the only points charged by Γ‖·‖ all have the first

(m+1)th coinciding with ϑ0f(dj0,k0)/‖dj0,k0‖. Define also Aϑ,j,k for any (ϑ, j, k) as any closed neighbourhood

of ϑdj,k/‖dj,k‖ which does not contain any other charged point of Γ‖·‖, that is,

∀(ϑ′, j′, k′) ∈ I, ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k =⇒ (ϑ′, j′, k′) = (ϑ, j, k). (3.17)
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Proposition 3.3. Let Xt be an aggregation of α-stable anticipative AR(1) processes as in Definition 2.1 with

dj,k = ρkj ∈ (0, 1) for all j’s.,Let Xt, the dj,k’s and the spectral measure of Xt be as given in Lemma 3.3, for

any m ≥ 0, h ≥ 1. Let V0 be any small closed neighbourhood of ϑ0f(dj0,k0)/‖dj0,k0‖ in the sense of (3.16)

for some (ϑ0, j0, k0) ∈ I and let B(V0) = V0 × Rh. Then, with Aϑ,j,k an arbitrarily small neighbourhood of

some ϑdj,k/‖dj,k‖ as in (3.17), the following hold.

(ι) Case m ≥ 1.

(a) If 0 ≤ k0 ≤ h:

P‖·‖x
(
Xt, Aϑ,j,k

∣∣∣B(V0)
)
−→
x→∞


|ρj0 |αk(1− |ρj0 |α)δϑ0(ϑ)δj0(j), 0 ≤ k ≤ h− 1,

|ρj0 |αhδϑ0(ϑ)δj0(j), k = h.

(b) If −m ≤ k0 ≤ −1:

P‖·‖x
(
Xt, Aϑ,j,k

∣∣∣B(V0)
)
−→
x→∞

δϑ0(ϑ)δj0(j)δk0(k).

(ιι) Case m = 0.

P‖·‖x
(
Xt, Aϑ,j,k

∣∣∣B(V0)
)
−→
x→∞



∑J
i=1 π

α
i wi,ϑ0∑J

i=1 pi,ϑ0

δ{ϑ0}(ϑ), k = 0

pj,ϑ0∑J
i=1 pi,ϑ0

|ρj |αk(1− |ρj |α)δ{ϑ0}(ϑ), 1 ≤ k ≤ h− 1,

pj,ϑ0∑J
i=1 pi,ϑ0

|ρj |αhδ{ϑ0}(ϑ), k = h,

with pj,ϑ0 = παj wj,ϑ0/(1− |ρj |α).

Form ≥ 1, that is, if the observed path is assumed to be of length at least 2, there is a significant difference

between whether k0 ∈ {0, . . . , h} or k0 ∈ {−m, . . . ,−1}. For the latter, the asymptotic probability of the

whole path Xt/‖Xt‖ being in an arbitrarily small neighbourhood of ϑdj,k/‖dj,k‖ is 1 if and only if ϑ = ϑ0,

j = j0, k = k0: given the observed path, the shape of the future trajectory is fully determined. For the

former, this probability is strictly positive if and only if ϑ = ϑ0 and j = j0, but the observed pattern

is compatible with several distinct future paths. One can see why this is the case from the form of the

sequences dj,k/‖dj,k‖ and of their restrictions to the first m + 1 components f(dj,k)/‖dj,k‖. On the one
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hand (omitting ϑ),

dj,k
‖dj,k‖

=



(

m+1︷ ︸︸ ︷
ρk+m
j , . . . , ρkj ,

h︷ ︸︸ ︷
ρk−1
j , . . . , ρj , 1, 0, . . . , 0)

‖(ρk+m
j , . . . , ρkj , ρ

k−1
j , . . . , ρj , 1, 0, . . . , 0)‖

, for k ∈ {0, . . . , h},

(ρk+m
j , . . . , ρj , 1, 0, . . . , 0, 0, . . . , 0)

‖(ρk+m
j , . . . , ρj , 1, 0, . . . , 0︸ ︷︷ ︸

m+1

, 0, . . . , 0︸ ︷︷ ︸
h

)‖
, for k ∈ {−m, . . . ,−1}.

We can notice that all the above sequences are pieces of explosive exponentials, terminated at some coordi-

nate. For k ∈ {0, . . . , h}, the first zero component, i.e. the crash of the bubble, is situated at or after the

(m + 2)th component, whereas for k ∈ {−m, . . . ,−1}, it is situated at or before the (m + 1)th. Using the

homogeneity of the semi-norm, we have on the other hand that

f(dj,k)
‖dj,k‖

=



(
m+1︷ ︸︸ ︷

ρmj , . . . , ρj , 1)
‖(ρmj , . . . , ρj , 1︸ ︷︷ ︸

m+1

, 0, . . . , 0, 0, . . . , 0︸ ︷︷ ︸
h

)‖ , for k ∈ {0, . . . , h},

(

m+1︷ ︸︸ ︷
ρk+m
j , . . . , ρj , 1, 0, . . . , 0)

‖(ρk+m
j , . . . , ρj , 1, 0, . . . , 0︸ ︷︷ ︸

m+1

, 0, . . . , 0︸ ︷︷ ︸
h

)‖
, for k ∈ {−m, . . . ,−1}.

Thus, conditioning the trajectory on the event {f(Xt)/‖Xt‖ ≈ f(dj0,k0)/‖dj0,k0‖} for some k0 ∈

{−m, . . . ,−1} amounts to condition on the burst of a bubble being observed in the past trajectory with

no new bubble forming yet, which allows to identify exactly the position of the pattern on the jth moving

average’s coefficient sequence.

When conditioning with k0 ∈ {0, . . . , h} however, the crash date is not observed and can happen either

in the next h − 1 periods, or after the hth. However, the shape of the observed path is that of a piece of

exponential with growth rate ρ−1
j regardless of the remaining time before the burst, which leaves several

future paths possible. One can quantify the likelihood of each potential scenario: the quantity |ρj |αk(1−|ρj |α)

corresponds to the probability that the bubble will peak in exactly k periods (0 ≤ k < h), and |ρj |αh

corresponds to the probability that the bubble will last at least h more periods.

The previous statement confirms the interpretation of the conditional moments proposed in Fries (2022)

for the stable anticipative AR(1) case (J = 1). It also extends it in two ways:

(ι) by accounting for paths rather than point prediction,

(ιι) by showing that the aggregation of AR(1) processes also features killed exponential explosive episodes

but with various growth rates and crash probabilities.
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Proposition 3.3 furthermore shows that asymptotically, as few as two observations are sufficient to identify

the growth rate ρ−1
j of an ongoing extreme episode,7 and the conditional dynamics within this given event

will be similar to that of a simple AR(1) with corresponding parameter. An identification of the growth rate

in the early developments of the bubble appears possible, allowing to infer in advance the odds of crashes,

as long as the latent components parameters are identified.

4. Monte-Carlo Simulation

4.1. Estimation accuracy

This section presents Monte Carlo evidence on the performance of the estimation method for α-stable

moving average aggregates introduced in Section 2. We evaluate the estimator’s ability to recover the true

parameters under various specifications, focusing on the case where the observed process is generated by the

aggregation of two independent α-stable AR(1) processes. We generate samples according to the model

Xt = π1X1,t + π2X2,t (4.1)

Xj,t = ρjXj,t−1 + εj,t, εj,t
i.i.d.∼ S(α, β, 1, 0) (4.2)

where j ∈ {1, 2} and ρj ∈ (0, 1). We fix σ = 1.6, π1 = 7/16 and π2 = 9/16 for the weights of the mixture

in all scenarios. Recall that we alleviate the optimization problem by estimating the combined parameters

ςj = σ × πj for j = 1, . . . , J , thereby leading to ς1 = σ × π1 = 0.7 and ς2 = σ × π2 = 0.9. We examine three

specific cases:

1. Cauchy distribution (S1S): α = 1 and β = 0

2. Symmetric α-stable (SαS) distribution: general α with β = 0

3. General α-stable (GαS) distribution: general α with β 6= 0

For each case, we perform simulations with sample sizes of T = {250, 500, 1000}, each with 1,000 repli-

cations. The parameters are estimated using the minimum distance estimator based on the empirical

characteristic function as described in Section 2, uniform weights and grids for u and v defined as 10 equally

spaced points in [−0.5, 0.5]. One could achieve higher efficiency by computing optimal weights but we do

not explore further this issue.

In the S1S scenario, both components share the Cauchy distribution restrictions. Table 1 presents the

bias, the root mean square error (RMSE) and the mean relative error (MRE) for this scenario.

7This holds asymptotically in the (semi-)norm of the observed path, but in practice it can be expected that the noise

surrounding the trajectory will make this identification difficult with only two observations. Longer path lengths (higher m)

may provide robustness to the identification, but could also incorporate some bias by taking into account past extreme events,

such as now-collapsed bubbles. One can suspect a bias-variance trade-off when searching for an optimal choice of m.
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Table 1: Monte Carlo Results for S1S AR(1) Aggregates

T = 250 T = 500 T = 1000

θ True Value Bias RMSE MRE Bias RMSE MRE Bias RMSE MRE

ρ1 0.800 -0.008 0.050 0.046 -0.004 0.030 0.029 -0.002 0.020 0.019

ς1 0.700 -0.023 0.322 0.368 0.002 0.249 0.275 -0.002 0.179 0.196

ρ2 0.300 -0.035 0.169 0.455 -0.025 0.128 0.333 -0.012 0.089 0.223

ς2 0.900 -0.035 0.279 0.249 -0.015 0.193 0.171 -0.007 0.134 0.119

The estimation of S1S AR(1) aggregates demonstrates promising results across all parameters. For

smaller sample sizes of T = 250, the estimator already shows good performance with a moderate bias (-

0.008) and RMSE (0.050) for ρ1, though the MRE is slightly higher at 4.6%. For the largest coefficient

ρ1, the results figures out negligible bias (-0.001), low RMSE (0.035), and MRE of only 3.5% for T = 500.

These results further improve with the larger sample size, where the MRE decreases to 2.6% for T = 1000.

The combined parameter ς1 exhibits higher estimation uncertainty with an RMSE of 0.322 and MRE of

36.8% for T = 250, which improves to an RMSE of 0.201 and MRE of 22.7% for T = 500, and further to

0.147 and 16.9%, respectively, for T = 1000. The smallest autoregressive coefficient ρ2 appears slightly more

challenging to estimate, showing the highest mean relative error among all parameters (45.5% for T = 250,

34.8% for T = 500 and 26.6% for T = 1000). Importantly, the consistent reduction in RMSE and MRE

from T = 250 to T = 500 to T = 1000 across all parameters confirms that the estimator behaves well in

finite sample.

We now consider the SαS case with β = 0 and α = 1.5. The true autoregressive and scale parameters

remain the same as in the Cauchy case. The results are reported in Table 2. The results for SαS AR(1)

aggregates reveal interesting patterns. Compared to the Cauchy case, all parameters show higher RMSE and

mean relative errors, suggesting that estimation becomes more challenging when adding the identification of

α. With small samples of T = 250, we observe a notable positive bias (0.013) for ρ1 with RMSE of 0.081 and

MRE of 7.3%, while ρ2 shows substantial bias (-0.127) and MRE (60.0%). For the autoregressive coefficient

ρ1, the RMSE improves to 0.079 (compared to 0.035 in the Cauchy case) for T = 500, with a MRE of

7.8%. Similarly, ς1 shows a substantial increase in estimation uncertainty, with RMSE of 0.276 and MRE

of 33.0%. The parameter ρ2 continues to exhibit the highest MRE (47.4%), indicating persistent challenges

in its estimation. A notable result is the high precision in estimating the tail index α, with a small bias

(-0.037) and MRE of 8.6% even at T = 250, improving to a bias of 0.015, relatively low RMSE (0.123), and

MRE of only 6.6% for T = 500. This improves further for T = 1000, with the MRE decreasing to 5.0%.

The accurate estimation of α is crucial for practical applications, as it characterizes the heaviness of the
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tails of the distribution and it impact the identification of all other parameters. The increase in sample size

from T = 250 to T = 500 to T = 1000 leads to consistent improvements in all estimation metrics for most

parameters, though the magnitude of improvement varies across parameters. This confirms the good finite

sample properties of the estimator when departing from the Cauchy and extending Gouriéroux and Zakoian

(2017).

Table 2: Monte Carlo Results for SαS AR(1) Aggregates with α = 1.5

T = 250 T = 500 T = 1000

θ True Value Bias RMSE MRE Bias RMSE MRE Bias RMSE MRE

ρ1 0.800 0.013 0.081 0.073 0.000 0.062 0.057 -0.005 0.046 0.044

ς1 0.700 -0.101 0.276 0.325 -0.021 0.216 0.247 0.019 0.168 0.195

ρ2 0.300 -0.127 0.209 0.600 -0.096 0.190 0.529 -0.072 0.148 0.391

ς2 0.900 -0.124 0.235 0.212 -0.098 0.197 0.175 -0.071 0.153 0.135

α 1.500 -0.037 0.173 0.086 -0.014 0.127 0.065 -0.004 0.088 0.046

Finally, Table 3 presents the estimation results for the GαS AR(1) aggregates with both α = 1.5 and

β = 0.3. The estimation of GαS AR(1) aggregates introduces additional challenges due to the non-zero

asymmetry parameter β. At the smallest sample size of T = 250, the estimator already displays some

stability with a slight negative bias (-0.005) for ρ1, though with higher RMSE (0.091) and MRE (8.4%)

compared to simpler specifications. The autoregressive coefficient ρ1 shows a positive bias (0.006) for

T = 500, unlike the negative biases observed in the previous cases. Its RMSE (0.097) and MRE (9.6%)

are higher than both the Cauchy and SαS cases, indicating increased estimation difficulty. The parameter

ρ2 continues to be the most challenging among the autoregressive and scale parameters, with a substantial

negative bias (-0.089) and high mean relative error (59.4%) for T = 250, improving slightly with a negative

bias (-0.075), high RMSE (0.193), and MRE of 53.6% for T = 500. The combined parameters ς1 and ς2

also exhibit considerable estimation uncertainty. Despite these challenges, the tail index α is estimated with

good precision even at T = 250 with a small bias (-0.026), RMSE of 0.164, and MRE of 8.3%, improving

to a minimal bias (-0.006), RMSE of 0.116, and MRE of just 6.2% for T = 500. This reinforces the

robustness of the estimator in recovering the tail behavior even in more complex settings. As expected, the

asymmetry parameter β proves to be the most difficult to estimate, with a MRE of 62.8% for T = 250 and

56.3% for T = 500. While this improves to 37.4% for T = 1000, it remains substantially higher than the

other parameters, highlighting the intrinsic difficulty in capturing the asymmetry in stable distributions.

Fortunately, identification of AR and scales parameters do not depend on β meaning that this lack of

precision is not detrimental if one is not crucially interested in measuring accurately the asymmetry.
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Table 3: Monte Carlo Results for GαS AR(1) Aggregates with α = 1.5, β = 0.3

T = 250 T = 500 T = 1000

θ True Value Bias RMSE MRE Bias RMSE MRE Bias RMSE MRE

ρ1 0.800 -0.005 0.091 0.084 -0.015 0.073 0.069 -0.013 0.057 0.055

ς1 0.700 -0.054 0.285 0.335 0.013 0.234 0.278 0.026 0.200 0.236

ρ2 0.300 -0.089 0.208 0.594 -0.068 0.186 0.510 -0.052 0.146 0.388

ς2 0.900 -0.124 0.234 0.211 -0.115 0.205 0.179 -0.092 0.178 0.154

α 1.500 -0.026 0.164 0.083 -0.009 0.120 0.060 -0.003 0.082 0.042

β 0.300 -0.007 0.262 0.628 -0.003 0.186 0.457 -0.001 0.132 0.328

4.2. Subsampling-based verification of asymptotic normality

To empirically verify the asymptotic normality result stated in Proposition 2.1, we implement a subsam-

pling methodology following the framework developed by Politis and Romano (1994) and Politis, Romano

and Wolf (1999). The subsampling approach provides a nonparametric method to assess the finite-sample

behavior of the scaled estimation error
√
n(θ̂n − θ0) without requiring explicit knowledge of the asymptotic

variance matrix Σ−1ΩΣ−1. Consider a time series {Yt}nt=1 generated from the stable AR(1) aggregate model.

Given a full sample of size n, we construct overlapping subsamples of size b < n, where b = bn → ∞ and

b/n→ 0 as n→∞. Specifically, the i-th subsample is defined as

Y
(i)
b = {Yi, Yi+1, . . . , Yi+b−1}, i = 1, 2, . . . , Nb, (4.3)

where Nb = n − b + 1 denotes the total number of overlapping subsamples. For each subsample Y (i)
b , we

compute the MDE estimator θ̂(i)
b by minimizing the objective function (2.14) using only the observations in

the i-th subsample. The scaled subsample deviations are then constructed as

Z
(i)
b =

√
b
(
θ̂

(i)
b − θ̂n

)
, i = 1, . . . , Nb, (4.4)

where θ̂n is the full-sample MDE estimator. Under the conditions of Proposition 2.1, and following the

theoretical framework of Politis and Romano (1994), these scaled deviations should approximately follow

the same asymptotic distribution as
√
n(θ̂n − θ0). The choice of subsample size b follows the standard rate

condition for subsampling with dependent data. Following Politis, Romano and Wolf (1999), we set

b = bn2/3c, (4.5)

which ensures that b→∞, b/n→ 0, and satisfies the higher-order requirements for the subsampling approx-

imation to be valid under weak dependence. To assess the convergence to normality, we conduct a Monte
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Carlo study with M = 500 independent replications for each sample size n ∈ {250, 500, 1000, 2000, 3000}.

The data generating process is the symmetric α-stable AR(1) aggregate model with true parameter values

θ0 = (ρ1, ρ2, ς1, ς2, α) = (0.8, 0.3, 0.7, 0.9, 1.5), (4.6)

. For each Monte Carlo replication m = 1, . . . ,M and sample size n, we proceed as follows:

1. Generate a time series {Yt}nt=1 from the true model

2. Compute the full-sample MDE estimator θ̂n

3. Extract Nb = n− b+ 1 overlapping subsamples with b = bn2/3c

4. For each subsample i = 1, . . . , Nb, compute the subsample estimator θ̂(i)
b

5. Construct the scaled deviations Z(i)
b according to (4.4)

Table 4 summarizes the key features of the Monte Carlo design for each sample size.

Table 4: Monte Carlo Design Parameters

Sample Size n Subsample Size b Number of Subsamples Nb MC Replications M Total Observations

250 39 212 500 106,000

500 62 439 500 219,500

1000 100 901 500 450,500

2000 158 1843 500 921,500

3000 208 2793 500 1,396,500

Notes: The subsample size is set to b = bn2/3c following Politis, Romano and Wolf (1999). Total observations refers to the

pooled number of scaled deviations Nb ×M available for normality testing.

The pooled scaled deviations across all Monte Carlo replications are then subjected to several normality

diagnostics for each parameter component. We employ three complementary approaches to assess this nor-

mality. First, for each parameter θk, we compute summary statistics including the sample mean, standard

deviation, skewness, and excess kurtosis of the pooled scaled deviations. Under asymptotic normality, the

standardized deviations should have mean 0, variance 1, skewness 0, and excess kurtosis 0. Second, we apply

three classical normality tests: the Kolmogorov-Smirnov (KS) test, which compares the empirical CDF to

the standard normal CDF; the Shapiro-Wilk (SW) test, which assesses the correlation between the ordered

sample and the expected normal order statistics; and the Jarque-Bera (JB) test, which is based on the

joint departure of skewness and kurtosis from their normal values. Third, we produce graphical diagnostics

for each parameter, including histograms of scaled deviations overlaid with the standard normal density,

quantile-quantile (Q-Q) plots against the standard normal distribution, and kernel density estimates com-

pared to the normal reference. Complete numerical results—including summary statistics, test p-values, and
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rejection rates at the 5% significance level—are reported in Tables A.7–A.11 in A, while the corresponding

visual diagnostics (histograms, Q-Q plots, and kernel density estimates) are displayed in Figures A.7–A.11.

Figure 2 summarizes the convergence of the key distributional characteristics as sample size increases.

Figure 2: Convergence of distributional characteristics as sample size increases from n = 250 to n = 3000. Top-left: Mean

of scaled deviations (theoretical value under normality: 0). Top-right: Skewness coefficient (theoretical value: 0). Bottom-

left: Excess kurtosis (theoretical value: 0). Bottom-right: Kolmogorov-Smirnov test p-values (higher values indicate better

agreement with normality). The dashed red lines indicate the theoretical values under asymptotic normality. Convergence

patterns vary across parameters, with ρ1 exhibiting the slowest convergence in skewness, while ς1 shows persistent drift in

mean and negative excess kurtosis even at n = 3000. The scale parameter ς2 and the tail index α demonstrate relatively faster

convergence toward the theoretical benchmarks, though all parameters show gradual improvement as sample size increases.

Figure 2 illustrates the progressive convergence of distributional properties toward asymptotic normality

as the sample size increases from n = 250 to n = 3000 under the subsampling framework. The horizon-

tal axis tracks the sample size while vertical axes display standardized deviations from theoretical values

anticipated under normality. The four panels reveal heterogeneous convergence speeds across parameters,

with the tail index α and the scale parameter ς2 exhibiting relatively faster convergence than the persistence

coefficients ρ1, ρ2 and the scale parameter ς1. The top-left panel shows that the mean of scaled deviations
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converges toward zero for most parameters, though ς1 exhibits persistent negative drift reaching approxi-

mately −1.3 at n = 3000, suggesting residual finite-sample bias. The top-right panel reveals that skewness

coefficients gradually approach zero, with ρ1 displaying the slowest convergence, maintaining negative skew-

ness of approximately −0.2 even at n = 3000. The bottom-left panel demonstrates that excess kurtosis

converges toward the theoretical value of zero, with ς1 and ρ2 exhibiting persistent negative excess kurtosis

at larger sample sizes, while ρ1 shows positive excess kurtosis at small samples that gradually decreases.

The Kolmogorov-Smirnov test p-values, displayed in the bottom-right panel, generally decrease with sample

size for most parameters, reflecting the increasing power of normality tests as sample size grows, rather

than deteriorating fit. Notably, even at n = 3000, several parameters maintain relatively low p-values, par-

ticularly ρ1, ρ2, and ς1, suggesting that the convergence to asymptotic normality occurs at different rates

across parameter dimensions. This differential behavior stems from the intrinsic difficulty of estimating

certain parameters in heavy-tailed stable distributions, where extreme observations exert disproportionate

influence and where the characteristic function-based objective exhibits varying degrees of curvature across

the parameter space.

5. Application to financial markets

To illustrate the empirical relevance of our estimator and forecasting theoretical results, we apply them

to financial data. In particular, we focus on the CBOE Crude Oil ETF Volatility Index (OVX) as it

reflects, by essence, the market’s anticipation regarding the volatility of crude oil ETF prices over the

next 30 days. In that sense, it aggregates all sources of investors’ expectations and this explains why VIX

indexes are often referred to as fear indices. In the traditional theoretical foundation of the efficient markets

hypothesis, agents are homogeneous and make rational use of all relevant information in their trading

decisions, thereby leading to perfectly random movement of prices. However, a large body of the financial

literature has identified various anomalies calling for heterogeneous agent models and in particular the so-

called fundamentalist/chartist dichotomy (e.g. Agliari et al. , 2018). These two types of agents are likely to

generate distinct dynamics in the crude oil volatility index, in particular when market fear is growing. We

collect the CBOE OVX index retrieved from the FRED (Federal Reserve Bank of St. Louis) website. The

dataset, ranging from 23/05/2015 to 23/05/2025, is sampled at weekly frequency (T = 522) and linearly

detrended to avoid high-frequency noise contamination (see Hecq and Voisin , 2021, for a discussion on the

pre-treatment of data). We estimate three different models as described in Section 4, with initial guess

obtained from the sequential estimation approach proposed by de Truchis et al. (2025b): a general α-stable

model with asymmetry (GαS), a symmetric α-stable model (SαS), and a symmetric Cauchy model (S1S).

The results in Table 5 reveal several compelling patterns about the dynamics of the OVX index. First,

the GαS specification provides strong evidence of anticipative dynamics, as demonstrated by the highly
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Table 5: Estimation results for OVX index with three different specifications

GαS SαS S1S

θ̂ Estimate Std. t-stats Estimate Std. t-stats Estimate Std. t-stats

ρ1 0.7989 0.0673 11.862 0.2507 0.0077 32.477 0.9226 0.0082 112.824

ρ2 0.8470 0.0668 12.678 0.9865 0.0040 244.560 0.9346 0.0074 126.404

α 1.4686 0.0995 14.764 1.2405 0.0084 147.613 – – –

β -0.1275 0.0684 -1.863 – – – – – –

σ 2.0932 0.2400 8.723 0.8964 0.0212 42.226 0.1966 0.0294 6.692

π1 0.2790 0.0403 6.930 0.8915 0.0052 171.084 0.5029 0.0511 9.833

π2 0.7210 0.0409 17.622 0.1085 0.0182 5.957 0.4971 0.0545 9.121

significant AR coefficients (with estimated values of ρ1 = 0.80 and ρ2 = 0.85). We observe a clear distinction

between the two latent components: the first component (ρ1 = 0.80) exhibits a slightly less persistent but

still strong bubble pattern, while the second component (ρ2 = 0.85) captures more persistent explosive

episodes. The weights associated with each component show an asymmetric pattern, with π1 = 0.28 and

π2 = 0.72, indicating a strong dominance of the second, more persistent component in the overall dynamics of

crude oil volatility expectations. Second, the estimated tail index parameter α = 1.47 confirms the presence

of heavy tails that significantly exceed what a Gaussian distribution would accommodate, reflecting the

extreme nature of oil market volatility. The asymmetry parameter in the GαS specification is estimated at

β = −0.13, with a t-statistic of -1.86, suggesting a lack of significance at 5% risk level. Third, while the SαS

model yields statistically significant parameter estimates, it shows a markedly different parameter structure

with α = 1.24 and very different AR coefficients (ρ1 = 0.25, ρ2 = 0.99), suggesting that the asymmetry,

albeit probably not really significant, numerically plays a non-negligible role in the model specification. The

S1S (Cauchy) model, with its restriction of α = 1, appears overly restrictive given the estimated α values

in the more flexible models, though it still yields highly significant parameter estimates with ρ1 = 0.92 and

ρ2 = 0.93.

To better visualize how each component captures distinct anticipative dynamics, we implement the

deconvolution methodology proposed in de Truchis et al. (2025b) designed for extracting stable latent

components. Our implementation employs a dual Markov-chain Monte-Carlo filtering approach with 2,000

particles over a 5-period rolling window. Figure 3 presents the results, revealing a clear demarcation in the

roles of the two latent components. The dramatic spikes observed during periods of oil market turbulence

are captured by both components, with the first component (middle panel), characterized by its slightly

lower persistence coefficient (ρ̂1 = 0.80), capturing more abrupt movements, while the second component
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Figure 3: Deconvolution of the OVX index from the GαS two components model filtrated using de Truchis et al. (2025b)
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(bottom panel), with its higher persistence (ρ̂2 = 0.85), tracks the more sustained explosive patterns that

characterize prolonged periods of oil market uncertainty.

Notably, the visualization reveals that periods of high oil market volatility can occasionally feature a

superposition of two distinct bubble dynamics working simultaneously, with their combined effect visible

in the observed index (top panel). The recent volatility episodes visible in the sample demonstrate how

both components contribute to different aspects of oil market fear, with the first component providing rapid

responses to immediate shocks and the second component maintaining longer-term market anxiety. This

filtration-based visualization proves invaluable for matching observed market trajectories to specific dj,k
patterns among the collection generated by the latent components, thereby enhancing our ability to apply

the forecasting theory developed in Section 3.

To illustrate our forecasting framework in practice, we conduct an in-sample prediction exercise for

the 2020 oil market disruption event characterized by the significant volatility spike observed in the OVX

index during the COVID-19 pandemic and the oil price war. Setting January 2020 as our cutoff point, we

apply our methodology to forecast the subsequent crash dates for each of the identified latent components.

Our approach is fundamentally based on pattern recognition, exploiting the theoretical finding that during

extreme events, trajectories adhere to specific patterns characterized by the normalized form ϑdj,k/|dj,k|.

These pattern structures are defined by four essential elements: the shape derived from the coefficient

sequence dj,k; the component index j ∈ {1, . . . , J} identifying which latent process is driving the event; the

time shift k0 ∈ Z indicating the position within the pattern; and the sign ϑ ∈ {−1,+1} reflecting upward

or downward movements. Our prediction strategy implements a systematic four-step algorithm. First, we

observe the initial segment of an emerging extreme event. Second, we match this observed trajectory to

the collection of theoretical patterns derived from our estimated stable aggregate model, conditioning on an

m + 1 length of observed trajectory, thereby determining k0. Third, we compute conditional probabilities

for future trajectories using Proposition 3.2, which provides the mathematical foundation for calculating

tail conditional distributions. Finally, we generate forecasts for the remaining trajectory based on these

probabilistic assessments.

Table 6 presents the in-sample bubble forecast prediction probabilities derived from our empirical ap-

plication. Each component generates a finite collection of potential patterns that an extreme event might

follow. Proposition 3.3 provides explicit formulas for calculating the conditional probabilities of future tra-

jectories given an observed pattern. The length of the trajectory segment that we use for pattern matching

for each component is m = 20. For a bubble identified as originating from component j0 (see Figure 3),

our model provides precise probabilistic forecasts of its future trajectory. The probability of the bubble

crashing in exactly k periods is given by |ρj0 |αk(1− |ρj0 |α), while the probability of the bubble surviving at

least h periods is |ρj0 |αh. These probabilities correspond directly to the columns labeled “Crash at h” and

“Survive at h” in Table 6 for each component. Furthermore, the growth rate of the bubble is determined by
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ρ−1
j0

, which allows for trajectory forecasting once the component is identified. These forecasted values are

presented in the “Forecast” column of Table 6.

As shown in Table 6, for j0 = 1, we identify k0 = 3, which means that from the start date through the

third period, the crash has not yet occurred with certainty. Consequently, computing crash and survival

probabilities for these early periods is not meaningful as the probability of a crash during this period is

effectively zero. Only beginning in the fourth period do the crash probabilities become relevant, as this

represents the earliest possible point at which the bubble could collapse according to our identified pattern

structure. For j0 = 2, with k0 = 1, we observe that crash probabilities become relevant immediately in

the second period, reflecting the more immediate nature of bubbles generated by this component despite its

higher persistence.

A critical element in our forecasting framework is the risk threshold parameter (set to 99% in Table 6),

which allows practitioners to customize predictions according to their risk tolerance. Specifically, analysts

using our procedure can select an acceptable probability threshold, such as 90%, to determine when a bubble

is likely to crash. When the cumulative crash probability P(crash within k periods) = 1 − |ρj0 |αk exceeds

this threshold, the model predicts a crash; otherwise, it anticipates continued growth. This flexibility in

threshold selection creates a natural trade-off: higher thresholds (e.g., 99%) generate more extreme bubble

projections before predicting a crash, while lower thresholds (e.g., 90%) produce more conservative forecasts

with earlier predicted crash points. Figures 4 and 5 illustrate how this risk threshold impact the forecast

accuracy. For a comprehensive Monte Carlo study of the performance of this approach and its sensitivity

to the four key parameters, we direct the reader to the Monte Carlo simulation section of de Truchis et al.

(2025a).

In Table 6, we observe distinct predicted dynamics between the two latent components. The first

component (k0 = 3) suggests a gradual bubble formation with forecast values escalating from 11.27 at

the start to 208.73. However, with a relatively higher growth rate, this bubble collapses in the 14th period

(when using a 99% acceptable probability risk threshold). Conversely, the second component (k0 = 1)

suggests rapid build-up in crash probabilities. But with a relatively lower growth rate and probabilities

reaching 0.22 by the second period and exceeding 0.99 by the 19th period, this bubble exhibits a more

sustained but ultimately explosive episode that reaches higher absolute forecast values before crashing.

Finally, Figure 6 presents the combined forecast results at the 99% risk threshold, demonstrating the

practical implementation of our stable aggregate forecasting framework on the OVX index. The methodology

successfully captures the explosive trajectory leading to the March 2020 volatility spike, with the combined

forecast (red dashed line) closely tracking the realized path during the critical period. The identification of

the historical theoretical pattern (green line) starting in late 2019 provides the foundation for the forecast,

which accurately predicts both the timing and magnitude of the subsequent market disruption. Notably, the

combined forecast from both components generates a trajectory that reaches approximately 220 before the

31



Figure 4: Forecast of the 2020 oil market bubble using the first component (ρ̂1 = 0.7989) from the OVX index filtration. The

top row displays crash probability profiles across three different acceptable probability risk thresholds: 0.9 (left), 0.95 (center),

and 0.99 (right). Each panel shows the probability of crashing at a given date (red line with circles), surviving beyond that

date (green line), the cumulative crash probability up to that date (blue line), and the respective threshold value (horizontal

dashed red line). The middle row presents zoomed-in forecasts for each threshold value, showing the real time series (blue line

with circles) and the forecasted values (colored squares) that continue until the crash is predicted to occur according to each

threshold. The vertical dashed red line indicates the end of the in-sample period (January 2020). The bottom panel situates

these forecasts within the complete time series (blue line), with the historical theoretical pattern (k0 = 3) shown in green. The

colored lines represent forecasts for different threshold values: 0.9 (yellow), 0.95 (green dashed), and 0.99 (red dashed). The

vertical black dotted line marks the pattern start, the vertical red dotted line indicates the end of the in-sample period, and

the shaded gray area represents the forecast zone. The length of the trajectory segment used for pattern matching is m = 20.
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Figure 5: Forecast of the 2020 oil market bubble using the second component (ρ̂2 = 0.8470) from the OVX index filtration. The

top row presents crash probability profiles for three different acceptable probability risk thresholds: 0.9 (left), 0.95 (center), and

0.99 (right). Each panel shows the probability of crashing at a given date (red line with circles), surviving beyond that date

(green line), the cumulative crash probability up to that date (blue line), and the corresponding threshold value (horizontal

dashed red line). The middle row displays zoomed-in forecasts for each threshold scenario, with the real time series (blue

line with circles) and forecasted values (colored squares). The vertical dashed red line marks the end of the in-sample period

(January 2020). The bottom panel places these forecasts in context of the complete time series (blue line), with the historical

theoretical pattern (k0 = 1) shown in green. The colored lines represent forecasts under different threshold values: 0.9 (yellow),

0.95 (green dashed), and 0.99 (red dashed). The black vertical dotted line indicates the pattern start, the red vertical dotted

line shows the end of the in-sample period, and the gray shaded area represents the forecast zone. The second component

exhibits different growth dynamics and crash patterns compared to the first component, reflecting the heterogeneous nature of

oil market volatility expectations. The length of the trajectory segment used for pattern matching is m = 20.
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Figure 6: To be commented

predicted crash, remarkably close to the observed peak of around 230 in the actual OVX series. This strong

forecasting performance validates our theoretical framework’s ability to provide early warning signals for

extreme volatility events in commodity markets, offering practitioners a quantitative tool for anticipating

and preparing for periods of exceptional market stress in the oil sector.

6. Conclusion

This paper addresses a fundamental limitation in the empircal modeling of rational asset bubbles in

financial markets by introducing a novel framework based on α-stable moving average aggregates. Traditional

approaches to bubble modeling based on anticipative heavy-tailed processes impose uniform bubble patterns

across different episodes, contradicting the observed heterogeneity in market dynamics.

Our contribution is both theoretical and methodological. Theoretically, we develop a flexible model

built on α-stable moving average aggregates that accommodates diverse bubble growth patterns and crash

dynamics . We establish that this model admits a semi-norm representation on a unit cylinder, similar to

non-aggregated moving averages, thereby enabling the forecasting of bubble episodes with heterogeneous

growth trajectories. We extend the spectral representation of stable processes to aggregated components

and derive conditions under which the tail conditional distribution can be used for prediction, showing

that anticipativeness remains a necessary condition for past-representability even in the aggregated case.

Methodologically, we develop a minimum distance estimation procedure based on the joint characteristic

function that effectively identifies the parameters of stable aggregates. Unlike existing approaches limited

to the Cauchy case with continuous support distributions, our framework extends to the general α-stable

family with discrete support, making it more suitable for empirical applications. Our Monte Carlo simula-

tions demonstrate robust finite-sample performance across various specifications. An empirical illustration
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to the CBOE OVX index reveals the presence of multiple anticipative components with distinct persistence

properties and asymmetric weights. The deconvolution analysis demonstrates that what appears as a single

volatility episode during the 2020 oil market disruption actually comprises multiple superimposed processes

with heterogeneous growth rates and crash probabilities. Our forecasting framework successfully anticipates

both the timing and magnitude of the March 2020 volatility spikes. The pattern recognition approach under-

lying our forecasting methodology proves particularly valuable, allowing practitioners to distinguish between

different sources of market stress—rapid panic responses versus slow-building fundamental concerns—and

tailor their risk management strategies accordingly. The flexibility in risk threshold selection creates a

natural trade-off between conservative and aggressive forecasting strategies, accommodating different risk

tolerance levels in practical applications.
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Table 6: In-sample bubble forecast: prediction probabilities

First component (k0 = 3) Second component (k0 = 1)

Date h Forecast Crash at h Survive at h Forecast Crash at h Survive at h

2020-01-05 0 11.2714 – – 11.2714 – –

2020-01-12 1 14.1087 – – 13.3068 0.2164 0.7836

2020-01-19 2 17.6601 – – 15.7098 0.3859 0.6141

2020-01-26 3 22.1056 0.6281 0.3719 18.5467 0.5188 0.4812

2020-02-02 4 27.6701 0.7326 0.2674 21.8958 0.6229 0.3771

2020-02-09 5 34.6325 0.8077 0.1923 25.8498 0.7045 0.2955

2020-02-16 6 43.3537 0.8617 0.1383 30.5178 0.7684 0.2316

2020-02-23 7 54.2668 0.9006 0.0994 36.0288 0.8185 0.1815

2020-03-01 8 67.9270 0.9285 0.0715 42.5349 0.8578 0.1422

2020-03-08 9 85.0258 0.9486 0.0514 50.2159 0.8886 0.1114

2020-03-15 10 106.4287 0.9630 0.0370 59.2839 0.9127 0.0873

2020-03-22 11 133.2193 0.9734 0.0266 69.9890 0.9316 0.0684

2020-03-29 12 166.7534 0.9810 0.0190 82.6283 0.9464 0.0536

2020-04-05 13 208.7292 0.9865 0.0135 97.5494 0.9580 0.0420

2020-04-12 14 0.0000 0.9901 0.0099 115.1651 0.9671 0.0329

2020-04-19 15 0.0000 0.9929 0.0071 135.9617 0.9742 0.0258

2020-04-26 16 0.0000 0.9949 0.0051 160.5139 0.9798 0.0202

2020-05-03 17 0.0000 0.9963 0.0037 189.4997 0.9842 0.0158

2020-05-10 18 0.0000 0.9974 0.0026 223.7200 0.9876 0.0124

2020-05-17 19 0.0000 0.9981 0.0019 0.0000 0.9903 0.0097
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A. Subsampling Diagnostics and Convergence Analysis

This appendix provides comprehensive diagnostic analysis of the subsampling procedure used to assess

the finite-sample convergence properties of our minimum distance estimator toward the limiting normal

distribution predicted by Proposition 2.1. The diagnostics are organized into two complementary subsections

examining the empirical behavior of scaled subsample deviations across different sample sizes.

A.1. Descriptive statistics and normality tests

We compute scaled subsample deviations
√
b(θ̂n,i− θ̂n) for subsamples of size b drawn from an initial tra-

jectory of length n0 = 3000, where the block size b is chosen according to the rule b = bn2/3c to balance bias

and variance in the asymptotic approximation. For each target sample size n ∈ {250, 500, 1000, 2000, 3000},

we generate M = 500 Monte Carlo replications and compute Nb overlapping blocks, yielding a total of

M × Nb scaled deviations for each parameter. The descriptive statistics in Tables A.7–A.11 reveal the

empirical properties of these deviations, including their mean, standard deviation, skewness, and excess

kurtosis, alongside three normality tests (Kolmogorov-Smirnov, Shapiro-Wilk, and Jarque-Bera) conducted

at the 5% significance level.

Table A.7: Subsampling Results for n = 250 (b = 39, Nb = 212, M = 500)

Parameter Mean Std Skewness Kurtosis KS p-val SW p-val JB p-val KS Rej. SW Rej. JB Rej.

ρ1 −0.388 1.339 −1.006 1.013 0.025 < 0.001 0.019 0.898 0.998 0.932

ρ2 0.395 1.421 0.188 0.341 0.027 < 0.001 0.021 0.880 1.000 0.934

ς1 −0.054 2.278 0.157 0.486 0.037 0.001 0.027 0.862 0.996 0.924

ς2 −0.095 1.830 −0.165 0.334 0.157 0.015 0.111 0.514 0.918 0.698

α 0.230 2.002 −0.349 −0.546 0.092 0.003 0.037 0.658 0.984 0.880

Notes: KS, SW, and JB denote the Kolmogorov-Smirnov, Shapiro-Wilk, and Jarque-Bera tests respectively. Rejection rates

are computed at the 5% significance level across M = 500 Monte Carlo replications. Initial sample size is n0 = 3000.

A.2. Visual diagnostics

We complement the numerical diagnostics with graphical analysis through Figures A.7–A.11, which

display histograms, Q-Q plots, and kernel density estimates for each parameter at each sample size. These

visualizations provide intuitive assessments of the convergence toward normality and reveal patterns that

may not be immediately apparent from summary statistics alone.

39



Table A.8: Subsampling Results for n = 500 (b = 62, Nb = 439)

Parameter Mean Std Skewness Kurtosis KS p-val SW p-val JB p-val KS Rej. SW Rej.

ρ1 −0.273 1.438 −0.897 0.727 0.005 < 0.001 0.004 0.980 1.000

ρ2 0.480 1.857 0.120 −0.186 0.006 < 0.001 0.004 0.972 1.000

ς1 −0.338 2.841 0.093 0.064 0.005 < 0.001 0.002 0.976 1.000

ς2 −0.001 2.067 −0.209 0.382 0.097 0.006 0.069 0.658 0.962

α 0.182 2.249 −0.242 −0.597 0.052 < 0.001 0.015 0.776 0.998

Notes: See notes to Table A.7.

Table A.9: Subsampling Results for n = 1000 (b = 100, Nb = 901)

Parameter Mean Std Skewness Kurtosis KS p-val SW p-val JB p-val KS Rej. SW Rej.

ρ1 −0.140 1.501 −0.601 0.255 0.002 < 0.001 0.005 0.990 1.000

ρ2 0.565 2.439 0.103 −0.841 0.001 < 0.001 0.001 0.996 1.000

ς1 −0.621 3.605 0.047 −0.324 < 0.001 < 0.001 < 0.001 1.000 1.000

ς2 0.096 2.344 −0.129 0.336 0.047 0.001 0.046 0.798 0.992

α 0.162 2.415 −0.180 −0.475 0.039 < 0.001 0.017 0.856 0.998

Notes: See notes to Table A.7.

Table A.10: Subsampling Results for n = 2000 (b = 158, Nb = 1843)

Parameter Mean Std Skewness Kurtosis KS p-val SW p-val JB p-val KS Rej. SW Rej.

ρ1 0.037 1.676 −0.259 −0.357 < 0.001 < 0.001 0.004 0.998 1.000

ρ2 0.679 3.063 0.075 −1.114 < 0.001 < 0.001 < 0.001 1.000 1.000

ς1 −1.131 4.517 −0.116 −0.730 < 0.001 < 0.001 < 0.001 1.000 1.000

ς2 0.282 2.592 −0.043 0.166 0.012 < 0.001 0.025 0.930 1.000

α 0.088 2.551 −0.105 −0.402 0.020 < 0.001 0.015 0.896 1.000

Notes: See notes to Table A.7.
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Figure A.7: Diagnostic plots for scaled subsample deviations at n = 250. For each parameter (rows), we display: (left)

histogram with standard normal overlay, (center) Q-Q plot against standard normal quantiles, and (right) kernel density

estimate compared to the standard normal density. Deviations from the reference normal distribution are expected in small

samples due to finite-sample effects.

41



Figure A.8: Diagnostic plots for scaled subsample deviations at n = 500. See caption to Figure A.7 for details.
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Figure A.9: Diagnostic plots for scaled subsample deviations at n = 1000. See caption to Figure A.7 for details.
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Figure A.10: Diagnostic plots for scaled subsample deviations at n = 2000. See caption to Figure A.7 for details. As sample

size increases, the empirical distributions of the scaled deviations should converge to the limiting normal distribution predicted

by Proposition 2.1.
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Figure A.11: Diagnostic plots for scaled subsample deviations at n = 3000. See caption to Figure A.7 for details. As sample

size increases, the empirical distributions of the scaled deviations should converge to the limiting normal distribution predicted

by Proposition 2.1.
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Table A.11: Subsampling Results for n = 3000 (b = 208, Nb = 2793)

Parameter Mean Std Skewness Kurtosis KS p-val SW p-val JB p-val KS Rej. SW Rej.

ρ1 0.101 1.802 −0.106 −0.585 < 0.001 < 0.001 0.001 1.000 1.000

ρ2 0.811 3.433 0.096 −1.131 < 0.001 < 0.001 < 0.001 1.000 1.000

ς1 −1.324 5.111 −0.193 −0.895 < 0.001 < 0.001 < 0.001 1.000 1.000

ς2 0.365 2.835 0.013 0.110 0.006 < 0.001 0.016 0.966 1.000

α 0.067 2.603 −0.096 −0.317 0.006 < 0.001 0.011 0.968 1.000

Notes: See notes to Table A.7.
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B. Proofs

B.1. Proof of Lemma 2.1

We first establish the Ck(Θ) regularity of (2.14), the MDE objective function. The proof proceeds by

analyzing the theoretical characteristic function structure and establishing precise control over its derivatives

under Assumptions 1 and 2. We then show that under the condition obtained to insure that (2.14) belongs

to the C2(Θ) class, Assumptions 3, 6, 7 and 8 are satisfied. For simplicity, the proof is only developed for

the MAR(0,1) case although it also holds for the MAR(1,1) case.

B.1.1. Ck(Θ) regularity and validation of Assumption 3

Recall that for the α-stable MAR(0,1) component, the variable uXj,t + vXj,t+1 decomposes into two

independent parts: (ρju + v)Xj,t+1 and uεj,t. The joint log-characteristic function is the sum of their

log-characteristic functions. Recalling that ω(α, x) = tan(πα/2) if α 6= 1 and w(1, x) = − 2
π ln |x| we have

logϕXj (u, v; θ) = − σα

1− |ρj |α
|ρju+ v|αA(ρju+ v)− σα|u|αA(u), (B.1)

where A(x) = 1 − iβ sign(x)ω(α, x). Let K ⊂ Θ be any compact subset satisfying the uniform bounds:

infj,θ∈K(1 − |ρj |) ≥ δ′ > 0, infθ∈K α ≥ α0 > 0, supθ∈K σ ≤ M < ∞, and supθ∈K |β| ≤ B < ∞. From

these assumptions, we can establish a uniform lower bound for 1− |ρj |α. Since |ρj | ≤ 1− δ′, it follows that

1− |ρj |α ≥ 1− (1− δ′)α, which is increasing in α (since 1− δ′ ∈ (0, 1)). Therefore, its minimum value over

K is attained at α0. We can thus define a single constant δ = 1− (1− δ′)α0 > 0, which ensures that for all

θ ∈ K, we have 1− |ρj |α ≥ δ.

(ι) The derivative with respect to πk is computed from the decomposition logϕ(u, v; θ) =

σα
∑J
j=1 π

α
j ϕ̃j(u, v), where ϕ̃j is the standardized log-characteristic function (i.e., the expression in (B.1)

divided by σα). We have:

∂ϕ

∂πk
(u, v; θ) = ϕ(u, v; θ) · απα−1

k σαϕ̃k(u, v).

Substituting the explicit form ϕ̃k(u, v) = −
[
|ρku+v|αA(ρku+v)

1−|ρk|α + |u|αA(u)
]
and using the uniform bound

|A(·)| ≤ 1 +B| tan(παmax/2)| := MA on the compact set K, we obtain:∣∣∣∣ ∂ϕ∂πk (u, v; θ)
∣∣∣∣ ≤ |ϕ(u, v; θ)| · απα−1

k σαMA

[
|ρku+ v|α

δ
+ |u|α

]
= CπGπ(u, v),

where Cπ is a constant depending on K. The bounding function Gπ(u, v) grows polynomially (degree α)

and is integrable against w(u, v) for any α > 0.
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(ιι) The derivative with respect to α is computed using the decomposition of the log-characteristic

function in (B.1). We have

∂ logϕXj
∂α

= −σα ln σ
[
|ρju+ v|αA(ρju+ v)

1− |ρj |α
+ |u|αA(u)

]
− σα

[
|ρju+ v|α ln |ρju+ v|

1− |ρj |α
A(ρju+ v) + |u|α ln |u|A(u)

]
+ σα

[
|ρju+ v|α|ρj |α ln |ρj |

(1− |ρj |α)2

]
A(ρju+ v)

− σα
[
|ρju+ v|α

1− |ρj |α
∂A(ρju+ v)

∂α
+ |u|α ∂A(u)

∂α

]
.

Using the uniform bounds on the compact set K (specifically 1− |ρj |α ≥ δ and the boundedness of A and

∂αA), we obtain the following majoration∣∣∣∣∂ logϕXj
∂α

∣∣∣∣ ≤ C1

[
|ρju+ v|α

δ
+ |u|α

]
+ C2

[
|ρju+ v|α| ln |ρju+ v||

δ
+ |u|α| ln |u||

]
,

where C1 and C2 are finite constants depending only on K. This leads to a bounding function of the form∣∣∣∣∂ϕ∂α (u, v; θ)
∣∣∣∣ ≤ Cα|ϕ(u, v; θ)|

[
Hα(ρju+ v)

δ
+Hα(u)

]
= CαGα(u, v),

where Hα(x) = |x|α(1+ | ln |x||). To conclude on the integrability of Gα(u, v) against w(u, v), we use a conti-

nuity argument. Since α ≥ α0 > 0 onK, the function x 7→ Hα(x) is continuous on R (prolonged by 0 at x = 0

since limx→0 |x|α ln |x| = 0). Consequently, Hα(x) is bounded on any compact set and grows polynomially

at infinity. At this stage, we need Assumption 2 as it imposes w(u, v) = exp(−κ(u2 +v2)). As a consequence,

the growth is dominated by the exponential decay of w(u, v), ensuring that
∫
Gα(u, v)w(u, v)dudv <∞.

(ιιι) The derivative with respect to σ is computed by noting that logϕXj (u, v; θ) = σαϕ̃j(u, v). We have

∂ logϕXj
∂σ

= ασα−1ϕ̃j(u, v)

= −ασα−1
[
|ρju+ v|αA(ρju+ v)

1− |ρj |α
+ |u|αA(u)

]
.

Summing over j (weighted by παj ) and applying the uniform bounds on the compact set K (specifically

|A(·)| ≤MA), we obtain∣∣∣∣∂ϕ∂σ (u, v; θ)
∣∣∣∣ ≤ |ϕ(u, v; θ)|

J∑
j=1

παj

∣∣∣∣∂ logϕXj
∂σ

∣∣∣∣
≤ |ϕ(u, v; θ)| · αMσMA

J∑
j=1

παj

[
|ρju+ v|α

δ
+ |u|α

]
= CσGσ(u, v),
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where Mσ = max(Mα−1, σα−1
min ) is the uniform bound for σα−1 on K. Note that when α ≥ 1, we have

Mσ = Mα−1, while for α < 1, we have Mσ = σα−1
min since σα−1 is decreasing in σ when α − 1 < 0. The

bounding function Gσ(u, v) is a finite sum of terms with polynomial growth of degree α, which is integrable

against w(u, v) for any α > 0.

(ιν) The derivative with respect to β is obtained by differentiating the asymmetry terms A(x) = 1 −

iβsign(x)ω(α) within the log-characteristic function expression (B.1). We have ∂βA(x) = −isign(x)ω(α, x)

for α 6= 1. Thus,

∂ logϕXj
∂β

= − σα

1− |ρj |α
|ρju+ v|α ∂A(ρju+ v)

∂β
− σα|u|α ∂A(u)

∂β

= iσαω(α)
[
|ρju+ v|αsign(ρju+ v)

1− |ρj |α
+ |u|αsign(u)

]
.

The derivative of the full characteristic function is ∂ϕ
∂β = ϕ

∑J
j=1 π

α
j

∂ logϕXj
∂β . Taking the modulus and

applying the triangle inequality along with the uniform bounds on the compact set K (specifically |sign(·)| ≤

1 and |ω(α)| ≤ supα∈K | tan(πα/2)| := Mω), we obtain∣∣∣∣∂ϕ∂β (u, v; θ)
∣∣∣∣ ≤ |ϕ(u, v; θ)|

J∑
j=1

παj σ
αMω

[
|ρju+ v|α

δ
+ |u|α

]

≤ Cβ |ϕ(u, v; θ)|

 J∑
j=1

|ρju+ v|α

δ
+ J |u|α

 .
The functional form of this bound is identical to that found for the derivative with respect to σ (a polynomial

of degree α in u, v multiplied by the characteristic function). Consequently, it is integrable against the

exponential weight w(u, v) for any α > 0. Notice that when α = 1, the simple polynomial bound no longer

holds due to the logarithmic term in the characteristic function, but the integrability is preserved by the

exponential decay of w(u, v) = exp(−κ(u2 +v2)), utilizing the same argument as for the α derivative in (ιι).

(ν) Finally, we turn to the most critical case, the derivative with respect to ρk. Using the decomposition

in (B.1), the derivative is given by

∂ logϕXk
∂ρk

= −σα ∂

∂ρk

[
|ρku+ v|α

1− |ρk|α

]
A(ρku+ v)− σα|ρku+ v|α

1− |ρk|α
∂A(ρku+ v)

∂ρk
.

The derivative of the asymmetry term A(x) = 1− iβsign(x)ω(α) involves the derivative of the sign function,

which is zero almost everywhere (the Dirac mass contribution on the line v = −ρku does not affect the L1

integrability). Thus, the second term vanishes almost everywhere. The dominant behavior comes from the

first term

∂

∂ρk

[
|ρku+ v|α

1− |ρk|α

]
= αu sign(ρku+ v)|ρku+ v|α−1

1− |ρk|α
+ |ρku+ v|αα|ρk|α−1sign(ρk)

(1− |ρk|α)2 .
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Using the uniform bounds on the compact set K (specifically |A(·)| ≤ MA), we define the bound for the

singular part:

T1(u, v) = α|u||ρku+ v|α−1

δ
MA.

Again, we need Assumption 2 and impose w(u, v) = exp(−κ(u2 + v2)), for κ > 0, to prove the convergence.

We rely on the polar coordinates of the integral of T1:

I1 =
∫ +∞

−∞

∫ +∞

−∞
T1(u, v) exp(−κ(u2 + v2)) du dv

= αMA
δ

∫ 2π

0

∫ ∞
0

r| cos θ| · rα−1|ρk cos θ + sin θ|α−1e−κr
2
r dr dθ

= αMA
δ

∫ 2π

0
| cos θ||ρk cos θ + sin θ|α−1

(∫ ∞
0

rα+1e−κr
2
dr

)
dθ,

with u = r cos θ, v = r sin θ. This decomposition reveals that the radial integral converges for α > −2:∫ ∞
0

rα+1e−κr
2
dr = Γ((α+ 2)/2)

2κ(α+2)/2 .

The angular integral, near singularities θ0 where ρk cos θ + sin θ = 0, converges for α > 0:∫ θ0+ε

θ0−ε
|ρk cos θ + sin θ|α−1dθ ∼

∫ ε

−ε
|Cτ |α−1dτ = 2Cα−1εα

α
<∞,

with ε > 0 an arbitrary small constant and C =
√

1 + ρ2
k. Therefore, for any α ∈ (0, 2), the derivative is

bounded by an integrable function:∣∣∣∣ ∂ϕ∂ρk (u, v; θ)
∣∣∣∣ ≤ Cρ|ϕ(u, v; θ)|

[
|u||ρku+ v|α−1

δ
+ |ρku+ v|α

δ2 + |u|α
]

= CρGρ(u, v), (B.2)

where Cρ is a suitable constant. All terms in Gρ(u, v) are integrable against w(u, v) for α > 0. This

completes the first-order derivative analysis with precise bounds, establishing uniform integrability that

enables application of the dominated convergence theorem for C1(Θ) regularity when α > 0.

Finally, we analyze the second derivatives to establish C2(Θ) regularity. The most critical terms arise

from the second derivative with respect to ρk, specifically from the modulus term |ρku + v|α. Using the

decomposition in (B.1), we have

∂2 logϕXk
∂ρ2

k

= −σ
αA(ρku+ v)
1− |ρk|α

∂2

∂ρ2
k

|ρku+ v|α +R
(2)
k (u, v),

where R(2)
k (u, v) collects terms involving first derivatives of the modulus and derivatives of the coefficients,

which are less singular. Specifically, R(2)
k (u, v) = O(|u|α + |v|α) as ||(u, v)|| → ∞ and is locally integrable.

The dominant singular term is

∂2

∂ρ2
k

|ρku+ v|α = α(α− 1)u2|ρku+ v|α−2.
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The integrability of this term against w(u, v) determines the C2(Θ) regularity. Let us bound the integral of

the modulus of this second derivative

T2(u, v) = C|ϕ(u, v; θ)|u2|ρku+ v|α−2.

Using polar coordinates (u = r cos θ, v = r sin θ) and the exponential weight w(u, v) = e−κr
2 , the integral

becomes

I2 =
∫ 2π

0

∫ ∞
0

r2 cos2 θ · rα−2|ρk cos θ + sin θ|α−2e−κr
2
r dr dθ

=
(∫ ∞

0
rα+1e−κr

2
dr

)∫ 2π

0
cos2 θ|ρk cos θ + sin θ|α−2dθ.

The radial integral converges for α > −2. The angular integral Jα =
∫ 2π

0 cos2 θ|ρk cos θ + sin θ|α−2dθ

presents singularities when ρk cos θ+ sin θ = 0. Let θ0 be such a singularity. Locally, the integrand behaves

like |θ − θ0|α−2. Convergence requires∫ θ0+ε

θ0−ε
|τ |α−2dτ <∞ ⇐⇒ α− 2 > −1 ⇐⇒ α > 1.

For α ∈ (1, 2), the angular integral is finite. The remaining terms in the second derivative of the objective

function DX (θ) involve products of first derivatives (which are square-integrable for α > 0) or the second

derivative analyzed above. Thus, by the dominated convergence theorem, the objective function is C2(Θ) if

and only if α ∈ (1, 2). Assumption 3 is satisfied under this condition.

B.1.2. Validation of Assumption 6

Assumption 6 requires the random sequence K(x; θ) defined in (2.17) to be measurable and bounded.

Since trigonometric functions and the theoretical characteristic function ϕ(u, v; θ) are continuous (and thus

measurable), the entire integrand in (2.17) is a measurable function of x for each fixed (u, v, θ). By the

Fubini theorem, the integral of this function with respect to (u, v) is a measurable function of x. Next, we

demonstrate that K(x; θ) is uniformly bounded with respect to x. From the natural bounds of trigonometric

functions, | cos(uxj+1 + vxj)| ≤ 1 and | sin(uxj+1 + vxj)| ≤ 1, and since |ϕ(u, v; θ)| ≤ 1, we have

|K(x; θ)| ≤
∫ ∞
−∞

∫ ∞
−∞

[
(| cos(uxj+1 + vxj)|+ |Re ϕ(u, v; θ)|)

∣∣∣∣∂Re ϕ(u, v; θ)
∂θ

∣∣∣∣
+(| sin(uxj+1 + vxj)|+ |Im ϕ(u, v; θ)|)

∣∣∣∣∂Im ϕ(u, v; θ)
∂θ

∣∣∣∣]w(u, v) du dv

≤ 2
∫ ∞
−∞

∫ ∞
−∞

(∣∣∣∣∂Re ϕ(u, v; θ)
∂θ

∣∣∣∣+
∣∣∣∣∂Im ϕ(u, v; θ)

∂θ

∣∣∣∣)w(u, v) du dv

≤ 2
√

2
∫ ∞
−∞

∫ ∞
−∞

∣∣∣∣∂ϕ(u, v; θ)
∂θ

∣∣∣∣w(u, v) du dv := B(θ),

where the last inequality follows from the Cauchy-Schwarz inequality: for any complex number z = a+ ib,

we have |a|+ |b| ≤
√

2|z| since (|a|+ |b|)2 ≤ 2(a2 + b2) = 2|z|2.
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The first-order analysis in Lemma 2.1 established that for each parameter component θi, the integral of

the derivatives is finite, i.e.,∫ ∞
−∞

∫ ∞
−∞

∣∣∣∣∂ϕ(u, v; θ)
∂θi

∣∣∣∣w(u, v) du dv <∞.

Furthermore, as established in Lemma 2.1, the objective function is C1(Θ) and C2(Θ) for α > 1, which

implies that the gradient ∂ϕ/∂θ is continuous in θ. Consequently, the integral function B(θ) is continuous

on the parameter space Θ. Since Θ is compact (Assumption 1), the continuous function B(θ) is bounded.

We thus have

sup
θ∈Θ

sup
x
|K(x; θ)| ≤ sup

θ∈Θ
B(θ) <∞.

This uniform boundedness ensures that Assumption 6 is satisfied. 2

B.1.3. Validation of Assumption 7

This assumption requires Σ(θ0) to be nonsingular and the second derivatives to be uniformly bounded.

The boundedness follows directly from the C2(Θ) regularity analysis in Lemma 2.1 for α ∈ (1, 2). For

the nonsingularity of Σ(θ0), we interpret Σ(θ0) as the Gram matrix of the score functions in the Hilbert

space L2
w(R2). Its nonsingularity is equivalent to the linear independence of the components of the score

vector ∇θ logϕ(u, v; θ). Consistent with our estimation strategy, we consider the identifiable parameter

vector θ = (ς1, . . . , ςJ , ρ1, . . . , ρJ , α, β)′, where ςj = σπj . Recall that ϕ̃k(u, v) = logϕXk(u, v) denotes the

log-characteristic function of the k-th latent component with unit scale. The total log-characteristic function

is logϕ =
∑J
j=1 ς

α
j ϕ̃j(u, v). The scores exhibit the following exact forms and asymptotic behaviors

gρk(u, v) = −ςαk
∂

∂ρk

[
|ρku+ v|α

1− |ρk|α
Ak(u, v)

]
= −ςαk

αu sign(ρku+ v)|ρku+ v|α−1

1− |ρk|α
Ak(u, v) +Rk(u, v),

where Ak(u, v) = 1− iβsign(ρku+ v) tan(πα/2). The remainder term satisfies Rk(u, v) = O(|u|α + |v|α) but

is dominated locally by the singular term as ρku+ v → 0 (since α− 1 < α).

gςk(u, v) = ∂

∂ςk
(ςαk ϕ̃k(u, v)) = αςα−1

k ϕ̃k(u, v).

gα(u, v) =
J∑
j=1

ςαj
(
−|u|α ln |u|(1− iβsign(u) tan(πα2 )) +O(|u|α)

)
(as |u| → ∞).

gβ(u, v) = i tan
(πα

2

) J∑
j=1

ςαj

(
|ρju+ v|αsign(ρju+ v)

1− |ρj |α
+ |u|αsign(u)

)
.

Consider a linear combination
∑
cigi(u, v) = 0 holding almost everywhere for any constant coefficients ci.

Then,

52



(ι) The scores gρk exhibit lines of non-analyticity (singular first derivatives of the modulus) along the lines

v = −ρku. Since the ρk are distinct (see Definition 2.1), these lines do not overlap. The singularity

of |ρku + v|α−1 in gρk cannot be cancelled by any linear combination of the other scores, which are

either smooth or singular on different lines. This implies cρk = 0 for all k.

(ιι) With cρk = 0, we are left with the scale scores gςk . Each gςk is proportional to the log-characteristic

function of the k-th component. Due to the distinct ρk values, the functions ϕ̃k(u, v) exhibit different

scalings in the (u, v) plane and are thus linearly independent. Therefore, cςk = 0.

(ιιι) The term gα is the only one exhibiting a specific |u|α ln |u| asymptotic growth rate as |u| → ∞ (others

grow at rate |u|α), ensuring cα = 0.

(ιv) With cρk = cςk = cα = 0 established, the linear combination reduces to cβgβ = 0 almost everywhere.

Since gβ is not identically zero—indeed, it has the explicit form

gβ(u, v) = i tan πα2

J∑
j=1

ςαj

[
|ρju+ v|α sign(ρju+ v)

1− |ρj |α
+ |u|α sign(u)

]
,

which is non-zero for generic (u, v)—we must have cβ = 0.

Since the weight function w(u, v) is strictly positive, this pointwise linear independence implies the non-

singularity of the Gram matrix Σ(θ0). 2

B.1.4. Validation of Assumption 8

Validation of Assumption 8, which is required to apply a central limit theorem for dependent processes,

rests on demonstrating that the temporal dependence of the sequence {Kj} decays sufficiently fast. We

establish this result by showing that the aggregated process (Xt) is strongly mixing with geometric decay

rates, a property that is inherited by the sequence {Kj}. Each latent process (Xj,t)—whether it is a purely

anticipative AR(1) or a mixed MAR(1,1)—admits a two-sided infinite moving average representation:

Xj,t =
+∞∑

k=−∞
dj,kεj,t−k,

where the coefficients dj,k decay geometrically as |k| → ∞. Specifically, for the MAR(1,1) case, |dj,k| ≤

Dmax(|φj |, |ψj |)|k| for D > 0 a finite constant. Since the innovations εj,t are i.i.d. with an absolutely

continuous distribution (stable distributions with α ∈ (1, 2) possess smooth densities), the linear process

(Xj,t) is strongly mixing (α-mixing) with mixing coefficients decaying geometrically (see e.g., Doukhan ,

1994, Section 2.3). Since the latent processes are mutually independent, the σ-algebra generated by the

aggregate Xt is contained in the σ-algebra generated by the vector of components. Consequently, the mixing

coefficient of the aggregated process Xt satisfies an inequality of the form:

αX (h) ≤
J∑
j=1

αXj (h).
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Given that each component has geometrically decaying mixing coefficients, there exist constants C > 0 and

λ ∈ (0, 1) such that αX (h) ≤ Cλh. Finally, the score term Kj defined in (2.17) is a measurable function

of a finite number of lagged and lead values of the process Xt (specifically Xj and Xj+1). Any measurable

function of a finite segment of a strongly mixing process is itself strongly mixing with the same decay rate.

This ensures the convergence of E(K0|F−m) to E(K0) = 0 in mean square as m → ∞. Furthermore, for

a bounded and geometrically mixing sequence, the norms of the projection differences νj are summable,

satisfying the condition
∑∞
j=0 E[ν′jνj ]1/2 <∞. Assumption 8 is thus satisfied. 2

B.2. Proof of Lemma 3.1

Denote Xj,t = (Xj,t−m, . . . , Xj,t, Xj,t+1, . . . , Xj,t+h) the paths of the moving averages (Xj,t), for j =

1, . . . , J . The Xj,t’s are independent α-stable random vectors with spectral representations (Γj ,µ0
j ). We

consider only the more delicate case α = 1 and βj ∈ [−1, 1] for j = 1, . . . , J . Because of the independence

between X1,t, . . . ,XJ,t, we have with a = 2/π

E
[
ei〈u,Xt〉

]
= E

[
e
i〈u,σ

∑J

j=1
πjXj,t〉

]
=

J∏
j=1

E
[
ei〈σπju,Xj,t〉

]

=
J∏
j=1

exp
{
−
∫
Sm+h+1

(
|〈σπju, s〉|+ ia〈σπju, s〉 ln |〈σπju, s〉|

)
Γj(ds) + i〈σπju,µj

0〉

}

= exp
{
−
∫
Sm+h+1

(
|〈u, s〉|+ ia〈u, s〉 ln |〈u, s〉|

) J∑
j=1

σαπαj Γj(ds)

+ i

J∑
j=1

(
〈u, σπjµj

0〉 − aσπj ln(σπj)
∫
Sm+h+1

〈u, s〉Γj(ds)
)}

.

Focusing on the shift vector, we have
J∑
j=1

(
〈u, σπjµj

0〉 − aσπj ln(σπj)
∫
Sm+h+1

〈u, s〉Γj(ds)
)

= 〈u,
J∑
j=1

σπj(µ0
j − a ln(σπj)µ̃j)〉,

with µ̃j = (µ̃j,`) and µ̃j,` =
∫
Sm+h+1

s`Γj(ds), ` = −m, . . . , 0, 1, . . . , h. Using the form of Γj , i.e., Γj =∑
ϑ∈S1

∑
k∈Z wj,ϑ‖dj,k‖eδ{ ϑdj,k

|dj,k‖e

}, we get

µ̃j,` =
∫
Sm+h+1

s`Γj(ds) =
∑
ϑ∈S1

∑
k∈Z

wj,ϑ‖dj,k‖e
ϑdj,k+`

‖dj,k‖e
= βj

∑
k∈Z

dj,k+`, ` = −m, . . . , h.

Hence, µ̃j = βj
∑
k∈Z dj,k, and using the form of µ0

j as given in (3.5),
J∑
j=1

σπj(µ0
j − a ln(σπj)µ̃j) =

J∑
j=1

σπj

(
− aβj

∑
k∈Z

dj,k ln ‖dj,k‖e − a ln(σπj)βj
∑
k∈Z

dj,k

)

= −a
J∑
j=1

∑
k∈Z

σπjβjdj,k ln ‖σπjdj,k‖e

:= µ0.
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Therefore,

E
[
ei〈u,Xt〉

]
= exp

{
−
∫
Sm+h+1

(
|〈u, s〉|+ ia〈u, s〉 ln |〈u, s〉|

) J∑
j=1

σαπαj Γj(ds) + i〈u,µ0〉

}
,

and the random vector Xt is 1-stable with spectral measure

J∑
j=1

σαπαj Γj = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αe δ{ ϑdj,k

‖dj,k‖e

},
and shift vector as announced in the lemma.

B.3. Proof of Lemma 3.2

With the usual notations, let the Xj,t’s be the paths of the moving averages (Xj,t)’s and let Γj , j =

1, . . . , J , their spectral measures on the Euclidean unit sphere. Let Γ be the spectral measure of Xt. By

Lemma 3.1, we have:

Γ = σα
J∑
j=1

παj Γj .

Thus, by Proposition 1 of DFT, in the cases where either α 6= 1 or Xt is symmetric, the vector Xt is

representable on C‖·‖m+h+1 if and only if

Γ(K‖·‖) = 0 ⇐⇒ σα
J∑
j=1

παj Γj(K‖·‖) = 0

⇐⇒ Γj(K‖·‖) = 0, ∀ j = 1, . . . , J,

where the last equivalence follows from the fact that σα > 0 and παj > 0 for all j = 1, . . . , J . Given that

the Γj ’s are the spectral measures of paths of non-aggregated moving averages, we can apply the arguments

from the proof of Theorem 1 in DFT. Specifically, for each j, the condition Γj(K‖·‖) = 0 is equivalent to

the representability condition (3.4) holding for the sequence (dj,k)k with parameter m. Therefore, Xt is

representable on C‖·‖m+h+1 if and only if (3.4) holds with m for all sequences (dj,k)k, j = 1, . . . , J . For the

case α = 1 and Xt asymmetric, we need to consider the additional condition involving the shift vector µ0.

From Lemma 3.1, we have:

µ0 = −1{α=1}
2σ
π

J∑
j=1

∑
k∈Z

πjβjdj,k ln ‖σπjdj,k‖e.

By Proposition 1 of DFT, when α = 1 and Xt is asymmetric, representability on C‖·‖m+h+1 requires both:

1. Γ(K‖·‖) = 0, which as shown above is equivalent to (3.4) holding for all sequences (dj,k)k;

2. The additional condition (3.6) must hold.
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To verify condition (3.6), we need to show:∑
k∈Z
‖dk‖e

∣∣∣∣ ln(‖dk‖/‖dk‖e)∣∣∣∣ < +∞.

However, in the context of stable aggregates, this condition must be interpreted in terms of the aggregated

coefficients. SinceXt = σ
∑J
j=1 πjXj,t, the effective coefficients are combinations of the individual sequences

(dj,k)k. The condition (3.6) in the aggregated case becomes:∑
k∈Z
‖dk‖e

∣∣∣∣ ln(‖dk‖/‖dk‖e)∣∣∣∣ < +∞,

where dk now refers to the k-th vector in the aggregated representation. Given the linearity of the aggregation

and the fact that the condition must hold for each component individually (as each Xj,t must satisfy the

representability conditions), the condition (3.6) for the aggregate is satisfied if and only if it holds for all

sequences (dj,k)k, j = 1, . . . , J , with the same parameters m and h.

B.4. Proof of Proposition 2.2

Consider without loss of generality J = 2 with ρ2 = ρ1 + ∆ρ. The general case J > 2 follows by applying

the same arguments to the two closest components. From Section B.1.3, the score function with respect to

ρj is

gρj (u, v) = −ςαj
αu sign(ρju+ v)|ρju+ v|α−1

1− |ρj |α
Aj(u, v) +Rj(u, v),

where Aj(u, v) = 1− iβsign(ρju+ v) tan(πα/2) denotes the asymmetry factor and Rj(u, v) = O(|u|α+ |v|α)

collects lower-order terms. The elements of the submatrix Σρρ are given by

[Σρρ]jk =
∫ +∞

−∞

∫ +∞

−∞
gρj (u, v) · gρk(u, v) · w(u, v) du dv.

Part (a): Eigenvalue bound. We first establish that the diagonal elements [Σρρ]jj are bounded away

from zero uniformly in ∆ρ. Consider [Σρρ]11 = ‖gρ1‖2L2
w
. Using polar coordinates (u, v) = (r cos θ, r sin θ),

the dominant singular contribution from the score function yields

[Σρρ]11 ≥
ς2α1 α2

(1− |ρ1|α)2

∫ 2π

0

∫ ∞
0

r2 cos2 θ · r2(α−1)|ρ1 cos θ + sin θ|2(α−1)|A1|2 e−κr
2
r dr dθ

= ς2α1 α2

(1− |ρ1|α)2

(∫ ∞
0

r2α+1e−κr
2
dr

)(∫ 2π

0
cos2 θ |ρ1 cos θ + sin θ|2(α−1)|A1(θ)|2 dθ

)
.

The radial integral equals Γ(α + 1)/(2κα+1) and converges for all α > 0. For the angular integral, the

singularities occur at angles θ0 satisfying ρ1 cos θ0 + sin θ0 = 0. Near such a singularity, the linear expansion

ρ1 cos θ + sin θ ≈
√

1 + ρ2
1 · (θ − θ0) yields∫ θ0+ε

θ0−ε
|
√

1 + ρ2
1 · τ |2(α−1)dτ = (1 + ρ2

1)α−1 · 2ε2α−1

2α− 1 <∞
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for α > 1/2. Since α ∈ (1, 2) by Assumption 2 and cos2 θ0 6= 0 generically, the angular integral is strictly

positive and finite. Therefore, [Σρρ]11 ≥ C0 > 0 uniformly in ∆ρ, and by symmetry the same holds for

[Σρρ]22.

For the off-diagonal element, we decompose the integration domain into three regions. Let δ = c∆ρ for

some constant c > 0:

R1 = {(u, v) : |ρ1u+ v| < δ, |ρ2u+ v| ≥ δ},

R2 = {(u, v) : |ρ1u+ v| ≥ δ, |ρ2u+ v| < δ},

R3 = {(u, v) : |ρ1u+ v| ≥ δ, |ρ2u+ v| ≥ δ}.

The off-diagonal element decomposes as [Σρρ]12 = IR1 + IR2 + IR3 where IRk =
∫∫
Rk gρ1gρ2 w dudv.

On R1, the key geometric relation ρ2u+v = ∆ρ ·u+ (ρ1u+v) implies that this region is a strip of width

O(δ) around the line ρ1u + v = 0. We parametrize by (u, v) = (t,−ρ1t + s) where s = ρ1u + v represents

the signed distance to the singular line. On R1, we have |s| < δ and the Jacobian is unity. The integral

becomes

IR1 =
∫ ∞
−∞

∫ δ

−δ
gρ1(t,−ρ1t+ s) gρ2(t,−ρ1t+ s) e−κ(t2+(−ρ1t+s)2) ds dt.

In this parametrization, ρ1u + v = s and ρ2u + v = ∆ρt + s. The score function gρ1 contains the singular

factor |s|α−1, while gρ2 contains |∆ρt + s|α−1. On R1, the constraint |∆ρt + s| ≥ δ with |s| < δ implies

|∆ρt| ≥ δ − |s|, so |t| & 1 for small ∆ρ. The integral over s with the singular factor contributes∫ δ

−δ
|s|α−1 ds = 2 · δ

α

α
= 2(c∆ρ)α

α
= O(∆α

ρ ).

The remaining factors involving |∆ρt + s|α−1 and the bounded terms from gρ2 contribute an additional

O(∆α
ρ ) when combined with the Gaussian decay of the weight function. Therefore, IR1 = O(∆2α

ρ ). By

symmetry in the roles of ρ1 and ρ2, we also have IR2 = O(∆2α
ρ ).

On R3, both |ρ1u+ v| ≥ δ and |ρ2u+ v| ≥ δ, so the score functions are uniformly bounded. As ∆ρ → 0

(hence ρ2 → ρ1), the integrand converges pointwise: gρ1(u, v)gρ2(u, v) → |gρ1(u, v)|2. The integrand is

dominated by the sum of squared score functions, which is integrable by Lemma 2.1. By the dominated

convergence theorem,

IR3 =
∫∫
R3

|gρ1 |2 w dudv +O(∆2α
ρ ) = [Σρρ]11 −O(∆2α

ρ ),

where the error term accounts for the shrinking boundary of R3 as δ → 0 and the difference |gρ2 − gρ1 | =

O(∆ρ) on R3.

Combining the three contributions,

[Σρρ]12 = O(∆2α
ρ ) +O(∆2α

ρ ) + [Σρρ]11 −O(∆2α
ρ ) = [Σρρ]11 +O(∆2α

ρ ).
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By an identical argument with roles reversed, [Σρρ]21 = [Σρρ]22 +O(∆2α
ρ ). Since [Σρρ]11 = [Σρρ]22 +O(∆2α

ρ )

as ρ2 → ρ1, the matrix Σρρ takes the form

Σρρ = a

1 1

1 1

+ ∆2α
ρ B,

where a = [Σρρ]11 > 0 and B = (bjk) is a bounded matrix. The leading term a( 1 1
1 1 ) has eigenvalues 2a and

0 with corresponding eigenvectors v1 = (1, 1)>/
√

2 and v2 = (1,−1)>/
√

2.

By first-order perturbation theory, the perturbed eigenvalue corresponding to λ2 = 0 is

λ̃2 = v>2 (∆2α
ρ B)v2 +O(∆4α

ρ ) =
∆2α
ρ

2 (b11 − b12 − b21 + b22) +O(∆4α
ρ ).

The coefficient (b11 − b12 − b21 + b22)/2 is generically non-zero since B encodes the geometric differences

between the score functions at their respective singular lines. Therefore, λmin(Σρρ) = O(∆2α
ρ ).

Part (b): Asymptotic variance bound. By Proposition 2.1, the asymptotic covariance matrix of
√
n(θ̂n − θ0) is Σ(θ0)−1Ω(θ0)Σ(θ0)−1, where Ω(θ0) is the long-run variance matrix of the score function.

Under Assumption 8, Ω(θ0) is bounded.

Using the block matrix inverse formula, the inverse of Σ restricted to the ρ-block involves the Schur

complement Σρρ − Σρ,−ρΣ−1
−ρ,−ρΣ−ρ,ρ, where Σ−ρ,−ρ denotes the block corresponding to parameters other

than ρ. The cross-blocks Σρ,−ρ involve inner products of gρj with gςk , gα, gβ , which have different singularity

structures as established in Section B.1.3. These cross-blocks are therefore uniformly bounded as ∆ρ → 0,

and Σ−1
−ρ,−ρ remains bounded since the non-ρ parameters remain well-identified.

Consequently, λmin(Schur complement) ≥ λmin(Σρρ) − O(1) = O(∆2α
ρ ) for small ∆ρ, which implies

λmax([Σ−1]ρρ) = O(∆−2α
ρ ). The asymptotic variance of any component

√
nρ̂j satisfies

Avar(
√
nρ̂j) = [Σ−1ΩΣ−1]jj ≤ ‖Σ−1‖2‖Ω‖ = O(∆−2α

ρ ).

Part (c): Condition number bound. The largest eigenvalue λmax(Σ) is bounded by the trace tr(Σ) =∑
i ‖gθi‖2L2

w
. Each diagonal element is the L2

w-norm of the corresponding score function, which is finite and

uniformly bounded in ∆ρ by Lemma 2.1. Therefore, λmax(Σ) ≤ Cmax <∞ uniformly in ∆ρ.

For the smallest eigenvalue, the Cauchy interlacing theorem states that for any principal submatrix A of a

Hermitian matrix Σ, we have λmin(Σ) ≤ λmin(A). Applying this with A = Σρρ yields λmin(Σ) ≤ λmin(Σρρ) =

O(∆2α
ρ ). Since the score functions gςk , gα, gβ are linearly independent of the gρj as established in Section

B.1.3, the smallest eigenvalue of Σ is achieved within the ρ-block as ∆ρ → 0, giving λmin(Σ) = O(∆2α
ρ ).

The condition number is therefore

κ(Σ(θ0)) = λmax(Σ)
λmin(Σ) = O(1)

O(∆2α
ρ ) = O(∆−2α

ρ ).

2
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B.5. Proof of Proposition 3.1

If α 6= 1, we have by Theorem 1 and the proof of Proposition 3 of DFT,

(Xt) past-representable ⇐⇒ ∃ m ≥ 0, (3.4) holds with m for all sequences (dj,k)k

⇐⇒ ∀ j = 1, . . . , J, m0,j < +∞

⇐⇒ ∀ j = 1, . . . , J, (Xj,t) past-representable.

For a given series (dj,k)k, (3.4) holds with m ≥ m0,j and does not hold with m < m0,j . Regarding the last

statement, we know that for (Xt) (m,h)-past-representable, (3.4) holds with the samem for all the sequences

(dj,k)k, j = 1, . . . , J . This holds if m ≥ max
j
m0,j and cannot hold if m < max

j
m0,j . In the case where

α = 1, again by Theorem 1 of DFT and denoting generically by Xt a vector (Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h)

of size m+ h+ 1,

Xt past-representable

⇐⇒ ∃ m ≥ 0, h ≥ 1,


Xt S1S and (3.4) holds with m for all sequences (dj,k)k
or

Xt asymmetric and (3.4)-(3.6) hold with m,h for all sequences (dj,k)k

⇐⇒ ∀ j = 1, . . . , J, m0,j < +∞, and ∃ m ≥ 0, h ≥ 1,



Xt S1S

or

Xt asymmetric and (3.6) hold

with m,h for all sequences (dj,k)k

We conclude again by noting that the necessary condition (3.4) holds for m ≥ max
j
m0,j and is violated

for m < max
j
m0,j . Now, for part (ιι), let ‖ · ‖ be a semi-norm satisfying (3.3) and assume that Xt is

(m,h)-past-representable for some m ≥ 0, h ≥ 1. We need to establish the spectral representation of

the vector Xt = (Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h) on C‖·‖m+h+1. From Lemma 3.1, we know that the spectral

representation (Γ,µ0) of Xt on the Euclidean unit sphere Sm+h+1 is given by:

Γ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αe δ{ ϑdj,k

‖dj,k‖e

} (B.3)

µ0 =

0, if α 6= 1

− 2σ
π

∑J
j=1

∑
k∈Z πjβjdj,k ln ‖σπjdj,k‖e, if α = 1

To obtain the spectral representation on C
‖·‖
m+h+1, we apply the transformation established in DFT for

changing from Euclidean to semi-norm representations. By Lemma 3.2, since Xt is (m,h)-past-representable,

the vector Xt is representable on C
‖·‖
m+h+1. The transformation from the Euclidean representation to the
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semi-norm representation proceeds as follows. Let K‖·‖ := {s ∈ Sm+h+1 : ‖s‖ = 0} be the kernel of the

semi-norm on the Euclidean unit sphere. SinceXt is representable on C‖·‖m+h+1, we have Γ(K‖·‖) = 0. Define

the projection mapping T‖·‖ : Sm+h+1 \K‖·‖ → C
‖·‖
m+h+1 by:

T‖·‖(s) = s

‖s‖
(B.4)

By Proposition 2 of DFT, the spectral measure on the semi-norm unit cylinder is given by:

Γ‖·‖(A) =
∫
T−1
‖·‖(A)

‖s‖−αe Γ(ds) (B.5)

for any Borel set A ⊂ C
‖·‖
m+h+1. Since the original spectral measure Γ from (B.3) is concentrated on atoms

of the form {ϑdj,k/‖dj,k‖e}, and since ‖ϑdj,k/‖dj,k‖e‖e = 1, the transformation yields:

Γ‖·‖(A) =
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j σ

α‖dj,k‖αe · 1−α · 1A
(
ϑdj,k
‖dj,k‖

)
(B.6)

where we use the fact that ‖ϑdj,k/‖dj,k‖e‖e = 1 and T‖·‖(ϑdj,k/‖dj,k‖e) = ϑdj,k/‖dj,k‖. Applying this

transformation to (B.3), we obtain:

Γ‖·‖ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

} (B.7)

For the shift vector in the case α = 1, the transformation yields:

µ‖·‖ = −2σ
π

J∑
j=1

∑
k∈Z

πjβjdj,k ln ‖σπjdj,k‖ (B.8)

This completes the proof that the spectral representation (Γ‖·‖,µ‖·‖) of Xt on C
‖·‖
m+h+1 is given by (3.5)

with the Euclidean norm ‖ · ‖e replaced by the semi-norm ‖ · ‖, and with the scale parameter σ explicitly

included in all relevant terms.

B.6. Proof of Corollary 3.1

The equivalence between (ιι) and (ιιι) follows from Corollary 2 of DFT. From the proof of the Corollary in

DFT, we also know that, for any j, if m0,j < +∞, then (3.6) holds for the sequence (dj,k)k for any m ≥ m0,j .

For the aggregated process Xt = σ
∑J
j=1 πjXj,t with σ > 0, the effective moving average coefficients for each

component j become σπjdj,k rather than dj,k. However, the past-representability conditions depend only

on the pattern of zeros and non-zeros in the coefficient sequences, not on their scaling. Specifically, for

condition (3.4), we require:

∀k ∈ Z,
[
(σπjdj,k+m, . . . , σπjdj,k) = 0 =⇒ ∀` ≤ k − 1, σπjdj,` = 0

]
.
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Since σ > 0 and πj > 0 for all j, this is equivalent to:

∀k ∈ Z,
[
(dj,k+m, . . . , dj,k) = 0 =⇒ ∀` ≤ k − 1, dj,` = 0

]
.

Thus, the past-representability condition for the aggregated process is unchanged by the scaling factor σ.

For the additional condition (3.6) when α = 1 and the process is asymmetric, we need:∑
k∈Z
‖σπjdj,k‖e

∣∣∣∣ ln(‖σπjdj,k‖/‖σπjdj,k‖e)∣∣∣∣ < +∞.

Since ‖σπjdj,k‖e = σπj‖dj,k‖e and the norm scales homogeneously, this becomes:∑
k∈Z

σπj‖dj,k‖e
∣∣∣∣ ln(‖dj,k‖/‖dj,k‖e)∣∣∣∣ < +∞.

Since σπj > 0 is a finite constant, this condition is equivalent to:∑
k∈Z
‖dj,k‖e

∣∣∣∣ ln(‖dj,k‖/‖dj,k‖e)∣∣∣∣ < +∞,

which is precisely condition (3.6) for the unscaled sequences. Therefore:

sup
j
m0,j < +∞ =⇒ (3.6) holds for any sequence (dj,k)k for any m ≥ m0,j

=⇒ (3.6) holds for any sequence (σπjdj,k)k for any m ≥ max
j
m0,j .

Thus, (ιιι) implies (ι). The reciprocal is clear. Regarding the last statement, notice that if Xt is (m,h)-

past-representable for some m < max
j
m0,j , there would then exist some j such that m < m0,j . Hence, (3.4)

would not hold with m for the particular sequence (σπjdj,k)k, which is impossible by Lemma 3.2, since the

past-representability depends only on the zero pattern, not the scaling.

B.7. Proof of Proposition 3.2

By Proposition 2 of DFT, the asymptotic conditional tail property states that for any Borel sets A,B ⊂

C
‖·‖
m+h+1 with Γ‖·‖

(
∂(A ∩B)

)
= Γ‖·‖

(
∂B
)

= 0, and Γ‖·‖(B) > 0,

P‖·‖x (Xt, A|B) −→
x→+∞

Γ‖·‖(A ∩B)
Γ‖·‖(B)

.

Setting B = B(V ) = V × Rh, we have

P‖·‖x
(
Xt, A

∣∣∣B(V )
)
−→
x→+∞

Γ‖·‖(A ∩B(V ))
Γ‖·‖(B(V ))

.

From Proposition 3.1 (ιι), the spectral representation (Γ‖·‖,µ‖·‖) of the vector Xt =

(Xt−m, . . . ,Xt,Xt+1, . . . ,Xt+h) on C
‖·‖
m+h+1 is given by equation (3.5) with the Euclidean norm ‖ · ‖e

replaced by the semi-norm ‖ · ‖. From Lemma 3.1, the spectral measure can be written as:

Γ‖·‖ = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

},
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where dj,k = (dj,k+m, . . . , dj,k, dj,k−1, . . . , dj,k−h), wj,ϑ = (1 + ϑβj)/2, and if dj,k = 0, the term vanishes by

convention from the sums.

Now, we compute the numerator and denominator separately, we start by the numerator: Γ‖·‖(A∩B(V ))

Since B(V ) = V × Rh =
{
s ∈ C‖·‖m+h+1 : f(s) ∈ V

}
, we have:

A ∩B(V ) = {s ∈ A : f(s) ∈ V } .

The spectral measure Γ‖·‖ charges only the points of the form ϑdj,k
‖dj,k‖

for (ϑ, j, k) ∈ S1 × {1, . . . , J} × Z.

Therefore:

Γ‖·‖(A ∩B(V )) = σα
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑπ
α
j ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

}(A ∩B(V ))

= σα
∑

(ϑ,j,k):
ϑdj,k
‖dj,k‖

∈A∩B(V )

wj,ϑπ
α
j ‖dj,k‖α

= σα
∑

(ϑ,j,k):
ϑdj,k
‖dj,k‖

∈A and
ϑf(dj,k)
‖dj,k‖

∈V

wj,ϑπ
α
j ‖dj,k‖α.

This can be written as:

Γ‖·‖(A ∩B(V )) = Γ‖·‖
({

ϑdj,k
‖dj,k‖

∈ A : ϑf(dj,k)
‖dj,k‖

∈ V
})

.

For the denominator Γ‖·‖(B(V )), we proceed as follows:

Γ‖·‖(B(V )) = σα
∑

(ϑ,j,k):
ϑdj,k
‖dj,k‖

∈B(V )

wj,ϑπ
α
j ‖dj,k‖α

= σα
∑

(ϑ,j,k):
ϑf(dj,k)
‖dj,k‖

∈V

wj,ϑπ
α
j ‖dj,k‖α.

This can be written as:

Γ‖·‖(B(V )) = Γ‖·‖
({

ϑdj,k
‖dj,k‖

∈ C‖·‖m+h+1 : ϑf(dj,k)
‖dj,k‖

∈ V
})

.

Note that the factor σα appears in both the numerator and denominator, and therefore cancels out in the
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ratio:

Γ‖·‖(A ∩B(V ))
Γ‖·‖(B(V ))

=

σα
∑

(ϑ,j,k):
ϑdj,k
‖dj,k‖

∈A and
ϑf(dj,k)
‖dj,k‖

∈V

wj,ϑπ
α
j ‖dj,k‖α

σα
∑

(ϑ,j,k):
ϑf(dj,k)
‖dj,k‖

∈V

wj,ϑπαj ‖dj,k‖α

=
Γ‖·‖

({
ϑdj,k
‖dj,k‖

∈ A : ϑf(dj,k)
‖dj,k‖

∈ V
})

Γ‖·‖
({

ϑdj,k
‖dj,k‖

∈ C‖·‖m+h+1 : ϑf(dj,k)
‖dj,k‖

∈ V
}) .

This establishes the desired result. The conclusion follows by considering the points of B(V ) and A ∩

B(V ) that are charged by the spectral measure Γ‖·‖ given in equation (3.13). The presence of the scale

parameter σα does not affect the asymptotic conditional probabilities as it appears multiplicatively in both

the numerator and denominator of the ratio, thus canceling out in the final expression.

B.8. Proof of Lemma 3.3

By Proposition 3.1 and setting general scale parameter σ > 0, we have

Γ‖·‖ =
J∑
j=1

∑
ϑ∈S1

∑
k∈Z

wj,ϑσ
απαj ‖dj,k‖αδ{ ϑdj,k

‖dj,k‖

},
with dj,k = (ρk+m

j 1{k+m≥0}, . . . , ρ
k−h
j 1{k−h≥0}) for any j = 1, . . . , J and k ∈ Z. Thus, for any j ∈ {1, . . . , J}

dj,k =


0, if k ≤ −m− 1,

(ρk+m
j , . . . , ρj , 1, 0, . . . , 0), if −m ≤ k ≤ h,

ρk−hj dj,h, if k ≥ h.

Therefore,

Γ‖·‖ =
J∑
j=1

∑
ϑ∈S1

wj,ϑσ
απαj

[
h−1∑
k=−m

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

} +
+∞∑
k=h
|ρj |α(k−h)‖dj,h‖αδ{ ϑρ

k−h
j

dj,h

|ρj |k−h‖dj,h‖

}].
Moreover,

J∑
j=1

∑
ϑ∈S1

wj,ϑσ
απαj

+∞∑
k=h
|ρj |α(k−h)‖dj,h‖αδ{

sign(ρj)k−h
ϑdj,h
‖dj,h‖

}
=

J∑
j=1

∑
ϑ∈S1

σαπαj ‖dj,h‖α
1
2

[ +∞∑
k=h
|ρj |α(k−h) + ϑβj

+∞∑
k=h

(ρ<α>j )k−h
]
δ{ ϑdj,h
‖dj,h‖

}
=

J∑
j=1

∑
ϑ∈S1

σαπαj
1

1− |ρj |α
‖dj,h‖αw̄j,ϑδ{ ϑdj,h

‖dj,h‖

}.
63



Finally, noticing that for k = −m and any j ∈ {1, . . . , J}, dj,k = (1, 0, . . . , 0),

Γ‖·‖ =
J∑
j=1

∑
ϑ∈S1

σαπαj

[
wj,ϑ

h−1∑
k=−m

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

} + w̄j,ϑ
1− |ρj |α

‖dj,h‖αδ{ ϑdj,h
‖dj,h‖

}]

=
J∑
j=1

∑
ϑ∈S1

σαπαj

[
wj,ϑ

(
δ{(ϑ,0,...,0)} +

h−1∑
k=−m+1

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

})+ w̄j,ϑ
1− |ρj |α

‖dj,h‖αδ{ ϑdj,h
‖dj,h‖

}]

=
∑
ϑ∈S1

[
wϑδ{(ϑ,0,...,0)} +

J∑
j=1

σαπαj

(
wj,ϑ

h−1∑
k=−m+1

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

} + w̄j,ϑ
1− |ρj |α

‖dj,h‖αδ{ ϑdj,h
‖dj,h‖

})],
where we have used the definition wϑ =

∑J
j=1 σ

απαj wj,ϑ.

B.9. Proof of Proposition 3.3

Lemma B.1. Let Γ‖·‖ be the spectral measure given in Lemma 3.3 with σ > 0 and assume that the ρj’s are

all positive. Letting (ϑ0, j0, k0) ∈ I, consider

I0 :=
{
ϑ′dj′,k′

‖dj′,k′‖
: ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

for (ϑ′, j′, k′) ∈ I
}
.

For m ≥ 1, and 0 ≤ k0 ≤ h, then

I0 =
{
ϑ0dj0,k′

‖dj0,k′‖
: 0 ≤ k′ ≤ h

}
.

For m ≥ 1, and −m ≤ k0 ≤ −1, then

I0 =



{
ϑ0dj0,k0

‖dj0,k0‖

}
, if −m+ 1 ≤ k0 ≤ −1

{
ϑ0d0,k0

‖d0,k0‖

}
= {(ϑ0, 0, . . . , 0)} , if k0 = −m.

For m = 0, then

I0 =
{
ϑ0dj′,k′

‖dj′,k′‖
: (j′, k′) ∈ {1, . . . , J} × {1, . . . , h} ∪ {(0, 0)}

}
.

Proof. The key observation is that the parameter σ > 0 appears as a multiplicative factor in the

spectral measure Γ‖·‖ but does not affect the normalized directions ϑ′dj′,k′/‖dj′,k′‖ or their projections

ϑ′f(dj′,k′)/‖dj′,k′‖. This is because σ only scales the overall magnitude of the spectral measure but does

not change the geometric structure of the charged points on the unit cylinder. More precisely, from Lemma

3.3, the spectral measure takes the form:

Γ‖·‖ = σα
∑
ϑ∈S1

[
wϑδ{(ϑ,0,...,0)} +

J∑
j=1

παj

(
wj,ϑ

h−1∑
k=−m+1

‖dj,k‖αδ{ ϑdj,k
‖dj,k‖

} + w̄j,ϑ
1− |ρj |α

‖dj,h‖αδ{ ϑdj,h
‖dj,h‖

})],
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The factor σα multiplies the entire spectral measure uniformly, but the support of Γ‖·‖ (i.e., the set of points

where Γ‖·‖ assigns positive mass) consists exactly of the normalized directions:

supp(Γ‖·‖) =
{

(ϑ, 0, . . . , 0), ϑdj,k
‖dj,k‖

: ϑ ∈ S1, j ∈ {1, . . . , J}, k ∈ {−m+ 1, . . . , h}
}

Since the condition defining I0 involves only the equality of normalized projections:

ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

and since these normalized directions are independent of σ, the analysis proceeds exactly as in the case

σ = 1.

Case m ≥ 1 and k0 ∈ {0, . . . , h}

If k′ ∈ {−m, . . . ,−1}, the (m+ 1)-th component of f(dj′,k′) is zero, whereas the (m+ 1)-th component

of f(dj0,k0) is ρk0
j0
6= 0. This geometric relationship is unaffected by σ.

Necessarily, ϑ′f(dj′,k′)/‖dj′,k′‖ 6= ϑ0f(dj0,k0)/‖dj0,k0‖ and

I0 =
{
ϑ′dj′,k′

‖dj′,k′‖
: ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

for (ϑ′, j′, k′) ∈ {−1,+1} × {1, . . . , J} × {0, . . . , h}
}
.

Now, with k′ ∈ {0, . . . , h}, we have that

f(dj′,k′) = (ρk
′+m
j′ , . . . , ρk

′+1
j′ , ρk

′

j′ ),

f(dj0,k0) = (ρk0+m
j0

, . . . , ρk0+1
j0

, ρk0
j0

),

and by (3.3) we also have that

‖dj′,k′‖ = ‖(ρk
′+m
j′ , . . . , ρk

′+1
j′ , ρk

′

j′ ,

h︷ ︸︸ ︷
0, . . . , 0)‖,

‖dj0,k0‖ = ‖(ρk0+m
j0

, . . . , ρk0+1
j0

, ρk0
j0
, 0, . . . , 0︸ ︷︷ ︸

h

)‖.

The key observation is that these norms and the resulting normalized directions are independent of σ.

Thus,

ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

⇐⇒
ϑ′ρk

′

j′ f (dj′,0)
|ρj′ |k′‖dj′,0‖

=
ϑ0ρ

k0
j0
f (dj0,0)

|ρj0 |k0‖dj0,0‖

⇐⇒
ϑ′ρ`j′

‖dj′,0‖
=

ϑ0ρ
`
j0

‖dj0,0‖
, ` = 0, . . . ,m

⇐⇒ ϑ′ϑ0
‖dj0,0‖
‖dj′,0‖

=
(
ρj0

ρj′

)`
, ` = 0, . . . ,m

⇐⇒ ρj′ = ρj0 and ϑ′ϑ0 = 1

⇐⇒ j′ = j0 and ϑ′ = ϑ0,
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because the ρj ’s are assumed to be non-zero and distinct.

Case m ≥ 1 and k0 ∈ {−m, . . . ,−1}

By comparing the place of the first zero component, it is easy to see that

ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

=⇒ k′ = k0.

f(dj′,k′) = (

m+1︷ ︸︸ ︷
ρk
′+m
j′ , . . . , ρj′ , 1, 0, . . . , 0),

f(dj0,k0) = (ρk0+m
j0

, . . . , ρj0 , 1, 0, . . . , 0︸ ︷︷ ︸
m+1

),

and we also have that

‖dj′,k′‖ = ‖(

m+1︷ ︸︸ ︷
ρk
′+m
j′ , . . . , ρj′ , 1, 0, . . . , 0,

h︷ ︸︸ ︷
0, . . . , 0)‖,

‖dj0,k0‖ = ‖(ρk0+m
j0

, . . . , ρj0 , 1, 0, . . . , 0︸ ︷︷ ︸
m+1

, 0, . . . , 0︸ ︷︷ ︸
h

)‖.

As k′ = k0 ≤ −1, the condition becomes:

ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

⇐⇒
ϑ′ρ`j′

‖dj′,k0‖
=

ϑ0ρ
`
j0

‖dj0,k0‖
, ` = 0, . . . ,m+ k0, and k′ = k0

⇐⇒ ϑ′ϑ0
‖dj0,k0‖
‖dj′,k0‖

=
(
ρj0

ρj′

)`
, ` = 0, . . . ,m+ k0, and k′ = k0.

Now if −m+ 1 ≤ k0 ≤ −1,

ϑ′ϑ0
‖dj0,k0‖
‖dj′,k0‖

=
(
ρj0

ρj′

)`
, ` = 0, 1, . . . ,m+ k0, and k′ = k0

⇐⇒ ϑ′ = ϑ0 and j′ = j0 and k′ = k0.

If k0 = −m, given that (ϑ0, j0, k0) ∈ I = S1 ×
(
{1, . . . , J} × {−m, . . . ,−1, 0, 1, . . . , h} ∪ {(0,−m)}

)
,

then necessarily j0 = 0. Furthermore, as k′ = k0 = −m, we similarly have that j′ = j0 = 0 and thus

dj′,k0 = dj0,k0 = d0,−m = (1, 0, . . . , 0).

Hence

ϑ′ϑ0
‖dj0,k0‖
‖dj′,k0‖

=
(
ρj0

ρj′

)`
, ` = 0, and k′ = k0 = −m and j′ = j0 = 0,

⇐⇒ ϑ′ = ϑ0 and k′ = k0 = −m and j′ = j0 = 0

Case m = 0
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If k0 ∈ {1, . . . , h} then f(dj0,k0) = ρk0
j0

and by (3.3), ‖dj0,k0‖ = |ρj0 |k0 . Thus, ϑ0f(dj0,k0)/‖dj0,k0‖ = ϑ0.

If k0 = −m = 0, then j0 = 0 and f(dj0,k0) = 1 and ϑ0f(dj0,k0)/‖dj0,k0‖ = ϑ0.

The same holds for (ϑ′, j′, k′) ∈ I and we obtain that

ϑ′f(dj′,k′)
‖dj′,k′‖

= ϑ0f(dj0,k0)
‖dj0,k0‖

⇐⇒ ϑ′ = ϑ0.

Proof. By Proposition 3.2,

P‖·‖x
(
Xt, Aϑ,j,k

∣∣∣B(V0)
)
−→
x→∞

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

}) . (B.9)

Focusing on the denominator, we have by (3.16)

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})
= Γ‖·‖

({
ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})

We will now distinguish the cases arising from the application of Lemma B.1. Recall that we assume for

this proposition that the ρj ’s are positive. Thus, sign(ρj) = 1 and β̄j = βj
1− |ρj |α

1− ρ<α>j

= βj and w̄j,ϑ = wj,ϑ

in (3.15) for all j’s and ϑ ∈ {−1,+1}.

Case m ≥ 1 and 0 ≤ k0 ≤ h

By Lemma B.1,

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})

= Γ‖·‖
({

ϑ0dj0,k′

‖dj0,k′‖
: 0 ≤ k′ ≤ h

})

= σαπαj0

[
wj0,ϑ0

h−1∑
k′=0
‖dj0,k′‖α + w̄j0,ϑ0

1− |ρj0 |α
‖dj0,h‖α

]

By (3.3), for k′ ∈ {0, 1, . . . , h}

‖dj0,k′‖ = ‖(ρk
′+m
j0

, . . . , ρk
′+1
j0

, ρk
′

j0
, 0, . . . , 0︸ ︷︷ ︸

h

)‖

= |ρj0 |k
′−h‖(ρm+h

j0
, . . . , ρh+1

j0
, ρhj0

, 0, . . . , 0︸ ︷︷ ︸
h

)‖

= |ρj0 |k
′−h‖dj0,h‖.
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Thus,

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})

= σαπαj0
wj0,ϑ0‖dj0,h‖α

[
h−1∑
k′=0
|ρj0 |α(k′−h) + 1

1− |ρj0 |α

]

= σαπαj0
wj0,ϑ0‖dj0,h‖α

|ρj0 |−αh

1− |ρj0 |α
.

Similarly for the numerator in (B.9), by (3.17),

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})

= Γ‖·‖
({

ϑ0dj0,k′

‖dj0,k′‖
∈ Aϑ,j,k : 0 ≤ k′ ≤ h

})

=


Γ‖·‖

({
ϑ0dj0,k

‖dj0,k‖

})
, if j = j0 and ϑ = ϑ0,

Γ‖·‖(∅), if j 6= j0 or ϑ 6= ϑ0,

=


σαπαj0

wj0,ϑ0‖dj0,h‖α|ρj0 |α(k−h)δ{ϑ0}(ϑ)δ{j0}(j), if 0 ≤ k ≤ h− 1,

σαπαj0
wj0,ϑ0‖dj0,h‖α

1
1− |ρj0 |α

δ{ϑ0}(ϑ)δ{j0}(j), if k = h.

The σα terms cancel out in the ratio.

Case m ≥ 1 and −m ≤ k0 ≤ −1

We have by Lemma B.1

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})
= Γ‖·‖

({
ϑ0dj0,k0

‖dj0,k0‖

})
.

If −m+ 1 ≤ k0 ≤ −1,

Γ‖·‖
({

ϑ0dj0,k0

‖dj0,k0‖

})
= σαπαj0

wj0,ϑ0‖dj0,k0‖α,
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and

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})

= Γ‖·‖
(
Aϑ,j,k ∩

{
ϑ0dj0,k0

‖dj0,k0‖

})

=


Γ‖·‖

({
ϑ0dj0,k0

‖dj0,k0‖

})
, if j = j0 and ϑ = ϑ0, and k = k0,

Γ‖·‖(∅), if j 6= j0 or ϑ 6= ϑ0 or k 6= k0,

= σαπαj0
wj0,ϑ0‖dj0,k0‖αδ{ϑ0}(ϑ)δ{j0}(j)δ{k0}(k).

If k0 = −m, then dj0,k0 = d0,−m = (1, 0, . . . , 0), and

Γ‖·‖
({

ϑ0dj0,k0

‖dj0,k0‖

})
= Γ‖·‖

(
{ϑ0(1, 0, . . . , 0)}

)
= σαwϑ0 ,

and

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})

= Γ‖·‖
(
Aϑ,j,k ∩

{
ϑ0dj0,k0

‖dj0,k0‖

})

=

 Γ‖·‖
(
Aϑ,j,k ∩ {ϑ0(1, 0, . . . , 0)}

)
, if ϑ = ϑ0, and k = k0 = −m, and j = j0 = 0

Γ‖·‖(∅), if ϑ 6= ϑ0 or k 6= k0, or j 6= j0

= σαwϑ0δ{ϑ0}(ϑ)δ{j0}(j)δ{k0}(k).

Again, the σα terms cancel out in the ratio.

Case m = 0

By Lemma B.1, as the ρj ’s are positive

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})

= Γ‖·‖
({

ϑ0dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : (j′, k′) ∈ {1, . . . , J} × {0, . . . , h} ∪ {(0, 0)}

})

69



Given that wϑ0 =
∑J
j′=1 π

α
j′wj′,ϑ0 and ‖dj′,k′‖ = |ρj′ |k

′ , for any 1 ≤ j′ ≤ J , 1 ≤ k′ ≤ h,

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : ϑ′f(dj′,k′)

‖dj′,k′‖
= ϑ0f(dj0,k0)
‖dj0,k0‖

})

= σαwϑ0 + σα
J∑

j′=1
παj′wj′,ϑ0

[
h−1∑
k′=1
‖dj′,k′‖α + ‖dj′,h‖α

1− |ρj′ |α

]

= σα
J∑

j′=1
παj′wj′,ϑ0

[
1 +

h−1∑
k′=1
|ρj′ |αk

′
+ |ρj′ |αh

1− |ρj′ |α

]

= σα
J∑

j′=1
παj′wj′,ϑ0

[
1− |ρj′ |αh

1− |ρj′ |α
+ |ρj′ |αh

1− |ρj′ |α

]

= σα
J∑

j′=1
παj′wj′,ϑ0

1
1− |ρj′ |α

.

Similarly, by (3.17),

Γ‖·‖
({

ϑ′dj′,k′

‖dj′,k′‖
∈ Aϑ,j,k : ϑ′f(dj′,k′)

‖dj′,k′‖
∈ V0

})

= Γ‖·‖
(
Aϑ,j,k ∩

{
ϑ0dj′,k′

‖dj′,k′‖
∈ C‖·‖m+h+1 : (j′, k′) ∈ {1, . . . , J} × {0, . . . , h} ∪ {(0, 0)}

})

=


Γ‖·‖

({
ϑ0dj,k
‖dj,k‖

})
, if ϑ = ϑ0,

Γ‖·‖(∅), if ϑ 6= ϑ0,

=


σα
∑J
j′=1 π

α
j′wj′,ϑ0δ{ϑ0}(ϑ), if k = 0,

σαπαj wj,ϑ0 |ρj |αkδ{ϑ0}(ϑ), if 1 ≤ k ≤ h− 1,

σαπαj wj,ϑ0

|ρj |αh

1− |ρj |α
δ{ϑ0}(ϑ), if k = h.

The conclusion follows.
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