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Abstract

We consider an optimal trading problem under a market impact model with endogenous

market resistance generated by a sophisticated trader who (partially) detects metaorders and

trades against them to exploit price overreactions induced by the order flow. The model fea-

tures a concave transient impact driven by a power-law propagator with a resistance term re-

sponding to the trader’s rate via a fixed-point equation involving a general resistance function.

We derive a (non)linear stochastic Fredholm equation as the first-order optimality condition

satisfied by optimal trading strategies. Existence and uniqueness of the optimal control are

established when the resistance function is linear, and an existence result is obtained when it is

strictly convex using coercivity and weak lower semicontinuity of the associated profit-and-loss

functional. We also propose an iterative scheme to solve the nonlinear stochastic Fredholm

equation and prove an exponential convergence rate. Numerical experiments confirm this

behavior and illustrate optimal round-trip strategies under “buy” signals with various decay

profiles and different market resistance specifications.
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1 Introduction

A central feature of modern financial markets is market impact, that is, the empirically observed

positive correlation between the sign of a sizable incoming market order and the subsequent price

change. Market impact plays a crucial role in execution costs, risk management, and market de-

sign; see, for instance, Almgren et al. [6], Freyre-Sanders et al. [21], Hey et al. [24], Robert et al.

[34], and Bouchaud et al. [14]. Modeling this phenomenon is particularly relevant when devising

strategies for executing metaorders—large transactions placed by institutional traders and imple-

mented through a sequence of smaller child orders over a given time horizon. The presence of
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market impact has long been recognized as a fundamental feature of market microstructure, and

understanding its form is essential from both empirical and theoretical perspectives.

Measuring market impact is inherently challenging due to its noisy nature. Statistical studies

therefore tend to focus on the execution of metaorders, which induces a persistent liquidity imbal-

ance and generates price moves that can be identified statistically. However, during the execution

of any given metaorder, numerous other trades occur simultaneously, contributing additional noise.

Careful statistical procedures and averaging over many metaorders help to filter out part of this

noise, allowing some universal properties of market impact to emerge; see, for example, Almgren

et al. [6], Bacry et al. [7], Bershova and Rakhlin [11], and Bucci et al. [15]. Numerous empirical

studies document that prices react mechanically during the execution of a metaorder, exhibiting

a concave dependence on traded volume that peaks at the end of the metaorder—a phenomenon

known as the square-root law—followed by a convex relaxation phase; see Lillo et al. [30], Hopman

[26], Almgren et al. [6], Bershova and Rakhlin [11], Gatheral [23], Moro et al. [31], Bouchaud et al.

[14], Kyle and Obizhaeva [28], and Sato and Kanazawa [35]. This square-root dependence, how-

ever, primarily holds for large traded volumes, while the impact of small orders is approximately

linear in volume, as shown in Bucci et al. [15]. To capture this dual behavior, Benzaquen and

Bouchaud [9] propose the market impact model

MIpQtq « cσ

ˆ

Qt

V

˙1{2

F

ˆ

Qt

V

˙

,

where c is a constant of order 1, σ denotes the daily volatility, V the typical daily traded volume, Qt

the executed volume of the metaorder at time t, and F a monotone function satisfying Fpxq «
?
x

as x Ñ 0 and Fpxq Ñ a as x Ñ 8 for some a ą 0.

On the one hand, several theoretical frameworks have been developed to rationalize these empirical

findings, ranging from latent order book models, such as those of Tóth et al. [38] and Donier et al.

[18], to equilibrium models with strategic traders; see Gabaix et al. [22]. More recently, the impact

of limit orders has also been investigated, see Chahdi et al. [16]. A notable recent contribution

is due to Durin et al. [20], who introduce a model with informed traders. The key idea is that

certain sophisticated agents can detect the presence of a metaorder and infer its effect on the ob-

served price. Their framework distinguishes between the true price of the asset, which excludes the

market’s overreaction to the metaorder, and the observed price, which incorporates the mechanical

impact of the metaorder. By trading strategically against the detected order flow, informed traders

generate a form of market resistance that alters the shape of the impact curve. Their analysis leads

to two square-root laws of market impact—one in time and one in participation rate—providing a

microstructural foundation for well-established empirical results and offering a refined perspective

on how informed liquidity provision affects price formation.

On the other hand, a substantial body of literature aims to formalize the connection between

reduced-form market impact models IX and price features such as signals or volatility, with the

goal of deriving trading strategiesX that minimize execution costs. In the seminal work of Almgren

et al. [6], the execution cost of a trading strategy combines temporary and permanent impact terms

that shift the asset price linearly with the total traded volume. The trader’s objective is then to

minimize the expected cost and risk of liquidation over a finite horizon, typically expressed through
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a mean–variance functional. A key refinement concerns the transient nature of impact, whereby

the observed asset price is modeled as the convolution of past order flow with a decaying kernel

G – a formulation known as the linear propagator, introduced in discrete time by Bouchaud et al.

[12]. In continuous time, the impacted price SX is written as

SX
t “ S0 ` IXt , IXt :“

ż t

0

Gpt´ sqdXs, t ě 0, (1)

where X denotes the signed traded volume. The kernel G governs how the impact of past trades

decays over time: an exponential decay à la Obizhaeva and Wang [33] corresponds to short memory,

whereas power-law kernels, as in the framework of Abi Jaber and Neuman [1], capture long-lasting

effects and are more consistent with empirical propagator estimates; see Bouchaud et al. [13] and

Donier et al. [18]. A central concern for such models is ensuring financial well-posedness, meaning

that the impact model itself cannot be exploited to generate positive profits. Gatheral [23] showed

that this requirement is equivalent to the positive semi-definiteness of the kernel G, yielding the

so-called “no-dynamic-arbitrage” condition.

Building on the optimal execution framework with linear price impact, recent works have formu-

lated increasingly general optimal trading problems of the form

sup
uPA

E
„

ż T

0

pαt ´ IXt qdXt `MpXq

ȷ

, (2)

where α captures stochastic signals, M encodes soft constraints and risk-aversion penalties, and

A denotes the set of admissible trading strategies. For instance, Abi Jaber et al. [3] extend the

linear propagator framework to incorporate linear functional constraints (e.g., no-shorting or no-

buying constraints, stochastic stop-trading rules), demonstrating that such constraints can be

handled within a non-Markovian continuous-time model while preserving numerical tractability.

To account for the concave nature of price impact, Alfonsi et al. [5] introduce a nonlinear impact

function applied to exponentially decaying kernels, extending the model of Obizhaeva and Wang

[33], and Hey et al. [25] derive explicit optimal inventories in this setting under general price sig-

nals. Building on these results, Abi Jaber et al. [4] propose a general nonlinear propagator model

formulated in terms of the trading rate, which naturally encompasses nonlinear impact functions

as well as power-law decay, and develop numerical methods to compute optimal strategies.

The goal of this paper is to study optimal trading strategies in a market impact setting that incor-

porates market resistance, following the microstructural insights of Durin et al. [20]. Leveraging

the techniques developed in Abi Jaber et al. [4], we first establish theoretical results ensuring

the well-posedness of the problem, and then derive a first-order optimality condition expressed

as a nonlinear stochastic Fredholm equation. This characterization enables the use of numerical

methods based on Nyström approximations and Fredholm operator inversion, through which we

compute optimal trading strategies in practice.

The remainder of the paper is organized as follows. Section 2 introduces market resistance through

a simple game-theoretic model and presents the market impact framework of Durin et al. [20] to-

gether with its microstructural foundations. Section 3 formulates the corresponding optimal trad-

ing problem, establishes the main existence results, and derives the associated first-order optimality
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condition as a (non)linear stochastic Fredholm equation. Section 4 then presents the numerical

scheme used to solve this equation and illustrates the resulting optimal round trips in the presence

of stochastic “buy” signals.

Notations

We fix a finite time horizon T ą 0 and a filtered probability space pΩ,F, pFtqtPr0,T s,Pq satisfying

the usual conditions. We denote by dt the Lebesgue measure on the Borel σ-algebra Bpr0, T sq,

and by dtbP the product measure on the σ-algebra Bpr0, T sq bF. For all p ě 1, we introduce the

standard Banach spaces

Lp :“

"

f : r0, T s ˆ Ω Ñ R progressively measurable : E
„

ż T

0

|ft|
pdt

ȷ

ă 8

*

,

and, for p “ 2, we equip L2 with the inner product

xf, gy :“ E
„

ż T

0

ftgt dt

ȷ

, f, g P L2,

which makes it a Hilbert space with associated norm }f} :“
a

xf, fy. Similarly, we denote by

Lp, p ě 1, the standard Banach spaces with respect to the Lebesgue measure. For u P L1 and

t P r0, T s, we denote by Etu the conditional expectation of u with respect to the σ-algebra Ft.

2 Inception: a sophisticated trader as a market resistance

2.1 A two-player toy model

Consider a market with a risky asset and two traders, Alice and Bob, observing each other’s

decisions, with the following motivations:

1. Alice wants to trade the risky asset following her market signal α,

2. Bob distrusts Alice’s signal and seeks only to profit by trading against her flow; his orders

create a resistance flow that opposes her impact.

Denoting by uA, uB the respective trading rates of Alice and Bob, assume they both suffer trading

costs linear in the sum of their trading rates u :“ uA ` uB , following the linear propagator model

(1) with instantaneous slippage as in [1]. Formally, we write

Iu :“
1

2
u` Gu,

where Iu is the aggregated market impact from both Alice’s and Bob’s trades, and pGuqt :“
şt

0
Gpt, squsds captures the transient nature of market impact via the kernel G. Their respective

PnL functionals are given by

JApuAq :“ E
„

ż T

0

`

αA
t puBq ´ Iu

A

t

˘

uAt dt

ȷ

,
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JBpuBq :“ E
„

ż T

0

`

αB
t puAq ´ Iu

B

t

˘

uBt dt

ȷ

,

where Alice’s and Bob’s respective effective signals αA, αB are given by

αApuBq :“ α ´
1

2
uB ´ GuB , and αBpuAq :“ ´

1

2
uA ´ GuA.

The main question is: can we find a couple of strategies pûA, ûBq that maximizes JA and JB re-

spectively?

Applying [2, Proposition 5.1], the first-order conditions for Alice’s and Bob’s trading problems

write respectively

uA “ pid ´ Bq´1aα
A

puB
q, and uB “ pid ´ Bq´1aα

B
puA

q,

where the operator B as well as the processes aα
A

puB
q, aα

B
puA

q are explicitly given by

aαt :“ αt ´ x1ttă.uGp., tq,D´1
t 1ttă.uEtrα.syL2 , α P L2

Bpt, sq :“ 1tsătupx1ttă.uGp., tq,D´1
t 1ttă.uGp., sqyL2 ´Gpt, sqq,

Dt :“ id ` Gt ` pGtq
˚, Gtps, rq :“ Gps, rq1rět, t P r0, T s.

Now injecting the definition of uA into that of uB yields the following fixed-point equation for

Bob’s trading rate uB

uB “ pid ´ Bq´1aα
B

ppid´Bq
´1aαApuBq

q. (3)

Therefore, if there is a ûB that satisfies (3), setting

ûA “ pid ´ Bq´1aα
A

pûB
q

yields a couple pûA, ûBq that maximizes JA and JB respectively. Finally, denoting by r̂B :“ ´ûB

the resistance induced by Bob’s trades, Alice’s optimal PnL rewrites as follows

JApûAq “ E
„

ż T

0

`

α ´
1

2
pûA ´ r̂Bq ´ GpûA ´ r̂Bq

˘

ûAt dt

ȷ

,

r̂B “ ´pid ´ Bq´1aα
B

`

pid´Bq
´1aαAp´r̂Bq

˘

,

and this simple two-player game setting indeed motivates the introduction of a market resistance

caused by the presence of an informed trader, and solution to a fixed-point equation.

2.2 A general market resistance model

Starting again from the linear propagator framework (1), consider the following impact kernel

specification

Gptq :“ κ8 `Gλ,νptq, t ą 0, (4)

which combines a permanent component proportional to κ8 ě 0 capturing the trader’s contribution

to the long-term fundamental value of the asset, and a power-law decaying kernel

Gλ,νptq :“ λtν´1, λ ą 0, ν P

ˆ

1

2
, 1

˙

, (5)
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reproducing the transient long-memory price impact of trades empirically observed in order flow,

see Chapter 13.2.1 from [14] and references therein. G is positive semi-definite, which ensures the

absence of dynamic price manipulation and rules out profitable round trips [23]. Although we focus

on specification (4) for concreteness and interpretation, the framework extends naturally to other

admissible kernels, such as completely monotone kernels or sums of exponentials, which have also

been proposed in the literature to capture different impact decay patterns, see for instance [4].

A key implication is that an impact of the form
şt

0
Gpt´ sqdXs, with G given by (4), overreacts at

short horizons: for any finite t ą 0, one has Gptq ą limsÑ8 Gpsq “ κ8. In economic terms, prices

initially move more than what is justified by the long-run information content of the trader’s order

flow. This transient overshooting creates a temporary mispricing between the observed market

price and the trader’s contribution to the long-term efficient long-term price, which is considered

a temporary price signal denoted by αr such that

αr
t :“

ż t

0

`

Gpt´ sq ´Gp8q
˘`

us ´ rus
˘

ds “

ż t

0

Gλ,νpt´ sq
`

us ´ rus
˘

ds. (6)

In classical linear propagator models, αr is purely mechanical and is not acted upon. A key

contribution of Durin et al. [20] is to formulate an endogenous correction to such mispricing caused

by the trader’s strategy u by introducing a continuous-time market resistance ru, generated by

sophisticated traders. These agents partially detect the presence of the trader’s metaorder, infer the

transient component of its impact [37, 39], and trade against it to benefit from αr. Their activity

produces an opposing flow that dampens impact dynamically, rather than letting prices passively

relax through the kernel G. In their framework, the pathwise market impact of a metaorder with

execution strategy u at date t ě 0, meaning that Xt “
şt

0
us ds, is given by

MIpu, tq “

ż t

0

Gpt´ sq
`

us ´ rus
˘

ds, (7)

where ru represents the endogenous reaction rate of sophisticated traders. This reaction satisfies

the following fixed-point equation

rut “ Upαr
t q , i.e., rut “ U

ˆ
ż t

0

Gλ,νpt´ sq
`

us ´ rus
˘

ds

˙

, (8)

for some increasing function U : R Ñ R. A natural specification for U can be derived heuristically.

Assume that price impact follows a square-root law, that is, if the sophisticated trader invests an

amount x proportional to this signal αr, the expected gain is αrx, while the associated impact

cost is k
?
xx for some k ą 0. The expected profit, αrx ´ k

?
xx, is maximized for x “ k̃ pαrq

2

with k̃ ą 0, which motivates taking Upxq in (8) proportional to x2. This particular choice is not

required in the remainder of the paper.

Importantly, the resistance mechanism is backed by a precise microstructural foundation where

it can be derived from a high-frequency model in which market orders follow self-exciting point

processes and prices are set as conditional expectations of future order flow. When informed agents

partially filter out the metaorder component and trade against the resulting mispricing, the scaling

limit of the model leads exactly to (7)–(8). We refer to Durin et al. [20] for the full derivation.

Economically, ru can be interpreted as a stabilizing force. When a metaorder pushes prices above

their efficient level, sophisticated traders increase their activity, absorbing part of the order flow
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and limiting further price pressure. When the mispricing shrinks, their activity naturally subsides.

The function U governs how aggressively the resistance reacts to perceived mispricing, as illus-

trated later on in Figure 6.

2.3 Properties of the market resistance

The introduction of a resistance term ru satisfying (8) fundamentally alters the shape of market

impact. Assuming a buy strategy u ě 0 with compact support, the market impact MI from (7)

is decomposed into a permanent and a transient components, denoted respectively by PMI and

TMI, such that

PMIpuq :“ lim
tÑ8

MIpu, tq “ κ8

ż 8

0

`

us ´ rus
˘

ds,

TMIpu, tq :“ MIpu, tq ´ PMIpuq “

ż t

0

Gλ,νpt´ sq
`

us ´ rus
˘

ds´ κ8

ż 8

t

`

us ´ rus
˘

ds.

As in standard propagator models, impact is concave in time and decays as a power law with

exponent ν ´ 1; see [14, Section 13.4.4] and Figure 1.
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(a) Market impact profile
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(b) Trading rate u and its resulting endogenous resistance rate ru

Figure 1: Market impact and trading rates for ν “ 0.5, λ “ 1, uptq “ 0.310ďtď1, and Upxq “ x2.
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A particularly important implication concerns the dependence of impact on the participation rate.

Consider a normalized execution profile u (i.e.,
ş8

0
upsqds “ 1) and suppose trading occurs at

rate γu. In this setting, γ has no unit, and acts as a proxy for the participation rate, which

is γ{pγ ` V q, where V denotes the typical background market volume. Under the power-law

specification Upxq “ cxc with c ą 1, Durin et al. [20, Theorem 9] show that market impact satisfies

MIpγu, tq „γÑ8 γ1{c.

Choosing c “ 2 recovers the empirically observed square-root law. In this interpretation, the

square-root scaling is not imposed exogenously but emerges from the interaction between aggressive

execution and endogenous market resistance. Although this theorem is asymptotic and valid for

large participation rates, Figure 2 illustrates that the scaling remains a good approximation even

for moderate values of γ.

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

M
I(

)

MI( )
Fit: MI( ) = 1.2 0.61

Figure 2: Market impact as a function of γ for ν “ 0.5, λ “ 1, and Upxq “ x2. A power-law fit of

the form MI “ 1.172 ¨ γ0.6086 is shown.

3 Optimal trading with market resistance

3.1 Problem formulation

Consider a risky asset whose unaffected price process S is given by

St “ Pt `Mt, t P r0, T s, (9)

where P a finite variation process valued in L2 and M is a centered square-integrable martingale.

We consider an agent with an initial holding X0 P R of this asset controlling his trading rate u P L2

of his inventory Xu such that

Xu
t :“ X0 `

ż t

0

us ds, t P r0, T s. (10)

In particular,

sup
tPr0,T s

Er|Xu
t |2s ă 8. (11)
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Furthermore, trading the asset at the rate u impacts the unaffected price S such that the effective

trading price Su becomes

Su :“ S ` Iu, (12)

where the price impact model Iu is specified as follows

Iut :“
γ

2
ut ` pH ` Gqpu´ ruqt, t P r0, T s. (13)

Here, H and G are two operators on L2 modeling the permanent and transient market impacts,

respectively, while γ ě 0 denotes, from this point onward, the (constant) slippage cost intensity.

As motivated in Section 2, ru denotes the market’s reaction or resistance to the trading strategy u,

capturing the nonlinear nature of price impact as it solves the following nonlinear Volterra equation

rut “ U
`

Gpu´ ruqt
˘

, t P r0, T s, (14)

where the U is called the resistance function. In order to ensure the well-posedness of the price

impact model (13)–(14), we make the following assumptions on the operators H, G and on the

resistance function U.

Definition 3.1. A Volterra kernel G : r0, T s2 Ñ R is said to be admissible if

CG :“ sup
tPr0,T s

ż t

0

|Gpt, sq|2ds ă 8. (15)

Any admissible kernel G induces a unique linear and bounded integral operator G : L2 ÞÑ L2

defined by

pGuqt :“

ż t

0

Gpt, squsds, t P r0, T s, u P L2,

such that, by Cauchy-Schwarz’s inequality,

}Gu}2 ď TCG}u}2, u P L2. (16)

As a consequence of Fubini’s theorem and the tower property of the conditional expectation, the

unique linear and bounded adjoint operator G˚ : L2 Ñ L2 of G is explicitly given by

pG˚uqt :“

ż T

t

Gps, tqEtrussds, t P r0, T s, u P L2.

The boundedness of G˚ is ensured by conditional Jensen’s inequality and Fubini’s theorem such

that

}G˚u}2 ď TCG}u}2, u P L2, (17)

see for example [19, Chapter 6, Section 2].

Assumption A. The operator G is an admissible convolution operator: there exists an admissible

kernel function G : r0,8q Ñ R such that for each u P L2 and each t P r0, T s, we have

Gut “

ż t

0

Gpt´ squs ds.
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We also assume G is continuous on p0,8q, completely monotone (see Definition B.1), and L2

integrable on r0, T s and we write

}G}2L2pr0,T sq “

ż T

0

Gpsq2 ds.

Finally, we assume that G satisfies the following continuity assumption

lim
tÑt0

ż 8

0

|Gpt0 ´ sq ´Gpt´ sq| ds Ñ 0.

Assumption B. There exists a nonnegative constant κ8 such that for each u P L2 and each

t P r0, T s,

Hut “ κ8

ż t

0

us ds. (18)

Assumption C. The function U is L-Lipschitz continuous with Up0q “ 0 and satisfies

lim
|x|Ñ8

Upxq

x
“ δ ě 0.

Remark 1. Assumption C implies that U is asymptotically close to linear. In particular, it includes

the linear case, the bounded case and all cases of interest discussed in Section 3.3. Moreover, the

assumption that Up0q “ 0 is not essential but is considered to simplify the computations.

Given any trading strategy u P L2, the following lemma ensures that the resistance fixed-point

equation (14) admits a unique solution ru P L2 under a linear growth assumption on U.

Lemma 3.2. Let u P L2. Suppose that Assumptions A and B hold and that U is Lipschitz

continuous, then there exists a unique solution ru P L2 to (14). Moreover, the mapping u ÞÑ ru is

Lipschitz continuous on L2.

Proof. See Appendix D.1.

Lemma 3.2 guarantees that the price impact Iu from (13) as well as the execution price pSu
t qtPr0,T s

from (12) are well-defined L2 processes, for every u P L2. We are now in place to introduce the

agent’s Profit and Loss (PnL) functional

Jpuq :“ E
„

´

ż T

0

Su
t utdt`Xu

TST ´
ϕ

2

ż T

0

pXu
t q2dt´

ϱ

2
pXu

T q2
ȷ

, u P L2, (19)

where the first term represents the profit and loss induced by the trading rate u, the second one

values the terminal inventory against the terminal unaffected price [3, Remark 2.1], the third one

encodes risk aversion with weight ϕ ě 0, and the last one penalizes the terminal inventory with

weight ϱ ě 0. Note that J is indeed well-defined under Assumptions B, A, C and (11). Our

objective is to find trading strategies û P L2 that maximize the performance functional J such that

Jpûq “ sup
uPL2

Jpuq. (20)

Inserting the definitions of the final inventory Xu
T from (10) and the effective price Su from (12)

into J from (19), while using the tower property of the conditional expectation, allows us to rewrite

the functional J in the standard form (2) such that

Jpuq “ E
„

ż T

0

pαt ´ Iut qutdt`MpXuq

ȷ

`X0ErST s, u P L2, (21)
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where α is the alpha-signal from the drift of the fundamental asset price S, defined by

αt “ EtrST ´ Sts “ EtrPT ´ Pts, t P r0, T s, (22)

and

MpXuq :“ ´
ϕ

2

ż T

0

pXu
t q2dt´

ϱ

2
pXu

T q2,

in a similar way to Abi Jaber et al. [3, 4] and De Carvalho [17].

Remark 2. A natural question concerns the choice of the window length T . In a real-time trading

setup, how should this model be applied, and what value of T is appropriate?

In practice, trading firms typically rely on statistical alpha signals computed over short horizons.

For example, suppose an agent trades every 10 minutes using a 10-minute alpha on a given stock.

Solving the associated optimal trading problem requires, in our framework, a discrete iterative

scheme that takes as input a known trajectory of the buy/sell signal. This assumption is somewhat

unrealistic, since the agent only observes a single alpha value every 10 minutes rather than a

continuous signal.

How, then, can this framework be used with a single discrete alpha observation? One approach is

to solve a sequence of optimisation problems, each over a 10-minute window (or, more generally,

at the rebalancing frequency of the strategy). Within each window, one may reconstruct a discrete

trajectory for the signal—either by recomputing the statistical alpha on smaller subwindows, or

by treating the observed alpha as constant over these subintervals—and then apply the numerical

scheme described in Section 4. This yields a practical real-time implementation consistent with the

statistical nature of alpha signals.

Reformulation with operators on L2. To better analyze the problem, we recast it in operator

formulation. First, note that in view of Lemma 3.2, we know that there exists an operator R :

L2 Ñ L2 such that ru “ Rpuq, u P L2. Using this notation, the market impact Iut can be rewritten

as

Iut “
γ

2
ut `

`

pH ` Gq ˝ pI ´ Rqu
˘

t
, t P r0, T s

where I stands for the identity operator in L2 such that Iut “ ut for every u P L2 and t P r0, T s. To

use the same operator notations, we also write Xu “ Xu which defines an operator in L2. Thus,

the gain functional (21) becomes

Jpuq “ xu, αy ´
γ

2
∥u∥2 ´ xu, pH ` Gq ˝ pI ´ Rquy ´

ϕ

2
∥Xu∥2 ´

ϱ

2
ErpXuq2T s `X0ErST s. (23)

All these operators act on L2. However, we can also see them as operator on L2. In the following,

we consider either of each representation depending of the context.

3.2 The linear case

In this section, we assume U to be linear. We focus on this case for two reasons. First, the operator

R becomes linear, which renders the analysis of J straightforward: J becomes a quadratic form,

and the existence and uniqueness of a maximzer follows from the positive semi-definiteness of the

operator pH`Gq ˝ pI´Rq. Second, the linear case serves as a building block for the proofs in the

general setting. We now formalize the main results of this section in the following statement.
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Theorem 3.3. Suppose that Upxq “ ax for some a ě 0 for every x P R. Suppose also that

Assumptions A and B hold. Then the functional ´J is γ-convex, coercive and therefore J admits

a unique maximizer pu characterised by

γpu` pH ` Gq ˝ pI ` aGq´1
pu` pH˚ ` G˚q ˝ pI ` aG˚q´1

pu` Hϕ,ϱpu` H˚
ϕ,ϱpu “ α, (24)

where Hϕ,ϱ is the integral operator associated to the kernel

Hϕ,ϱpt, sq :“
`

ϕpT ´ tq ` ϱ
˘

1ttąsu, s, t P r0, T s. (25)

The proof is postponed to Appendix E.

3.3 The general case

We now aim to extend the results of Section 3.2 to the nonlinear case of U, relying only on Assump-

tion C. To do this, we first show that J is Fréchet differentiable (in the sense of Definition B.7) and

we compute its derivative, which allows to identify a first-order condition to be satisfied by any

critical point of J. The main difficulty in this step lies in the nonlinearity of ru. We then study

the coercivity of J, which ensures that an extremum must exist.

Lemma 3.4. Suppose that U is differentiable and Lipschitz continuous. Then the operator R is

Fréchet differentiable in L2. Moreover, for u, h in L2, the directional derivative of R at u in the

direction h is the L2-process y “ DRpuqphq solution of the Volterra equation

yt “ U1
`

Gpu´ ruqt
˘

Gph´ yqt, t P r0, T s.

In other words, we have

DRpuq “

ˆ

I ` U1
´

G
`

u´ Rpuq
˘

¯

G

˙´1

U1
´

G
`

u´ Rpuq
˘

¯

G

“ I ´

ˆ

I ` U1
´

G
`

u´ Rpuq
˘

¯

G

˙´1

.

Proof. See Appendix D.2.

Therefore Lemma 3.4 ensures that J is also Fréchet differentiable on L2. Similar computations

to [4, Lemma 4.2] ensure that the Gâteaux derivative of J is given by

∇Jpuq “α ´X0

`

ϕpT ´ .q ` ϱ
˘

´ γu´ pH ` Gq ˝ pI ´ Rqpuq

´

´

`

H ` G
˘

˝
`

I ´DRpuq
˘

¯˚

u´ Hϕ,ϱu´ H˚
ϕ,ϱu, (26)

where H˚
ϕ,ϱ is defined in (25). We then directly get the following result.

Theorem 3.5. Any local extrema u of J must satisfy

α´X0

`

ϕpT´.q`ϱ
˘

´γu´pH`Gq˝pI´Rqpuq´

´

`

H`G
˘

˝
`

I´DRpuq
˘

¯˚

u´pHϕ,ϱ`H˚
ϕ,ϱqu “ 0.

In other words, if u is a local extrema of J, then it must satisfy the following nonlinear stochastic

Fredholm system equation
#

γu` pH ` Gqu` pHϕ,ϱ ` H˚
ϕ,ϱqu´ Apuq “ α ´X0

`

ϕpT ´ .q ` ϱ
˘

,

ru “ Rpuq,
(27)

12



where we introduce the following nonlinear operator A : L2 Ñ L2 such that

Apuq :“ pH ` Gq ˝ Rpuq ´

´

`

I ` pMu ˝ Gq˚
˘´1

˝
`

H ` G
˘˚

¯

u, u P L2, (28)

with Mu the multiplication operator defined by

Muvt :“ U1
´

G
`

u´ Rpuq
˘

t

¯

vt, t P r0, T s, v, u P L2.

We now establish the existence of an optimal control.

Theorem 3.6. Suppose that Assumptions A, B and C hold and suppose in addition that Ω is

countable or finite and that κ8 ` γ ą 0, then there exists a global maximizer pu P L2 of the

functional J.

4 Numerical scheme and application to optimal round-trips

In this section, we introduce an iterative numerical scheme for constructingM P N˚ sample trajec-

tories of a discrete-time approximation of the critical points û, r̂u P L2 satisfying the First-Order

Condition (FOC) (27). We establish a theoretical convergence result for this scheme and illustrate

its output through an example of optimal round-trip strategies in the presence of stochastic “buy”

signals with various decay rates, as well as through a qualitative analysis of the influence of the

resistance function’s convexity on optimal trading. We defer to Appendix A the proof of the con-

vergence result, together with additional illustrations of the qualitative effects of impact decay and

permanent impact intensity on the resulting strategies.

In what follows, we fix a uniform time-grid TN :“ t iT
N , i P t0, . . . , Nuu, with N P N˚, and we use

the notation Apuq “ Apu, ruq in order to explicitly refer to the dependence of A from (28) on both

u and ru, which will be constructed separately in practice.

4.1 Approximation of operators

Nyström approximation of Volterra integral operators. Given a deterministic Volterra

kernel G : R Ñ R, the integral operator G : L2 Ñ L2 and its dual operator G˚ are numerically

approximated on TN by left-rectangles, while integrating the kernels in the same spirit as [1, 3, 4, 32]

such that

pGuqti «

i´1
ÿ

j“0

LGpi, jqutj , pG˚uqti «

i´1
ÿ

j“0

MGpi, jqEtiutj , ti P TN , u P L2,

where we define

LG :“

ˆ
ż tj`1

tj

Gpti, sqds1tjďiu

˙

i,jPt0,...,N´1u

, MG :“

ˆ
ż tj`1

tj

Gps, tiqds1tjěiu

˙

i,jPt0,...,N´1u

.

Numerical approximation of the nonlinear operator A from (28). Given u P L2, let

ru P L2 be the unique solution to the fixed-point equation in (27). Then, the first term of Apuq

in (28), i.e.,

pH ` Gqru

13



is linear in ru and can be readily approximated via the Nyström technique, while it remains to

estimate the nonlinear term given by
´

`

I ` pMu ˝ Gq˚
˘´1

˝ pH ` Gq˚
¯

puq. (29)

To achieve this, we set

f :“
`

I ` pMu ˝ Gq˚
˘´1

˝ pH ` Gq˚u

ðñ f ` pMu ˝ Gq˚f “ pH ` Gq˚u

ðñ ft `

ż T

t

Gps, tqEt

”

U1
´

`

Gpu´ ruq
˘

s

¯

fs

ı

ds “

ż T

t

`

Hps, tq `Gps, tq
˘

Etusds, t P r0, T s (30)

where the explicit expressions of the dual operators are obtained by stochastic Fubini and the

tower property, and are well defined since Mu ˝G and pH`Gq are both linear and bounded (since

U1 is bounded), see [19, Chapter 6, Section 2]. Given u P L2 and observing that fT “ 0, we can

solve (30) by a backward iterative scheme on the subdivision TN as follows:

• ftN “ 0,

• for p P tN ´ 1, ¨ ¨ ¨ , 0u, since ftp and utp are Ftp -measurable, then a left-rectangle approxi-

mation of the integrals in (30) yields

ftp “
`

1 `MGpp, pqwu
tp

˘´1
ˆ

MG`Hpp, pqutp `

N´1
ÿ

k“p`1

MG`Hpp, kqEtputk .

.´

N´1
ÿ

k“p`1

MGpp, kqEtprwu
tk
ftk s

˙

, (31)

where we defined

wu :“ U1
`

Gpu´ ruq
˘

,

and the conditional expectations pEtprwu
tk
ftk sqN´1ěkąpě0, pEtputkqN´1ěkąpě0 can be esti-

mated by least-squares Monte Carlo similarly as in [3, Section 3.3] or [4, Section 3.1].

Remark 3 (Sanity check of the approximation of A). The supremum L2 error Ebf associated to

the backward Fredholm equation (30) is given by

Ebf pfq :“ sup
ωPΩ

ˆ
ż T

0

ˇ

ˇft `
`

pMu ˝ Gq˚f
˘

t
´

`

pH ` Gq˚u
˘

t

ˇ

ˇ

2
dt

ȷ˙

pωq,

can be estimated numerically on a uniform time grid with step ∆ as

Ebf
N,M pfq :“ sup

mPt1,...,Mu

Ebf
N,M pfqpωmq (32)

where

Ebf
N,M pfqpωmq :“ ∆

N´1
ÿ

p“0

ˇ

ˇ

ˇ

ˇ

ftppωmq `MGpp, pqwu
tppωmqftppωmq

`

N´1
ÿ

k“p`1

MGpp, kqEtprwu
tk
ftk spωmq ´MG`Hpp, pqutppωmq
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´

N´1
ÿ

k“p`1

MG`Hpp, kqEtputkpωmq

ˇ

ˇ

ˇ

ˇ

2

.

In practice Ebf
N,M pfq from (32) is way below machine precision, see the right plot in Figure 5.

4.2 Iterative numerical scheme

Criterion of convergence. For any given u, ru P L2, we define the joint supremum L2 errors

of the FOC (27) by

E1pu, ruq :“ sup
ωPΩ

ˆ
ż T

0

ˇ

ˇ

ˇ
γut `

`

pH ` G ` Hϕ,ϱ ` H˚
ϕ,ϱqu

˘

t
´

`

Apu, ruq
˘

t

´

´

αt ´X0

`

ϕpT ´ tq ` ϱ
˘

¯
ˇ

ˇ

ˇ

2

dt

˙

pωq,

E2pu, ruq :“ sup
ωPΩ

ˆ
ż T

0

ˇ

ˇ

ˇ
rut ´ U

´

`

Gpu´ ruq
˘

t

¯
ˇ

ˇ

ˇ

2

dt

˙

pωq,

which, over a N -steps time grid and M sample trajectories, are approximated numerically by

E1
N,M puN , rN q :“ sup

mPt1,...,Mu

E1
N,M puN , rN qpωmq, (33)

where

E1
N,M puN , rN qpωmq :“∆

N´1
ÿ

i“0

ˇ

ˇ

ˇ

ˇ

γuNti pωmq `

i´1
ÿ

j“0

LG`H`Hϕ,ϱ
pi, jquNtj pωmq `MHϕ,ϱ

pi, iquNti

`

N´1
ÿ

j“i`1

MHϕ,ϱ
pi, jqEtiu

N
tj pωmq ´

i´1
ÿ

j“0

LG`Hpi, jqrNtj pωmq ` fNti pωmq

´ αtipωmq `X0pϕpT ´ tiq ` ϱq

ˇ

ˇ

ˇ

ˇ

2

,

with fNti is given by (31), and

E2
N,M puN , rN q :“ sup

mPt1,...,Mu

E2
N,M puN , rN qpωmq, (34)

where

E2
N,M puN , rN qpωmq :“ ∆

N´1
ÿ

i“0

ˇ

ˇ

ˇ

ˇ

rNti pωmq ´ U

ˆ i´1
ÿ

j“0

LGpi, jq
`

uNtj pωmq ´ rNtj pωmq
˘

˙
ˇ

ˇ

ˇ

ˇ

2

.

In what follows, we drop the upper-script N from uN , rN for ease of reading. We then aim to con-

struct a sequence of such discrete-time approximation of pu, ruq which we denote by purns, rrnsqně0 “

purnspN,Mq, rrnspN,Mqqně0 such that

E1,2
N,M

`

urnspN,Mq, rrnspN,Mq
˘

ÝÑ
nÑ8

0.
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Scheme definition. Fix ϵ ą 0.

• Initialize pur0s, rr0sq ” 0.

• While E1
N,M purns, rrnsq ą ϵ, do:

– Update urns by solving (27) while computing the nonlinear operatorA using urn´1s, rrn´1s:

γurns ` pH ` G ` Hϕ,ϱ ` H˚
ϕ,ϱqurns “ α´X0

`

ϕpT ´ tiq ` ϱ
˘

` Apurn´1s, rrn´1sq, (35)

which can be numerically solved as detailed in [3, Section 3.2].

– Update the market resistance rrns “ rrn,8s as the limit of the sequence prrn,psqpě0 solving

the fixed-point equation from (27) via Picard iterations over p ě 0 until E2
N,M purns, rrn,psq

is smaller than ϵ:
#

rrn,p`1s “ U
`

Gpurns ´ rrn,psq
˘

,

rrn,0s :“ rrn´1,0s.
(36)

– Increment n to n` 1.

Theoretical convergence of the iterative scheme. In the following, we state a result on the

theoretical rate of convergence of the iterative scheme if T is sufficiently small or, equivalently, if

γ is sufficiently large, in the same spirit as [4, Proposition 2.14].

Theorem 4.1 (Exponential convergence of the iterative scheme). Assume the resistance function

U is Lipchitz-continuous with constant L ą 0, with bounded derivative U1 ă C, for some positive

constant C. Fix two admissible kernels H,G, as well as the trading horizon T ą 0 and the slippage

costs parameter γ ą 0 such that

1 ą
a

TCG maxpL,Cq, (37)

γ ą C̃ :“
a

TCH`G

ˆ

L

?
TCG

1 ´ L
?
TCG

`
1

1 ´ C
?
TCG

˙

, (38)

where CH`G and CG are respectively the constants associated to the kernels H `G and G defined

by (15). Assume the existence of pû, r̂q satisfying the first-order-condition (27), and denote by

purns, rrnsqně0 the sequence of controls obtained by the iterative scheme (35)–(36), then

lim
nÑ8

urns “ û in L2,

and the convergence rate is bounded by∥∥∥urns ´ û
∥∥∥ ď

ˆ

rC

γ

˙n

∥û∥, n P N. (39)

As a consequence, pû, r̂q is the unique solution to the FOC (27).

Proof. See Appendix A.1.

Remark 4 (Stochastic gradient descent). Starting from ur0s “ 0, consider a stochastic gradient

iterative scheme of the form

urns “ urn´1s ` ηn∇Jpurn´1sq, n ě 1,
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where pηnq is a sequence of learning steps and ∇J is given by (26). Although appearing to be a

promising candidate to construct critical points satisfying the first order optimality condition (27)

without having to invert any Fredholm equation, we observed in practice that such scheme converges

slower than the iterative scheme (35)–(36) and does not converge at all in the regime γ Ñ 0.

4.3 Optimal round-trips in presence of “buy” signals

Impact model specification. Given fixed constants δ ą 0 and c ě 1, we introduce the resis-

tance function Uδ,c : R Ñ R as

Uδ,cpxq :“ signpxq|x|c1t|x|ďδu `
`

cδc´1x´ signpxqδcpc´ 1q
˘

1t|x|ąδu, x P R, (40)

and its derivative is

U1
δ,cpxq :“ c|x|c´11t|x|ďδu ` cδc´11t|x|ąδu, x P R. (41)

The parameter c ě 1 governs the degree of convexity, encompassing in particular the linear (c “ 1)

and quadratic (c “ 2) resistance functions. We also note that, for c “ 2, the specification (40)

coincides with a modified Huber loss [27], in which the sign is flipped for negative arguments

so that market impact indeed moves the unaffected price unfavorably when executing large sell

orders. A finite value for δ ă 8 yields an asymptotic linear growth of the resistance function

as in Assumption C, and guarantees Lemma 3.4 and Theorem 4.1 are applicable. Although δ

might be a desirable tunable regularizing model parameter, we do not need to explicitly specify

it in practice when considering a finite number of bounded sample signal trajectories (as in the

following numerical examples), and therefore δ may remain implicit such that only the convex term

signp¨q| ¨ |c1t|¨|ďδu in (40) is effective.
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Figure 3: Resistance function specification (40) and its derivative (41) for various values of c, while

fixing δ “ 1.2.

Unless stated otherwise, the parameters of the resistance function are set as follows:

• c “ 2 for the convexity of the resistance function; this corresponds to what we refer to as the

Quadratic Market Resistance (QMR) model, asymptotically consistent with the square-root

law in participation rate as shown in [20, Theorem 9];
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• δ ă 8 is left implicit, since we consider bounded sample signal trajectories.

As motivated in Section 2, we specify a power-law decay kernel Gλ,ν to capture the transient nature

of market impact. Therefore, unless stated otherwise, the parameters of the price impact model

in (13) are set as follows:

• γ “ 0.2 for the intensity of slippage costs;

• λ “ 0.467 and ν “ 0.614 for the transient impact decay (borrowed from [4], Figure 7);

• κ8 “ 1 for the permanent impact intensity.

Soft constraints specification. The trader has the possibility to penalize his running inventory

as well as the final inventory level via the hyper-parameters ϕ and ϱ respectively introduced in (19).

Unless stated otherwise, we set:

• ϕ “ 0, i.e., no penalty on the running inventory, since it is obvious that an increasing value

of ϕ shrinks the optimal inventory toward 0;

• ϱ “ 5e2 " 1 to enforce a zero final inventory.

Signals and least-squares Monte Carlo specification. We specify an Ornstein-Uhlenbeck

(OU) drift-like price signal µ and set P :“
ş

µtdt where P is given in the unaffected price process (9).

We have

dµt “ pη ´ κµtqdt` σdWt, µ0 P R. (42)

The alpha-signal α from (22) is then explicitly given by

αt :“ Et

„
ż T

t

µrdr

ȷ

“

ˆ

µt ´
η

κ

˙

1 ´ e´κpT´tq

κ
`
η

κ
pT ´ tq, t P r0, T s. (43)

Unless stated otherwise, we set:

• η “ 10, for the long-term mean;

• κ “ 1 for the mean-reversion rate;

• Either σ “ 1 or σ “ 0 for the signal noise level, see Remark 5;

• µ0 “ 1 for the initial state value of the OU drift-signal.

In the case of stochastic OU drift-signals, i.e., σ “ 1, we need to apply a least-squares Monte Carlo

to approximate the nonlinear stochastic operator (29) via (31) as explained in Section 4.1. In what

follows, we apply Ridge regressions on 2000 signal sample trajectories with penalty 1e ´ 5 to a

basis expansion of all Laguerre polynomials up to degree two of the following family of features
ˆ

α,

ż ¨

0

αsds,

ż ¨

0

e´κp¨´sqαsds

˙

,

and refer the interested reader to [3, Section 3.3] and [4, Section 3.1 and Appendix A] for more

details. Finally, the number of time steps is set to N “ 100.

Remark 5. Setting the signal volatility to zero yields a deterministic optimal trading problem,

leading to the same qualitative conclusions as those obtained from the sample means of the optimal

quantities, while improving visual clarity in practice and avoiding the error propagation inherent

to the least-squares Monte Carlo estimation procedure.
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Optimal round-trips with the QMR model for various signal decays. We specify three

stochastic nonnegative “buy” signals of the form (43) and vary the signal’s mean-reversion κ P

t0.1, 1, 10u from (42), as illustrated in the top-left plot in Figure 4.

On the one hand, Figure 4 displays the sample averages and the associated 95% normal confidence

intervals of the main optimal quantities of interest associated to the optimal round-trip strategies:

optimal trading rates, inventories and resistance rates, as well as the resulting price distortions

and running trading costs. We also display 5 sample trajectories out of the 2000 ones used for the

least-squares Monte Carlo. The slower the signal decay, the more aggressive the trading strategy

becomes, and the greater the resulting market resistance, price distortion, and running trading

costs. Also, note that the resulting trading strategies do not feature any model round-trip model

arbitrage as all the sample running trading costs trajectories remain non-negative throughout the

trading horizon.

On the other hand, Figure 5 illustrates the exponential convergence of the iterative scheme through

iterations: the faster the signal decays, the faster the scheme converges. Note that the conver-

gence rate depends on all the impact model’s parameters as suggested by inequality (38) from

Theorem 4.1. In particular, we observe that the smaller γ, the slower the convergence – until

numerical instability appears – which is consistent with the regularizing effect of slippage costs

already described in [4, Section 3.5].
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Figure 4: Optimal round-trips for three stochastic “buy” signals with different signal decays κ

from (42). For each quantity, the shaded regions represent their normal 95% confidence intervals

estimated from the optimal 2000 sample trajectories, the empty dot markers denote the corre-

sponding sample means, and we also display 5 sample trajectories.
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Figure 5: Convergence of the numerical scheme (35)–(36) for three stochastic “buy” signals with

different signal decays κ from (42): the left-hand plot displays the error E1
N,M of the FOC defined

in (33) while the right-hand plot shows the numerical error Ebf
N,M of the backward scheme (31)

defined in (32) as a function of the iteration step of the scheme. Note that the numerical error

E2
N,M , defined in from (34), and due to Picard iterations when computing the resistance function

is set to be lower than 1e´ 16 at each iteration.

Optimal round-trips for different convexity parameters. For the remaining numerical re-

sults, including those reported in Appendix A.2, we set the signal noise level to zero, that is,

σ “ 0 in (42), and run the iterative scheme on a single deterministic signal trajectory. All other

parameters are kept fixed as in Section 4.3, unless stated otherwise; see Remark 5.

Furthermore, in all subsequent numerical experiments, the convergence errors E1
N,M in (33), E2

N,M

in (34), and Ebf
N,M in (32) are found to be below 10´11, 10´16, and 10´31, respectively, after 100

iterations of the numerical scheme (35)–(36).

Figure 6 illustrates the qualitative effect of the convexity parameter c ě 1 of the resistance function

UM,c from (40): in this case, the higher the value of c, the more aggressive the optimal trading

strategy, and the longer the optimal resistance rate lingers near zero when the trader changes his

trading direction, which is consistent with the shapes of Uδ,c, c P t1, 2, 3, 4u depicted in Figure 3.

Therefore, the convexity captures how easily the market resistance reacts to the trader’s strategy,

and can be interpreted as a proxy of the ability of a sophisticated trader to detect the executed

volume. Compared to the linear propagator model shown in red (i.e., the case U ” 0), introducing

a market resistance leads to less aggressive trading, which is consistent with the interpretation of

market resistance as a proxy for sophisticated traders who benefit from the trader’s metaorder’s

impact and thereby erode part of the trader’s alpha.
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Figure 6: Optimal round-trips in absence of resistance pU ” 0q and with different convexity

parameters c P t1, 2, 3, 4u used in Uδ,c from (40).
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A Complement to numerical results

A.1 Proof of Theorem 4.1

Fix n P N˚. Subtracting the FOC (27) satisfied by pû, r̂q to the scheme equations (35)–(36) defining

purns, rrnsq yields

#

γpû´ urnsq ` pH ` G ` Hϕ,ϱ ` H˚
ϕ,ϱqpû´ urnsq “ Apû, r̂q ´ Apurn´1s, rrn´1sq,

r̂ ´ rrn´1s “ U
`

Gpû´ r̂q
˘

´ U
`

Gpurn´1s ´ rrn´1sq
˘

.
(44)

On the one hand, take the inner product of the second equation from (44) against the process

r̂ ´ rrn´1s such that∥∥∥r̂ ´ rrn´1s
∥∥∥2 “ xU

`

Gpû´ r̂q
˘

´ U
`

Gpurn´1s ´ rrn´1sq
˘

, r̂ ´ rrn´1sy

ď

∥∥∥U`

Gpû´ r̂q
˘

´ U
`

Gpurn´1s ´ rrn´1sq
˘

∥∥∥∥∥∥r̂ ´ rrn´1s
∥∥∥

ď L
∥∥∥Gpû´ urn´1sq ` Gprrn´1s ´ r̂q

∥∥∥∥∥∥r̂ ´ rrn´1s
∥∥∥

ď L
a

TCG

∥∥∥û´ urn´1s
∥∥∥∥∥∥r̂ ´ rrn´1s

∥∥∥ ` L
a

TCG

∥∥∥r̂ ´ rrn´1s
∥∥∥2

where the respective inequalities are derived by applying Cauchy-Schwartz, and by using the

Lipchitz-continuity of U, the triangular inequality, and the upper bound (16). Therefore, us-

ing (37), we deduce ∥∥∥r̂ ´ rrn´1s
∥∥∥ ď

L
?
TCG

1 ´ L
?
TCG

∥∥∥û´ urn´1s
∥∥∥. (45)
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On the other hand, take the inner product of the first equation from (44) with the process (û´urnsq

such that

γ
∥∥∥û´ urns

∥∥∥2 “ ´xpH ` G ` Hϕ,ϱ ` H˚
ϕ,ϱqpû´ urnsq, û´ urnsy

` xApû, r̂q ´ Apurn´1s, rrn´1sq, û´ urnsy

ď

∥∥∥Apû, r̂q ´ Apurn´1s, rrn´1sq

∥∥∥∥∥∥û´ urns
∥∥∥,

where we used the positive semi-definite property of pH`G`Hϕ,ϱ `H˚
ϕ,ϱq, as well as the Cauchy-

Schwartz inequality. Therefore, we have

γ
∥∥∥û´ urns

∥∥∥ ď

∥∥∥Apû, r̂q ´ Apurn´1s, rrn´1sq

∥∥∥
“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pH ` Gqpr̂ ´ rrn´1sq `

`

Id ` pMurn´1s

˝ Gq˚
˘´1`

pH ` Gq˚urn´1s
˘

´
`

Id ` pMû ˝ Gq˚
˘´1`

pH ` Gq˚û
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
(46)

ď
a

TCH`G

∥∥∥r̂ ´ rrn´1s
∥∥∥ `

∥∥∥f rn´1s ´ f̂
∥∥∥, (47)

where we set

f rn´1s :“
`

Id ` pMurn´1s

˝ Gq˚
˘´1`

pH ` Gq˚urn´1s
˘

,

f̂ :“
`

Id ` pMû ˝ Gq˚
˘´1`

pH ` Gq˚û
˘

.

Note that we have equivalently

f rn´1s ` pMurn´1s

˝ Gq˚f rn´1s :“ pH ` Gq˚urn´1s, (48)

f̂ ` pMû ˝ Gq˚f̂ :“ pH ` Gq˚û. (49)

Therefore, subtracting (49) to (48), and taking the inner product with f rn´1s ´ f̂ yields∥∥∥f rn´1s ´ f̂
∥∥∥2 “ xpH ` Gq˚purn´1s ´ ûq, f rn´1s ´ f̂y ´ xpMurn´1s

˝ Gq˚f rn´1s ´ pMû ˝ Gq˚f̂ , f rn´1s ´ f̂y

ď

∥∥∥pH ` Gq˚purn´1s ´ ûq

∥∥∥∥∥∥f rn´1s ´ f̂
∥∥∥ ` C

∥∥∥Gpf̂ ´ f rn´1sq

∥∥∥∥∥∥f rn´1s ´ f̂
∥∥∥

ď
a

TCH`G

∥∥∥urn´1s ´ û
∥∥∥ ` C

a

TCG

∥∥∥f̂ ´ f rn´1s
∥∥∥,

where the inequalities are respectively obtained by applying Cauchy-Schwartz, and using the

boundedness of U1 and the bounds (16)–(17). Thus, using (37), we obtain∥∥∥f rn´1s ´ f̂
∥∥∥ ď

a

TCH`G

1 ´ C
?
TCG

∥∥∥urn´1s ´ û
∥∥∥. (50)

Finally, injecting (50) and (45) into (47) readily leads to∥∥∥û´ urns
∥∥∥ ď

C̃

γ

∥∥∥urn´1s ´ û
∥∥∥,

where C̃ is given by (38) such that p
∥∥û´ urns

∥∥qn is sub-geometric with common ratio C̃
γ and

therefore converges to zero at exponential rate given by (39).
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A.2 Qualitative effects of impact decay and permanent impact

Figure 7 illustrates the qualitative effect of the impact decay parameter ν P p 1
2 , 1q of the power-law

kernel Gλ,ν from (5): the larger ν is, the faster the decay becomes, and consequently the more

aggressive the resulting optimal trades are.

Finally, Figure 8 illustrates the qualitative effect of the κ8 P t0.5, 1, 1.5u from the permanent

impact kernel H from (18): the smaller κ8 is, the smaller the permanent impact becomes, and

consequently the more aggressive the resulting optimal trades are.
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Figure 7: Optimal round-trips with different impact decay parameters ν P t0.5, 0.614, 0.7, 0.8, 0.9u

used in the power-law kernel Gλ,ν from (5).
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in the permanent impact kernel H from (18).

B Mathematical tools

B.1 Completely monotone functions

Definition B.1 (Completely monotone function). A function G : p0,8q Ñ R is said to be com-

pletely monotone if G P C8p0,8q and

p´1qnGpnqptq ě 0, @ t ą 0, @n ě 0.
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If, in addition, G admits a (finite) right limit at 0, we extend it to r0,8q by setting Gp0q :“

limtÑ0` Gptq.

Completely monotone functions are, in particular, nonnegative, nonincreasing, and convex on

p0,8q. We refer to Bernstein [10] for further properties and historical background.

Example B.2. On r0,8q, the following functions are completely monotone:

• Exponentials: for any λ ě 0, t ÞÑ e´λt.

• Finite or countable sums (or mixtures) of exponentials with nonnegative weights:

Gptq “
ÿ

kě1

ake
´λkt, ak ě 0, λk ě 0,

whenever the series converges (e.g. pointwise for all t ě 0).

• Power laws: for any α ą 0 and any b ě 0, t ÞÑ pb` tq´α.

The key structural result is that completely monotone functions are exactly Laplace transforms of

positive measures.

Theorem B.3 (Bernstein-Widder representation). Let G : p0,8q Ñ r0,8q be completely mono-

tone. Then there exists a (unique) σ-finite Borel measure µ on r0,8q such that

Gptq “

ż

r0,8q

e´λt µpdλq, t ą 0. (51)

If moreover Gp0`q ă 8, then µ is a finite measure and µpr0,8qq “ Gp0`q, so that (51) holds for

all t ě 0 by defining Gp0q :“ Gp0`q.

Proof. See Theorem 3 in [29].

B.2 Operators in L2 and in L2

Definition B.4. We say that an operator A on L2 is non-anticipative if for all 0 ď t ď T and all

u, v in L2, we have

u1r0,ts “ v1r0,ts ñ Auptq “ Avptq.

Non-anticipative operators on L2 play a special role because they naturally induce operators on

L2.

Lemma B.5. Suppose that A is a non-anticipative operator on L2 such that there exists C ą 0

such that

∥Au∥L2 ď C∥u∥L2 .

For each u P L2, we define

Bpuqpω, tq “ Apupω, ¨qqptq.

Then B defines an operator on L2 such that

∥Bu∥L2 ď C∥u∥L2 .

In that case, we write B “ pA.

29



Lemma B.6. Suppose that B is an operator on L2 for which there exists C ą 0 such that

∥Bu∥L2 ď C∥u∥L2

and suppose that if u is a deterministic process, then Bu is also deterministic. Then for each

u P L2, we define

Auptq “ Buptq.

Then A defines an non-anticipative operator on L2 such that

∥Au∥L2 ď C∥u∥L2 .

In that case, we write A “ qB. Moreover, we have
p

qB “ B.

B.3 Fréchet differentiability

Definition B.7. Let E and F be two Banach spaces and V be an open subset of E. An application

f : V Ñ F is said to be Fréchet differentiable at u P V if there exists a linear application Dfpuq :

E Ñ F such that the following limit holds

lim
∥h∥EÑ0

∥fpu` hq ´ fpuq ´Dfpuqphq∥F
∥h∥E

“ 0.

Theorem B.8 (Implicit function theorem). Let X,Y, Z be Banach spaces. Let the mapping f :

XˆY Ñ Z be continuously Fréchet differentiable in the sense of Definition B.7. Then if px0, y0q P

X ˆ Y satisfies fpx0, y0q “ 0 and if y ÞÑ Dfpx0, y0qp0, yq is a Banach space isomorphism from Y

onto Z, then there exist neighborhoods U of x0 and V of y0 and a Fréchet differentiable function

g : U Ñ V such that fpx, gpxqq “ 0 and fpx, yq “ 0 if and only if y “ gpxq, for all px, yq P U ˆ V .

C Study of a nonlinear Volterra equation

C.1 Definition and main results.

In this section, we are interested in the following nonlinear Volterra equation.

Definition C.1. Let k : r0,8q Ñ r0,8q be a locally integrable function such that for any t0 ą 0,

we have

lim
tÑt0

ż 8

0

|kpt0 ´ sq ´ kpt´ sq| ds Ñ 0.

For T ą 0, we consider f : r0, T s Ñ R and g : R Ñ R. We write pEk,f,gq the Volterra integral

Equation given by

xptq `

ż t

0

kpt´ sqg
`

xpsq
˘

ds “ fptq

where x : r0, T s Ñ R.

We first state the following existence and uniqueness result.
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Theorem C.2. Suppose that g is Lipschitz continuous and let T ą 0. Then, for every locally

bounded function f on r0, T s, there exists a unique solution to pEk,f,gq. Moreover, there exists a

constant CT ą 0, depending only on the Lipschitz constant of g, on T , and on the kernel k, such

that for any two bounded functions f1 and f2 on r0, T s, if x1 and x2 denote the corresponding

solutions to pEk,f1,gq and pEk,f2,gq, respectively, then we have

∥x1 ´ x2∥8 ď CT ∥f1 ´ f2∥8. (52)

For a given Lipschitz continuous function g, Theorem C.2 implies that there exists an operator

ST : L8pr0, T sq Ñ L8pr0, T sq such that for every locally bounded function f on r0, T s, x “ ST f is

the unique solution of pEk,f,gq. By Theorem C.2, we already know that this functional is Lipschitz

continuous in L8pr0, T sq. This means that there exists cT ą 0 such that

cT ∥x1 ´ x2∥L8 ď
∥∥S´1

T x1 ´ S´2
T x2

∥∥
L8 .

C.2 Proof of Theorem C.2

Let g be a Lipschitz continuous function, L its Lipschitz constant and let ε ą 0 be small enough

so that
ż ε

0

kpsqds ď
1

2L
.

The proof is split in two parts. First, we prove Theorem C.2 on r0, εs. Then, we show that if

Theorem C.2 is true on r0, T s, then it also holds on r0, T ` εs. Since R is Archimedian, we can

then conclude by induction.

Step 1. We define

T0xptq “

ż t

0

kpt´ sqg
`

xpsq
˘

ds

for any function x in L8pr0, εsq and all 0 ď t ď ε. This defines an operator T0 on L8pr0, εsq.

Moreover, for all bounded functions x0 and x1 on r0, εs, we have

|T0x1ptq ´ T0x2ptq| ď

ż t

0

kpt´ sq|g
`

x1psq
˘

´ g
`

x2psq
˘

|ds

ď L

ż t

0

kpt´ sq|x1psq ´ x2psq| ds

ď L

ż ε

0

kpsqds∥x1 ´ x2∥8

ď
1

2
∥x1 ´ x2∥8.

Thus, if f is a bounded function on r0, εs, the operator rT0 defined on L8pr0, εsq by

rT0xptq :“ fptq ´ T0xptq

is a contraction of L8pr0, εsq and therefore admits a unique fixed point x P L8pr0, εsq, which is

also a solution of pEk,f,gq on r0, εs. This ensures that I ` T0 is invertible, where I stands here for

the identity operator on L8pr0, εsq, and therefore that x “ pI ` T0q´1f .
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We now prove that pI`T0q´1 is 2-Lipschitz continuous, which implies (52) with T “ ε. We consider

f1, f2 two bounded functions on r0, εs and we write x1 “ pI ` T0q´1f1 and x2 “ pI ` T0q´1f2. We

then have

∥f1 ´ f2∥8 “ ∥pI ` T0qx1 ´ pI ` T0qx2∥8

ě ∥x1 ´ x2∥8 ´ ∥T0x1 ´ T0x2∥8.

We then obtain

∥x1 ´ x2∥8 ď ∥f1 ´ f2∥8 ` ∥T0x1 ´ T0x2∥8

ď ∥f1 ´ f2∥8 `
1

2
∥x1 ´ x2∥8,

and thus

∥x1 ´ x2∥8 ď 2∥f1 ´ f2∥8

which concludes the proof of the first step.

Step 2. We now assume the result holds on r0, T s and want to extend it on r0, T ` εs. To this

end, we introduce the operator T acting on L8prT, T ` εsq functions as follows

Txptq “

ż t

T

kpt´ sqg
`

xpsq
˘

ds, T ď t ď T ` ε.

Proceeding as previously, this operator in 1
2 -Lipschitz and pI ` Tq´1 is invertible, where I stands

here for the identity operator on L8prT, T ` εsq. Moreover, we can also prove that pI ` Tq´1 is

2-Lipschitz continuous on L8prT, T ` εsq.

Now, let f be a bounded function on r0, T ` εs. By assumption, we know that pEk,f,gq admits a

solution xT on r0, T s. Consider rf P L8prT, T ` εsq defined by

rfptq “ fptq ´

ż T

0

kpt´ sqg
`

xT psq
˘

ds, T ď t ď T ` ε.

Setting rx “ pI ` Tq´1
rf , we have for all T ď t ď T ` ε

rxptq `

ż t

T

kpt´ sqg
`

xpsq
˘

ds “ fptq ´

ż T

0

kpt´ sqg
`

xT psq
˘

ds.

Since xT is a solution of pEk,f,gq on r0, T s, we have that fpT q ´
şT

0
kpT ´ sqgpxT psqqds “ xT pT q.

We can then define without ambiguity

xptq “

#

xT ptq if t ď T,

rxptq if t ě T

which is a continuous function and is, by construction, a solution of pEk,f,gq on r0, T ` εs.

It remains to prove (52). Consider f1, f2 two bounded functions on r0, T ` εs and let x1 and x2 be

the solutions of pEk,f1,gq and pEk,f2,gq respectively. Therefore, restricting the solutions on r0, T s,

we know from the initial assumption that there exists a positive constant CT such that

sup
tďT

|x1ptq ´ x2ptq| ď CT sup
tďT

|f1ptq ´ f2ptq|.
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Now, we define rf1 and rf2 for t P rT, T ` εs by

rf1ptq “ f1ptq ´

ż T

0

kpt´ sqg
`

x1psq
˘

ds,

rf2ptq “ f2ptq ´

ż T

0

kpt´ sqg
`

x2psq
˘

ds

so that

px1ptqqTďtďT`ε “ pI ` Tq´1
rf1,

px2ptqqTďtďT`ε “ pI ` Tq´1
rf2.

We then conclude using that pI ` Tq´1 is 2-Lipschitz and that

| rf1ptq ´ rf2ptq| ď |f1ptq ´ f2ptq| `

ˇ

ˇ

ˇ

ˇ

ż T

0

kpt´ sqg
`

x1psq
˘

ds´

ż T

0

kpt´ sqg
`

x2psq
˘

ds

ˇ

ˇ

ˇ

ˇ

ď |f1ptq ´ f2ptq| `

ˇ

ˇ

ˇ

ˇ

ż T

0

kpt´ sqg
`

x1psq
˘

ds´

ż T

0

kpt´ sqg
`

x2psq
˘

ds

ˇ

ˇ

ˇ

ˇ

ď ∥f1 ´ f2∥8 ` L∥x1 ´ x2∥8

ˇ

ˇ

ˇ

ˇ

ż T

0

kpt´ sqds

ˇ

ˇ

ˇ

ˇ

ď ∥f1 ´ f2∥8

ˆ

1 ` L

ż T

0

kpt´ sqds

˙

.

D Properties of the market resistance ru

D.1 Proof of Lemma 3.2

We first state the following lemma which follows directly from Theorem C.2.

Lemma D.1. Suppose that U is Lipschitz continuous with linear growth. For each T ě 0, there

exists an operator RT : Cpr0, T sq Ñ Cpr0, T sq such that for each f : r0, T s Ñ R, the function

rpsq “ pRT fqpsq is the unique solution of

rptq “ U

ˆ

fptq ´

ż t

0

Gpt´ sqrpsqds

˙

. (53)

Moreover, RT is Lipschitz continuous on Cpr0, tsq and its Lipschitz constant depends only on G,

T and on the Lipschitz constant of U.

Proof. First note that if r is a solution of (53), then xptq “ fptq ´
şt

0
Gpt ´ sqrpsqds is solution

of pEk,f,Uq. Therefore Theorem C.2 ensures that the solution of (53) is unique. Moreover, if x is

a solution of pEk,f,Uq, then rptq “ Upxptqq is clearly a solution of (53). This ensures that we can

define an operator RT : Cpr0, T sq Ñ Cpr0, T sq as prescribed in Lemma D.1. The Lipschitz property

of RT follows directly from (52).

To use this result, note that since u P L2, the function u.pωq is in L2 for almost all ω P Ω. Fix now

ω P Ω such that it is the case. Then we know that fpωq “ Gupωq is a continuous function and

thus using Lemma D.1, we can define rupωq “ RT fpωq which is solution of

rut pωq “ U
´

G
`

upωq ´ rupωq
˘

t

¯

.
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Since this is done for almost all ω, this allows us to build a stochastic process ru. Note that by

construction, this process is almost surely continuous. Moreover, it is also adapted, seeing that for

each t P r0, T s, we have
`

rus pωq
˘

0ďsďt
“ Rtfpωq “ RtGupωq

and RtGupωq is Ft-measurable because pusqsďt is Ft-measurable and G is non-anticipative. Thus

ru is adapted and continuous, and therefore it is progressively measurable.

It remains to prove that this process belongs to L2. First, note that RT 0 “ 0 because Up0q “ 0.

Then, the Lipschitz property of RT ensures that

sup
tďT

|rut | ď C sup
tďT

|Gut|

for some constant C depending only on the Lipschitz constant of U, T and on G. Using Young’s

convolution inequality, we obtain

sup
tďT

|Gut| ď ∥G∥L2pr0,T sq∥u∥L2pr0,T sq.

and therefore

E
”

∥ru∥2L2

ı

ď C2T∥G∥2L2pr0,T sqEr∥u∥2L2s

which is finite because G P L2pr0, T sq and Er∥u∥2L2s ă 8 as u P L2.

D.2 Proof of Lemma 3.4

The proof of Lemma 3.4 is based on the implicit function theorem recalled in Theorem B.8. We

apply this to study the Fréchet differentiability of u ÞÑ ru. For each u P L2, recall Lemma 3.2

yields the existence and uniqueness of ru P L2 such that

rut “ U
´

`

G2pu´ ruq
˘

t

¯

,

defining unambiguously the operator R such that ru “ Rpuq. Let us introduce the operator

T : L2 ˆ L2 Ñ L2 by

Tpu, rq :“ r ´ U
`

Gpu´ rq
˘

, u, r P L2,

so that we always have

T
`

u,Rpuq
˘

“ 0, u P L2. (54)

We want to apply the implicit function theorem to the operator T to get the Fréchet differentia-

bility of R. First we need to check that T is Fréchet differentiable, which is the case, since U is

differentiable, by composition of Fréchet differentiable functions. Moreover, explicit computations

show that

DTpu, rqps, vq “ v ´ U1pGpu´ rqqGps´ vq, s, v P L2.

Finally, when u is fixed in L2, then

v ÞÑ DT
`

u,Rpuq
˘

p0, vq “ v ` U1
´

G
`

u´ Rpuq
˘

¯

Gv

which is a Banach space isomorphism from L2 onto L2. Concretely, we check that for each process

w P L2, there exists a process y P L2 such that

y ` U1pGpu´ ruqqGy “ w. (55)
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The existence and uniqueness of a stochastic process v satisfying (55) is guaranteed by the following

lemma.

Lemma D.2. For each T ě 0, there exists a continuous operator YT : Cpr0, T sq ˆ L2pr0, T sq Ñ

L2pr0, T sq such that for each continuous function f on r0, T s and each g in L2pr0, T sq, yptq “

YT pf, gqptq is solution of

yptq ` fptqGyptq “ gptq. (56)

Moreover, the solution y of (56) is unique and there exists a deterministic function ψ : r0,8q Ñ

r0,8q such that we have

∥y∥L2pr0,T sq ď ψp∥f∥L8 q∥g∥L2pr0,T sq. (57)

Note that P-almost all ω, the function fptq “ U1pGpu´ ruqpω, tqq is continuous on r0, T s, bounded

by }U}L8 , and g “ wpω, .q is well in L2pr0, T sq. Therefore, the stochastic process v defined on

r0, T s by

vpω, tq “ YT

ˆ

U1
´

G
`

upω, ¨q ´ Rpuqpω, ¨q
˘

¯

, wpω, ¨q

˙

ptq

is the unique solution of (57) for the specified function f and g. Furthermore, for each t, vp¨, tq

is measurable as the composition of measurable mappings. Using the same arguments as in Sec-

tion D.1, we see that the stochastic process vpω, ¨q is adapted. In fact, for each 0 ď t ď T , we

have
`

vpω, sq
˘

0ďsďt
“ Yt

ˆ

´

U1
`

Gupω, sq ´ GRpuqpω, sq
˘

¯

0ďsďt
,
`

wpω, sq
˘

0ďsďt

˙

by uniqueness of the solution of (56). The right-hand side of this identity is Ft-measurable because

Gu, GRpuq and w are adapted, and because Yt is a continuous application. This means that the

left hand side is also Ft-measurable, and in particular vpω, tq is Ft-measurable, implicating that v

is adapted, Moreover, since it is continuous almost surely by construction, it is also progressively

measurable. Using (57), we know that

∥v∥L2 ď ψp
∥∥U1

∥∥
L8 q∥w∥L2

almost surely, and since U1 is deterministic and bounded we get

∥v∥L2 ď ψp
∥∥U1

∥∥
L8 q∥w∥L2

which ensures that v P L2. Finally, the implicit function theorem from Theorem B.8 applies, which

shows that R is Fréchet differentiable. It remains to explicitly compute DR to conclude the proof

of Lemma 3.4. Differentiating (54), we see that DR must satisfy

DT
`

u,Rpuq
˘`

v,DRpvq
˘

“ 0,

and therefore

DRpuqpvq “ U1
´

G
`

u´ Rpuq
˘

¯

G
`

v ´DRpuqpvq
˘

.

Finally, we have

DRpuq “

ˆ

I ` U1
´

G
`

u´ Rpuq
˘

¯

G

˙´1

U1
´

G
`

u´ Rpuq
˘

¯

G

“ I ´

ˆ

I ` U1
´

G
`

u´ Rpuq
˘

¯

G

˙´1

.
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D.3 Poof of Lemma D.2

The proof of Lemma D.2 is split into two parts. In the first part, we fix a continuous function f

on r0, T s and prove that (56) admits a solution y for each continuous function g on r0, T s and that

the mapping g ÞÑ y is Lispchitz continuous with a Lipschitz constant that only depends on ∥f∥L8 .

In the second part of the proof, we show this can be used to conclude that the mapping YT is

continuous.

Step 1. Suppose that f is a continuous function on r0, T s. We introduce ε ą 0 small enough so

that

∥f∥L2

ż ε

0

Gpsqds ď
1

2
.

Similarly to the proof of Theorem C.2, we can prove that the equation (56) can be solved uniquely

on r0, εs. Moreover, the mapping Vf
ε defined such that for each continuous function g, y “ Vf

ε g

is the unique solution of C.2, is 2-Lipschitz continuous on L2pr0, εsq. Following again the proof of

Theorem C.2, we see that we can then extend this solution to a solution on r0, T s. Furthermore,

if we define Vf
t as Vf

ε on L2pr0, tsq instead of L2pr0, εsq, we see that Vf
t is Lt-Lipschitz continuous

on L2pr0, tsq for some Lt ą 0. Repeating the computations of the proof of Theorem C.2, we can

check that for each 0 ď t ď T ´ ε, we have

Lt`ε ď 2

ˆ

1 ` ∥f∥8

ż T

0

GpsqdsLt

˙

.

By induction, we deduce that

LT ď 2
n

ÿ

k“0

bk

where b “ 2∥f∥8

şT

0
Gpsqds and n “ tT {εu. Therefore, we deduce that there exists an increasing

function ψ such that Vf
T is ψp∥f∥8q-Lipschitz continuous. In particular, we obtain that for each

continuous function g, we have∥∥∥Vf
T g

∥∥∥
L2pr0,T sq

ď ψp∥f∥L8pr0,T sqq∥g∥L2pr0,T sq

because Vf
T p0q “ 0, which proves (57).

Step 2. Using the results of the first step, we see that we can always take

YT pf, gq “ Vf
T g.

It remains to prove that this application is continuous. To do this, we prove that for M ą 0,

YT is Lipschitz-continuous on BCpr0,T sqp0,Mq ˆ BL2pr0,T sqp0,Mq where BEpx, ϵq denotes the ball

in E centered in x with radius ϵ. From the first step, we know that if f P BCpr0,T sqp0,Mq, the

application g ÞÑ YT pf, gq is ψpMq-Lipschitz continuous. Now let f1 and f2 be two continuous

functions bounded by M and let g P L2pr0, T sq with ∥g∥L2pr0,T sq ď M . We write yi “ YT pfi, gq.

By definition, we have for all 0 ď t ď T

y2ptq ` f2ptqGy2ptq “ gptq
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which is equivalent to

y2ptq ` f1ptqGy2ptq “ gptq ´ pf2ptq ´ f1ptqqGy2ptq.

Therefore, we have

y2 “ YT pf1, g ´ pf2 ´ f1qGy2q.

This implies in particular that

∥y2 ´ y1∥L2pr0,T sq ď ∥YT pf1, g ´ pf2 ´ f1qGy2q ´ YT pf1, gq∥L2pr0,T sq

ď ψpMq∥pf2 ´ f1qGy2q∥L2pr0,T sq

ď ψpMq∥f2 ´ f1∥L8pr0,T sq∥G∥L2pr0,T sq∥y2∥L2pr0,T sq.

Therefore, we have that

∥YT pf2, gq ´ YT pf1, gq∥L2pr0,T sq ď C∥f2 ´ f1∥L8pr0,T sq

with C “ MψpMq∥G∥L2pr0,T sq and thus f ÞÑ YT pf, gq is also Lipschitz continuous onBCpr0,T sqp0,Mq.

Since both coordinates are Lipschitz on bounded sets, we deduce that YT is jointly continuous on

Cpr0, T sq ˆ L2pr0, T sq, which completes the proof.

E Proof of Theorem 3.3

First, using the linearity of U, Equation (14) rewrites

ru ` aGru “ aGu

and therefore

ru “ Rpuq “ apI ` aGq´1Gu.

Note that the invertibility of I ` aG is guaranteed by the existence and uniqueness of ru from

Lemma 3.2, or alternatively by a direct application of Theorem C.2. Now, algebraic computations

ensure that

I ´ R “ I ´ apI ` aGq´1G “ pI ` aGq´1,

so that the gain functional (23) rewrites

Jpuq “ xu, αy ´
γ

2
}u}2 ´ xu, pH ` Gq ˝ pI ` aGq´1uy ´

ϕ

2
∥Xu∥2 ´

ϱ

2
ErpXuq2T s `X0ErST s.

Coercivity of the gain functional readily follows from the positive semi-definiteness of the operator

pH ` Gq ˝ pI ` aGq´1, which is guaranteed hereafter by Lemma E.1. Moreover, to prove the

γ´strong convexity of ´J, we prove equivalently the convexity of the functional

rJpuq :“ ´Jpuq ´
γ

2
∥u∥2, u P L2,

see Bauschke and Combettes [8, Proposition 10.8]. By straightforward calculus, J is Gâteaux

differentiable at any u P L2, with Gâteaux gradient

∇Jpuq “ α ´ γu´
`

pH ` Gq ˝ pI ` aGq´1 ` pH˚ ` G˚q ˝ pI ` aG˚q´1
˘

u´ pHϕ,ϱ ` H˚
ϕ,ϱqu.
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Therefore

∇rJpuq “ ´α`
`

pH ` Gq ˝ pI ` aGq´1 ` pH˚ ` G˚q ˝ pI ` aG˚q´1
˘

u` pHϕ,ϱ ` H˚
ϕ,ϱqu, u P L2.

By Bauschke and Combettes [8, Proposition 17.10], it is sufficient to show the monotonicity of ∇rJ

to prove the convexity of rJ, i.e.,

xu´ v,∇rJpuq ´ ∇rJpvqy ě 0, u, v P L2. (58)

By linearity, property (58) is equivalent to the positive semi-definiteness of the operators Hϕ,ϱ

and pH ` Gq ˝ pI ` aGq´1 which are proven in Abi Jaber et al. [4, Lemma 4.3] and Lemma E.1

respectively. Consequently, Abi Jaber et al. [4, Theorem 4.1 (ii)] yields the existence and uniqueness

of the optimal trading strategy û satisfying (20) and the first-order condition ∇Jpûq “ 0 stated

in (24). Finally, to complete the argument, we prove the following lemma.

Lemma E.1. The operator pH ` Gq ˝ pI ´ Rq is positive semi-definite, i.e.,

xu, pH ` Gq ˝ pI ´ Rquy ě 0, u P L2.

Proof. Fix u P L2. Since I ´ R “ pI ` aGq´1, we denote v “ pI ` aGq´1u and we prove that

xpI ` aGqv, pH ` Gqvy ě 0.

Expanding the inner product gives

xpI ` aGqv, pH ` Gqvy “ xv,Hvy ` xv,Gvy ` a∥Gv∥2L2pr0,T sq ` axGv,Hvy.

By the positive semi-definite property of H and G, the first three terms are nonnegative. It

remains then to show that

xHv,Gvy “ xV v, vy ě 0 (59)

where

V :“ G˚
˝ H.

We first prove (59) holds for when G is an exponential kernel, and extend the result to all admissible

kernels as specified in Assumption A.

Exponential kernel case. Let λ ą 0 and assume that G “ Gλ given by

Gλptq :“ e´λt, t ě 0. (60)

Applying Fubini, we obtain for any u P L2pr0, T sq

V uptq “ pG˚
˝ Huqptq “

ż t

0

κ8

λ
uprqdr `

ż T

t

κ8

λ
e´λpr´tquprqdr ´

ż T

0

κ8

λ
e´λpT´tquprqdr

“
κ8

λ

`

1uptq ` G˚uptq ´ e´λpT´tq1upT q
˘

where 1 is the operator given by 1uptq “
şt

0
upsqds for every u P L2pr0, T sq and 0 ď t ď T . We

then have

xV v, vy “
κ8

λ

ˆ

x1v, vy ` xG˚v, vy ´ e´λT

ż T

0

uptqdt

ż T

0

eλtuptqdt

˙
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“
κ8

λ

ˆ

x1v, vy ` xGv, vy ´ e´λT

ż T

0

uptqdt

ż T

0

eλtuptqdt

˙

.

We define

yptq :“ Gvptq “

ż t

0

e´λpt´sqvpsqds and zptq :“ 1vptq “

ż t

0

vpsqds,

so that y1 ` λy “ v and z1 “ v. We then write

xV v, vy “
κ8

λ

ˆ
ż T

0

zptqvptqdt`

ż T

0

yptqvptqdt´ zpT qypT q

˙

.

Furthermore, we have

ż T

0

zptqvptqdt “

ż T

0

zptqz1ptqdt “
1

2
zpT q2,

ż T

0

yptqvptqdt “

ż T

0

y1ptqyptqdt` λ

ż T

0

yptq2dt “
1

2
ypT q2 ` λ

ż T

0

yptq2dt.

Combining these identities, we get

xV v, vy “
κ8

λ

ˆ

1

2
zpT q2 `

1

2
ypT q2 ` λ

ż T

0

yptq2dt´ zpT qypT q

˙

“
κ8

2λ

ˆ

`

zpT q ´ ypT q
˘2

` 2λ

ż T

0

yptq2dt

˙

ě 0

which proves (59) when G “ Gλ.

Proof in the general case. First recall that since G is a completely monotone kernel in L2,

there exists a σ-finite measure µ such that

Gptq “

ż 8

0

e´λtµpdλq, t ě 0,

see Theorem B.3. When µ is finite, we can apply Fubini’s theorem which ensures that

pGvqptq “

ż t

0

ˆ
ż 8

0

e´λsµpdλq

˙

vpt´ sqds “

ż 8

0

pGλvqptqµpdλq,

where Gλ is the operator whose kernel is given by (60). Applying Fubini’s theorem again gives

xHv,Gvy “

ż 8

0

xHv,Gλvyµpdλq.

We’ve already proved that xHv,Gλvy ě 0 for all λ ą 0 and therefore (59) holds.

When µ is infinite, we first consider pAnqn an increasing sequence of subsets on r0,8q such that

An Ñ r0,8q and µpAnq ă 8. We then set µn “ µ1An
and

Gpnqptq “

ż 8

0

e´tλ µnpdλq.
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This kernel is an approximation of G. In fact, we have

0 ď Gpnqptq ď Gptq and lim
nÑ8

Gpnqptq “ Gptq

for all t ě 0. Since G is in L2, the dominated convergence theorem applies and we have

ż T

0

`

Gpnqpsq ´Gpsq
˘2
ds Ñ 0. (61)

Moreover, Gpnq is a completely monotone kernel and in L2 because it is bounded by G. Thus, as

we have already proved, we know that xHv,Gpnqvy ě 0 where Gpnq is the convolution operator

associated with Gpnq. To conclude, it remains to show that Gpnqv Ñ Gv in L2pr0, T sq. In fact, we

have ∥∥∥Gpnqv ´ Gv
∥∥∥2 “

ż T

0

|pGpnqv ´ Gvqptq|2dt

“

ż T

0

ˇ

ˇ

ˇ

ˇ

ż t

0

vpt´ sq
`

Gpnqpsq ´Gpsq
˘

ds

ˇ

ˇ

ˇ

ˇ

2

dt

ď T∥u∥2
ż T

0

`

Gpnqpsq ´Gpsq
˘2
ds

which converges to 0 by (61).

F Proof of Theorem 3.6

F.1 Outline of the proof

Since L2 is a Hilbert space, an application of Struwe [36, Theorem 1.2, Chapter 1] ensures the

existence of a maximizer of J provided ´J is coercive and weakly lower semi-continuous. Therefore,

we can conclude using the following two lemmas.

Lemma F.1. Suppose that Ω is countable or finite and that Assumptions B, A and C hold. Then

J is weakly continuous in L2.

Lemma F.2. Suppose that κ8 ` γ ą 0 and that Assumptions B, A and C hold. Then ´J is

coercive in L2.

The proof of these two lemmas is deferred to Sections F.4 and F.3. They rely on the properties of

the operator B defined on L2 by

Buptq “ U
`

Guptq
˘

, t ě 0.

The properties of this operator are studied in Section F.2.

F.2 Properties of the operator B

Lemma F.3. We have I ´ R “ pI ` Bq´1. Moreover, there exists c ą 0 such that

c´1∥u∥ ď
∥∥pI ` Bq´1

∥∥ ď c∥u∥. (62)
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Proof. Note that for all u P L2, w “ pI ´ Rqu satisfies

wptq “ uptq ´ ruptq “ uptq ´ U
`

Gwptq
˘

and thus u “ pI`Bqw. Moreover, adapting the results of Appendix C, we see that for each u, the

equation

wptq ` U
`

Gwptq
˘

“ uptq

admits a unique solution in L2. This ensures that I ` B is invertible and thus I ´ R “ pI ` Bq´1.

To prove (62), we use the fact that both I ` B and pI ` Bq´1 are Lipschitz, which follows readily

from the fact that B is Lipschitz continuous because both U and G are Lipschitz continuous and

from the fact that R is Lipschitz continuous.

Note that the operator B satisfies the assumptions of Lemma B.6: it is defined through a deter-

ministic relation and thus can naturally extend to a non-anticipative operator qB in L2. The same

holds for R and we also have

I ´ qR “ pI ` qBq´1.

The properties of qB are studied below.

Lemma F.4. The operator qB is weakly continuous in L2.

Proof. Let xn á x. Since G1 is a convolution operator, it is also compact and therefore, we know

that G1xn Ñ G1x. Then since U is Lipschitz continuous, we deduce that qBxn Ñ qBx which implies

that qBxn á qBx.

Lemma F.5. The operator pI ` qBq´1 is weakly continuous in L2.

Proof. We consider yn á y and we define

xn “ pI ` qBq´1yn and x “ pI ` qBq´1y

so that

yn “ xn ` qBxn and y “ x` qBx.

We want to prove that xn á x. The proof is done in two steps: first we show that the sequence

pxnq lies in a weak compact set, and then show that if xnk
á x1 for some nk, then we must have

x1 “ x.

Step 1: pxnq lies in a weak compact set. We start by showing that pxnqn is bounded in L2.

As a start, we define

rn “ yn ´ xn “ yn ´ pI ` qBq´1yn “ Rpynq.

We know from Lemma 3.2 that R is Lipschitz continuous, and therefore there exists C ą 0 such

that

∥rn∥ ď C∥yn∥.

Therefore, we have

∥xn∥ “ ∥yn ´ rn∥ ď pC ` 1q∥yn∥.
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But pynqn is a bounded sequence in L2 because it is weakly convergent and therefore pxnqn is

bounded. This implies in turn that pxnqn lies in a weak compact set because every bounded and

closed set in a Hilbert space is weakly relatively compact.

Step 2: Identification of the weak accumulation point of pxnqn. Consider a weakly con-

vergent subsequence of pxnq, that we still write pxnq for conciseness. We denote by x1 its limit and

we prove that x1 “ x. By weak continuity of qB, we know that

qBxn á qBx1

and thus

yn “ xn ` qBxn á x1 ` qBx1.

By uniqueness of the limit, we have y “ x1 ` qBx1 which implies that x1 “ pI ` qBq´1y “ x.

F.3 Proof of Lemma F.1

From (23), we know that

´Jpuq “ ´xu, αy `
γ

2
∥u∥2 ` xu, pH ` Gq ˝ pI ´ Rquy `

ϕ

2
∥Xu∥2 `

ϱ

2
ErpXuq2T s ´X0ErST s.

Following Abi Jaber et al. [4, Lemma 6.2], we know that u ÞÑ ´xu, αy `
γ
2 ∥u∥

2
and u ÞÑ ϕ∥Xu∥2 `

ϱErpXuq2T s are weakly lower semi-continuous. It remains to study u ÞÑ xu, pH ` Gq ˝ pI ´ Rquy.

Lemma F.3 ensures that pH ` Gq ˝ pI ´ Rq “ pH ` Gq ˝ pI ` Bq´1. This is done in two steps:

• Step 1. We first study p qH` qGq˝pI` qBq´1 in L2 and we show that u ÞÑ xu, p qH` qGq˝pI´ qRquy

is weakly semi-continuous in L2.

• Step 2. We then show that weak lower semi-continuity extends to L2 using crucially that

Ω is finite or countable.

Proof of Step 1. Recall first that although the operators qH, qG and qB are defined on L2, they can

be seen as operator in L2 because all these operators are defined through deterministic relations.

We are now ready to prove that u ÞÑ xp qH` qGq˝pqI` qBq´1u, uy is weakly continuous in L2. Consider

un á u. We want to prove that

xp qH ` qGq ˝ pqI ` qBq´1un, uny Ñ xp qH ` qGq ˝ pqI ` qBq´1u, uy.

We have

|xp qH ` qGq ˝ pqI ` qBq´1un, uny ´ xp qH ` qGq ˝ pqI ` qBq´1u, uy| ď I ` II

where

I “ |xp qH ` qGq ˝ pqI ` qBq´1un ´ p qH ` qGq ˝ pqI ` qBq´1u, uny|

II “ |xp qH ` qGq ˝ pqI ` qBq´1u, un ´ uy|.

Clearly II Ñ 0 because un á u and p qH ` qGq ˝ pqI ` qBq´1u is in L2. Moreover, using the weak

continuity of pqI ` qBq´1, we have

pqI ` qBq´1un á pqI ` qBq´1u.
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Seeing that qH ` qG is a compact operator because it is a convolution operator, we deduce that

p qH ` qGq ˝ pqI ` qBq´1un Ñ p qH ` qGq ˝ pqI ` qBq´1u.

In addition, punqn is bounded because it is weakly convergent, and thus

I ď

∥∥∥p qH ` qGq ˝ pqI ` qBq´1un ´ p qH ` qGq ˝ pqI ` qBq´1u
∥∥∥∥un∥ Ñ 0.

Proof of Step 2. We now prove that the weak lower semi-continuity extends to L2. Consider

punqn a sequence of L2 processes converging weakly to u. Following the proof of Abi Jaber et al.

[4, Lemma 6.2], we see that the for P-almost all ω, we have

unpω, ¨q á upω, ¨q in L2.

Therefore, applying the results of Step 1, we have, for P-almost all ω

xp qH ` qGq ˝ pqI ` qBq´1unpω, ¨q, unpω, ¨qyL2pr0,T sq Ñ xp qH ` qGq ˝ pqI ` qBq´1upω, ¨q, upω, ¨qyL2pr0,T sq

as n Ñ 8. Using Fatou’s Lemma, we get

lim inf
nÑ8

Erxp qH` qGq˝pqI` qBq´1unpω, ¨q, unpω, ¨qyL2pr0,T sqs ě Erxp qH` qGq˝pqI` qBq´1upω, ¨q, upω, ¨qyL2pr0,T sqs.

Using the definition of the scalar product in L2, we deduce that

lim inf
nÑ8

xpH ` Gq ˝ pI ` Bq´1un, unyL2pr0,T sq ě xpH ` Gq ˝ pI ` Bq´1u, uyL2pr0,T sq,

which exactly entails the weak lower semi-continuity of u ÞÑ xu, pH ` Gq ˝ pI ´ Rquy.

F.4 Proof of Lemma F.2

From (23), we know that

´Jpuq “ ´xu, αy `
γ

2
∥u∥2 ` xu, pH ` Gq ˝ pI ` Bq´1uy `

ϕ

2
∥Xu∥2 `

ϱ

2
ErpXuq2T s `X0ErST s

ě ´xu, αy `
γ

2
∥u∥2 ` xu, pH ` Gq ˝ pI ` Bq´1uy `X0ErST s.

To prove the coercivity of ´J, we first show the following bound.

Lemma F.6. For each ϵ ą 0, there exists b ą 0 such that

xu, pH ` Gq ˝ pI ` Bq´1uy ě b`

´κ8

2
´ ϵ

¯

∥u∥2.

Proof of Lemma F.6. We fix u P L2 and define v “ pI ` Bq´1u so that

xu, pH ` Gq ˝ pI ` Bq´1uy “ xv ` Bv, pH ` Gqvy “ xpH ` Gqv, vy ` xpH ` Gqv,Bvy.

We then define rUpxq “ Upxq ´ δx where δ is defined in Assumption C. Then rU is a Lipschitz

continuous function and
rUpxq

x
Ñ 0

43



when x Ñ 8. This implies in particular that for all ϵ ą 0, there exists c ą 0 such that | rUpxq| ď

c` ϵ|x| for all x P R. We now define the operator

rBw “ rUpGwq

so that B “ rB ` δG. We then write

xu, pH ` Gq ˝ pI ` Bq´1uy “ xpH ` Gqv, vy ` δxpH ` Gqv,Gvy ` xpH ` Gqv, rBvy

“ xHv, vy ` xGv, vy ` δxHv,Gvy ` δ∥Gv∥2 ` xpH ` Gqv, rBvy.

Using the specification of H in Assumption B, we have that

xHv, vy “
κ8

2
∥v∥2.

Using (59) and the fact that G is semi-definite positive, we deduce that

xu, pH ` Gq ˝ pI ` Bq´1uy ě
κ8

2
∥v∥2 ` xpH ` Gqv, rBvy.

For the last term, we have

|xpH ` Gqv, rBvy| ď E
„

ż T

0

|pH ` Gqvptq rBvptq|dt

ȷ

ď cE
„

ż T

0

|pH ` Gqvptq|dt

ȷ

` ϵE
„

ż T

0

|pH ` Gqvptq rGvptq|dt

ȷ

ď cE
„

ż T

0

pH ` Gq|v|ptqdt

ȷ

` ϵE
”

ż T

0

pH ` Gq|v|ptq rG|v|ptqdt
ı

From the continuity properties of H and G, we deduce that there exists c1, c2 ą 0 such that

|xpH ` Gqv, rBvy| ď c1∥v∥ ` c2ϵ∥v∥2

and therefore

xu, pH ` Gq ˝ pI ` Bq´1uy ě

´κ8

2
´ c2ϵ

¯

∥v∥2 ´ c1∥v∥.

We conclude using (62).

It remains to show how Lemma F.6 implies Lemma F.2. Using that u and α are both in L2, then

for each ϵ ą 0, there exists b ą 0 such that

´Jpuq ě b`

´κ8 ` γ

2
´ ϵ

¯

∥u∥2.

We can conclude whenever κ8 ` γ ą 0 by taking 0 ă ϵ ă κ8 ` γ.
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