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Abstract

We consider an optimal trading problem under a market impact model with endogenous
market resistance generated by a sophisticated trader who (partially) detects metaorders and
trades against them to exploit price overreactions induced by the order flow. The model fea-
tures a concave transient impact driven by a power-law propagator with a resistance term re-
sponding to the trader’s rate via a fixed-point equation involving a general resistance function.
We derive a (non)linear stochastic Fredholm equation as the first-order optimality condition
satisfied by optimal trading strategies. Existence and uniqueness of the optimal control are
established when the resistance function is linear, and an existence result is obtained when it is
strictly convex using coercivity and weak lower semicontinuity of the associated profit-and-loss
functional. We also propose an iterative scheme to solve the nonlinear stochastic Fredholm
equation and prove an exponential convergence rate. Numerical experiments confirm this
behavior and illustrate optimal round-trip strategies under “buy” signals with various decay
profiles and different market resistance specifications.
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1 Introduction

A central feature of modern financial markets is market impact, that is, the empirically observed
positive correlation between the sign of a sizable incoming market order and the subsequent price
change. Market impact plays a crucial role in execution costs, risk management, and market de-
sign; see, for instance, Almgren et al. [6], Freyre-Sanders et al. [2I], Hey et al. [24], Robert et al.
[34], and Bouchaud et al. [I4]. Modeling this phenomenon is particularly relevant when devising
strategies for executing metaorders—Ilarge transactions placed by institutional traders and imple-
mented through a sequence of smaller child orders over a given time horizon. The presence of



market impact has long been recognized as a fundamental feature of market microstructure, and
understanding its form is essential from both empirical and theoretical perspectives.

Measuring market impact is inherently challenging due to its noisy nature. Statistical studies
therefore tend to focus on the execution of metaorders, which induces a persistent liquidity imbal-
ance and generates price moves that can be identified statistically. However, during the execution
of any given metaorder, numerous other trades occur simultaneously, contributing additional noise.
Careful statistical procedures and averaging over many metaorders help to filter out part of this
noise, allowing some universal properties of market impact to emerge; see, for example, Almgren
et al. [6], Bacry et al. [7], Bershova and Rakhlin [II], and Bucci et al. [I5]. Numerous empirical
studies document that prices react mechanically during the execution of a metaorder, exhibiting
a concave dependence on traded volume that peaks at the end of the metaorder—a phenomenon
known as the square-root law—followed by a convex relaxation phase; see Lillo et al. [30], Hopman
[26], Almgren et al. [6], Bershova and Rakhlin [I1], Gatheral [23], Moro et al. [31], Bouchaud et al.
[14], Kyle and Obizhaeva [28], and Sato and Kanazawa [35]. This square-root dependence, how-
ever, primarily holds for large traded volumes, while the impact of small orders is approximately
linear in volume, as shown in Bucci et al. [I5]. To capture this dual behavior, Benzaquen and
Bouchaud [9] propose the market impact model
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where c is a constant of order 1, o denotes the daily volatility, V' the typical daily traded volume, Q;
the executed volume of the metaorder at time ¢, and F a monotone function satisfying F(z) ~ /x
as ¢ — 0 and F(x) — a as x — o for some a > 0.

On the one hand, several theoretical frameworks have been developed to rationalize these empirical
findings, ranging from latent order book models, such as those of Té6th et al. [38] and Donier et al.
[18], to equilibrium models with strategic traders; see Gabaix et al. [22]. More recently, the impact
of limit orders has also been investigated, see Chahdi et al. [I6]. A notable recent contribution
is due to Durin et al. [20], who introduce a model with informed traders. The key idea is that
certain sophisticated agents can detect the presence of a metaorder and infer its effect on the ob-
served price. Their framework distinguishes between the true price of the asset, which excludes the
market’s overreaction to the metaorder, and the observed price, which incorporates the mechanical
impact of the metaorder. By trading strategically against the detected order flow, informed traders
generate a form of market resistance that alters the shape of the impact curve. Their analysis leads
to two square-root laws of market impact—one in time and one in participation rate—providing a
microstructural foundation for well-established empirical results and offering a refined perspective
on how informed liquidity provision affects price formation.

On the other hand, a substantial body of literature aims to formalize the connection between
reduced-form market impact models 7% and price features such as signals or volatility, with the
goal of deriving trading strategies X that minimize execution costs. In the seminal work of Almgren
et al. [0], the execution cost of a trading strategy combines temporary and permanent impact terms
that shift the asset price linearly with the total traded volume. The trader’s objective is then to
minimize the expected cost and risk of liquidation over a finite horizon, typically expressed through



a mean—variance functional. A key refinement concerns the transient nature of impact, whereby
the observed asset price is modeled as the convolution of past order flow with a decaying kernel
G — a formulation known as the linear propagator, introduced in discrete time by Bouchaud et al.
[12]. In continuous time, the impacted price SX is written as

t
SX =Sy +I;%, If::JG(t—s)dXS7 t =0, (1)
0

where X denotes the signed traded volume. The kernel G governs how the impact of past trades
decays over time: an exponential decay & la Obizhaeva and Wang [33] corresponds to short memory,
whereas power-law kernels, as in the framework of Abi Jaber and Neuman [I], capture long-lasting
effects and are more consistent with empirical propagator estimates; see Bouchaud et al. [13] and
Donier et al. [I§]. A central concern for such models is ensuring financial well-posedness, meaning
that the impact model itself cannot be exploited to generate positive profits. Gatheral [23] showed
that this requirement is equivalent to the positive semi-definiteness of the kernel G, yielding the
so-called “no-dynamic-arbitrage” condition.

Building on the optimal execution framework with linear price impact, recent works have formu-
lated increasingly general optimal trading problems of the form

T
supEU (ap — LX) dX, + M(X)], (2)
ueA 0

where « captures stochastic signals, M encodes soft constraints and risk-aversion penalties, and
A denotes the set of admissible trading strategies. For instance, Abi Jaber et al. [3] extend the
linear propagator framework to incorporate linear functional constraints (e.g., no-shorting or no-
buying constraints, stochastic stop-trading rules), demonstrating that such constraints can be
handled within a non-Markovian continuous-time model while preserving numerical tractability.
To account for the concave nature of price impact, Alfonsi et al. [5] introduce a nonlinear impact
function applied to exponentially decaying kernels, extending the model of Obizhaeva and Wang
[33], and Hey et al. [25] derive explicit optimal inventories in this setting under general price sig-
nals. Building on these results, Abi Jaber et al. [4] propose a general nonlinear propagator model
formulated in terms of the trading rate, which naturally encompasses nonlinear impact functions
as well as power-law decay, and develop numerical methods to compute optimal strategies.

The goal of this paper is to study optimal trading strategies in a market impact setting that incor-
porates market resistance, following the microstructural insights of Durin et al. [20]. Leveraging
the techniques developed in Abi Jaber et al. [4], we first establish theoretical results ensuring
the well-posedness of the problem, and then derive a first-order optimality condition expressed
as a nonlinear stochastic Fredholm equation. This characterization enables the use of numerical
methods based on Nystrom approximations and Fredholm operator inversion, through which we
compute optimal trading strategies in practice.

The remainder of the paper is organized as follows. Section [2introduces market resistance through
a simple game-theoretic model and presents the market impact framework of Durin et al. [20] to-
gether with its microstructural foundations. Section [3| formulates the corresponding optimal trad-
ing problem, establishes the main existence results, and derives the associated first-order optimality



condition as a (non)linear stochastic Fredholm equation. Section [4] then presents the numerical
scheme used to solve this equation and illustrates the resulting optimal round trips in the presence
of stochastic “buy” signals.

Notations

We fix a finite time horizon T' > 0 and a filtered probability space (2, F, (Ft)seo,], P) satisfying
the usual conditions. We denote by dt¢ the Lebesgue measure on the Borel o-algebra B([0,T1]),
and by dt ® P the product measure on the o-algebra B([0,7]) ® F. For all p > 1, we introduce the
standard Banach spaces

T
LP = {f : [0, T] x © — R progressively measurable : E[f ft|pdt] < oo}7
0
and, for p = 2, we equip £? with the inner product

T
<f?g>_E|:L ftgtdt:|7 f7g€£‘27

which makes it a Hilbert space with associated norm | f|| := +/{f, f). Similarly, we denote by
LP, p > 1, the standard Banach spaces with respect to the Lebesgue measure. For u € £! and
t € [0,T], we denote by E.u the conditional expectation of u with respect to the o-algebra JF;.

2 Inception: a sophisticated trader as a market resistance

2.1 A two-player toy model

Consider a market with a risky asset and two traders, Alice and Bob, observing each other’s
decisions, with the following motivations:

1. Alice wants to trade the risky asset following her market signal «,

2. Bob distrusts Alice’s signal and seeks only to profit by trading against her flow; his orders
create a resistance flow that opposes her impact.

Denoting by u“, u” the respective trading rates of Alice and Bob, assume they both suffer trading
costs linear in the sum of their trading rates u := u® + u?, following the linear propagator model
(1) with instantaneous slippage as in [I]. Formally, we write

1
IY := —u + Gu,
2
where I* is the aggregated market impact from both Alice’s and Bob’s trades, and (Gu); :=
Sé G(t, s)usds captures the transient nature of market impact via the kernel G. Their respective
PnL functionals are given by

g () = ]E[ [ " (af(u®) - IfA)utAdt],

0



JB(uP) = E[LT (af (u?) - IZ‘B)utht ,

where Alice’s and Bob’s respective effective signals a?, a? are given by
1 1
a(uB) = a— §uB — Gu?, and aBu?) = _§UA — Gu™.

The main question is: can we find a couple of strategies (24, 4?) that maximizes J4 and g7 re-

spectively?

Applying [2, Proposition 5.1], the first-order conditions for Alice’s and Bob’s trading problems
write respectively

W = (id-B) e and B = (id - B)ta® ),
where the operator B as well as the processes aaA(“B), a®” (™) are explicitly given by

af == ap — (L} G(, 1), Dy My Ee[a D2, ae L
B(t, S) = Il{s<t}(<]1{t<.}G(-a t),D;IIl{iK_}G(., 8)>L2 — G(t, S)),
Dt = id + Gt + (Gt)*, Gt(877") = G(S,’I")]].r,«>t7 te [07T]

Now injecting the definition of u# into that of u? yields the following fixed-point equation for

Bob’s trading rate u?
WP = (id - B) 1" (Ga-B) e )

Therefore, if there is a 4 that satisfies (3]), setting

(3)

@ = (id — B) " 1q®" @)

yields a couple (24, 4?) that maximizes 4 and g respectively. Finally, denoting by 7% := —af

the resistance induced by Bob’s trades, Alice’s optimal PnL rewrites as follows

T
A (at) = EUO (= %(a“ —#B) — Gt — #B))addt |,

B — _(id — B) 1" ((a-B) e TD)

b

and this simple two-player game setting indeed motivates the introduction of a market resistance
caused by the presence of an informed trader, and solution to a fixed-point equation.

2.2 A general market resistance model

Starting again from the linear propagator framework , consider the following impact kernel
specification

G(t) = ke +Gan(t), t>0, (4)

which combines a permanent component proportional to ko, = 0 capturing the trader’s contribution
to the long-term fundamental value of the asset, and a power-law decaying kernel

1
Ga,(t) =" A>0, ve (2, 1), (5)



reproducing the transient long-memory price impact of trades empirically observed in order flow,
see Chapter 13.2.1 from [I4] and references therein. G is positive semi-definite, which ensures the
absence of dynamic price manipulation and rules out profitable round trips [23]. Although we focus
on specification for concreteness and interpretation, the framework extends naturally to other
admissible kernels, such as completely monotone kernels or sums of exponentials, which have also
been proposed in the literature to capture different impact decay patterns, see for instance [4].

A key implication is that an impact of the form Sé G(t—s)dX,, with G given by , overreacts at
short horizons: for any finite ¢ > 0, one has G(t) > lim;_, o G(S) = koo In economic terms, prices
initially move more than what is justified by the long-run information content of the trader’s order
flow. This transient overshooting creates a temporary mispricing between the observed market
price and the trader’s contribution to the long-term efficient long-term price, which is considered
a temporary price signal denoted by a” such that

t

ay = J (G(t —s) — G(0)) (us —ry) ds = f Gau(t — ) (us —rl)ds. (6)

0 0

In classical linear propagator models, a” is purely mechanical and is not acted upon. A key
contribution of Durin et al. [20] is to formulate an endogenous correction to such mispricing caused
by the trader’s strategy w by introducing a continuous-time market resistance r*, generated by
sophisticated traders. These agents partially detect the presence of the trader’s metaorder, infer the
transient component of its impact [37, [39], and trade against it to benefit from «”. Their activity
produces an opposing flow that dampens impact dynamically, rather than letting prices passively
relax through the kernel G. In their framework, the pathwise market impact of a metaorder with
execution strategy u at date t = 0, meaning that X; = S(t) ug ds, is given by

MI(u,t) = L G(t —s)(us —r¥) ds, (7)

where 7" represents the endogenous reaction rate of sophisticated traders. This reaction satisfies
the following fixed-point equation

rt=U(at), de., 1= u(f: Grp(t—s)(us — 1Y) ds> , (8)

for some increasing function U : R — R. A natural specification for U can be derived heuristically.
Assume that price impact follows a square-root law, that is, if the sophisticated trader invests an
amount = proportional to this signal o, the expected gain is a"x, while the associated impact
cost is ky/Z z for some k > 0. The expected profit, o’z — k+y/Z z, is maximized for 2 = k (o)’
with k& > 0, which motivates taking U(z) in proportional to 2. This particular choice is not
required in the remainder of the paper.

Importantly, the resistance mechanism is backed by a precise microstructural foundation where
it can be derived from a high-frequency model in which market orders follow self-exciting point
processes and prices are set as conditional expectations of future order flow. When informed agents
partially filter out the metaorder component and trade against the resulting mispricing, the scaling
limit of the model leads exactly to (7)—(8). We refer to Durin et al. [20] for the full derivation.

Economically, 7" can be interpreted as a stabilizing force. When a metaorder pushes prices above
their efficient level, sophisticated traders increase their activity, absorbing part of the order flow



and limiting further price pressure. When the mispricing shrinks, their activity naturally subsides.
The function U governs how aggressively the resistance reacts to perceived mispricing, as illus-
trated later on in Figure [6]

2.3 Properties of the market resistance

The introduction of a resistance term r* satisfying fundamentally alters the shape of market
impact. Assuming a buy strategy u > 0 with compact support, the market impact M1 from @
is decomposed into a permanent and a transient components, denoted respectively by PM I and
TMI, such that

o0
PMI(u) := tli)r&MI(u, t) = KJOOJ (us —r¥)ds,
0

t 0

Gxu(t—s) (us — 7”:) ds — Koo f (uS — 7’2‘) ds.

t

TMI(u,t) = MI(u,t)— PMI(u) = f
0

As in standard propagator models, impact is concave in time and decays as a power law with
exponent v — 1; see [14], Section 13.4.4] and Figure

061 —— Market impact Mi(t)

——~- Permanent Market impact PM/

0.5

0.4 1

0.3 A

Mi(t)

0.2 1

0.1

0.0 1

000 025 050 075 100 125 150 175  2.00
t

(a) Market impact profile

e
W
<)

—— Trading rate u;
—— Market resistance ry

e
N
o

e
N
o

0.15 4

Trading rates
=4

A
o

o

o

a
L

0.00 A

000 025 050 075  1.00 125 150 175  2.00
t

(b) Trading rate v and its resulting endogenous resistance rate r*

Figure 1: Market impact and trading rates for v = 0.5, A = 1, u(t) = 0.3 1lo<t<1, and U(z) = 22



A particularly important implication concerns the dependence of impact on the participation rate.
Consider a normalized execution profile u (i.e., SSO u(s)ds = 1) and suppose trading occurs at
rate yu. In this setting, v has no unit, and acts as a proxy for the participation rate, which
is v/(y + V), where V denotes the typical background market volume. Under the power-law
specification U(z) = cz® with ¢ > 1, Durin et al. [20, Theorem 9] show that market impact satisfies

MI(yu,t) ~qyo0 yYE.

Choosing ¢ = 2 recovers the empirically observed square-root law. In this interpretation, the
square-root scaling is not imposed exogenously but emerges from the interaction between aggressive
execution and endogenous market resistance. Although this theorem is asymptotic and valid for
large participation rates, Figure [2] illustrates that the scaling remains a good approximation even
for moderate values of ~.

0.8
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0.7 Fit: Mi(y) = 1.2 y°-62

0.0 0.1 0.2 0.3 0.4 0.5
Y

Figure 2: Market impact as a function of v for v = 0.5, A = 1, and U(x) = 2%. A power-law fit of
the form MT = 1.172 - 4%-6986 i shown.

3 Optimal trading with market resistance

3.1 Problem formulation

Consider a risky asset whose unaffected price process S is given by
St:Pt-FMt, tG[O,T], (9)

where P a finite variation process valued in £2 and M is a centered square-integrable martingale.
We consider an agent with an initial holding X € R of this asset controlling his trading rate u € £2
of his inventory X such that

t

X = XOJrJ usds, tel0,T]. (10)
0
In particular,
sup E[|X}?] < 0. (11)
te[0,T]



Furthermore, trading the asset at the rate v impacts the unaffected price S such that the effective

trading price S* becomes
St i=85+1I" (12)

where the price impact model I'* is specified as follows
I = %ut—k(H—kG)(u—r“)t, te[0,T]. (13)

Here, H and G are two operators on £2 modeling the permanent and transient market impacts,
respectively, while v > 0 denotes, from this point onward, the (constant) slippage cost intensity.
As motivated in Section[2] 7* denotes the market’s reaction or resistance to the trading strategy u,
capturing the nonlinear nature of price impact as it solves the following nonlinear Volterra equation

Ty =U(G(u—r”)t), t e [0,T7, (14)

where the U is called the resistance function. In order to ensure the well-posedness of the price
impact model 7, we make the following assumptions on the operators H, G and on the
resistance function U.

Definition 3.1. A Volterra kernel G: [0,T]*> — R is said to be admissible if

¢
Cg = sup |G(t, 5)|*ds < o0. (15)
te[0,T] JO

Any admissible kernel G induces a unique linear and bounded integral operator G : L2 — L2

defined by

t
(Gu)y := J G(t,s)usds, te[0,T], wuel?
0

such that, by Cauchy-Schwarz’s inequality,
|Gul? < TCqlul?, ue L (16)

As a consequence of Fubini’s theorem and the tower property of the conditional expectation, the
unique linear and bounded adjoint operator G* : £L2 — L2 of G is explicitly given by

T
(G*u)y = J G(s,t)Ei[us]ds, te[0,T], wue Ll
¢

The boundedness of G* is ensured by conditional Jensen’s inequality and Fubini’s theorem such
that
|G*ul* < TCqul?, ueL?, (17)

see for example [19, Chapter 6, Section 2].

Assumption A. The operator G is an admissible convolution operator: there exists an admissible
kernel function G : [0,00) — R such that for each u € £? and each t € [0,T], we have

t
Gu; = f G(t — s)us ds.
0



We also assume G is continuous on (0,00), completely monotone (see Definition , and L?
integrable on [0,T] and we write

T
1GIZ2 0,7y = L G(s)* ds.

Finally, we assume that G satisfies the following continuity assumption
0
lim |G(to —s) — G(t — s)|ds — 0.
tho 0
Assumption B. There exists a nonnegative constant ke such that for each uw € L£2 and each
te 0,77,
t
Hu, = /-@OOJ ugs ds. (18)
0
Assumption C. The function U is L-Lipschitz continuous with U(0) = 0 and satisfies
U(z)

|z]—>00 T

=6=0.

Remark 1. Assumption[C]implies that U is asymptotically close to linear. In particular, it includes
the linear case, the bounded case and all cases of interest discussed in Section[3.3. Moreover, the
assumption that U(0) = 0 is not essential but is considered to simplify the computations.

Given any trading strategy v € £2, the following lemma ensures that the resistance fixed-point
equation admits a unique solution 7* € £2 under a linear growth assumption on U.

Lemma 3.2. Let u € £2. Suppose that Assumptions and @ hold and that U is Lipschitz
continuous, then there exists a unique solution r* € L? to . Moreover, the mapping u — r* is
Lipschitz continuous on L2.

Proof. See Appendix O

Lemma [3.2| guarantees that the price impact I* from as well as the execution price (S}')e[o,1]
from (12)) are well-defined £? processes, for every u € £2. We are now in place to introduce the
agent’s Profit and Loss (PnL) functional

T T
I(u) = E[ - J Stupdt + X3Sy — gf (X)2dt — g(X%)Q], ue L2 (19)
0 0
where the first term represents the profit and loss induced by the trading rate u, the second one
values the terminal inventory against the terminal unaffected price [3, Remark 2.1], the third one
encodes risk aversion with weight ¢ > 0, and the last one penalizes the terminal inventory with
weight o > 0. Note that J is indeed well-defined under Assumptions and . Our
objective is to find trading strategies @ € £2 that maximize the performance functional J such that
J(@) = sup J(u). (20)
ueL?
Inserting the definitions of the final inventory X7 from and the effective price S* from
into J from , while using the tower property of the conditional expectation, allows us to rewrite
the functional J in the standard form such that

T
I(u) = E[L (o — I} updt + M(X“)] + XoE[ST], wue L2, (21)

10



where « is the alpha-signal from the drift of the fundamental asset price S, defined by

ar = B[St — ] = E[Pr — P,], tel0,T], (22)
and T
wy . ¢ u\2 4 u\2
M(X*"):= -3 (X{) dt—E(XT) ;
0

in a similar way to Abi Jaber et al. [3, 4] and De Carvalho [I7].

Remark 2. A natural question concerns the choice of the window length T'. In a real-time trading
setup, how should this model be applied, and what value of T is appropriate?

In practice, trading firms typically rely on statistical alpha signals computed over short horizons.
For example, suppose an agent trades every 10 minutes using a 10-minute alpha on a given stock.
Solving the associated optimal trading problem requires, in our framework, a discrete iterative
scheme that takes as input a known trajectory of the buy/sell signal. This assumption is somewhat
unrealistic, since the agent only observes a single alpha value every 10 minutes rather than a
continuous signal.

How, then, can this framework be used with a single discrete alpha observation? One approach is
to solve a sequence of optimisation problems, each over a 10-minute window (or, more generally,
at the rebalancing frequency of the strategy). Within each window, one may reconstruct a discrete
trajectory for the signal—either by recomputing the statistical alpha on smaller subwindows, or
by treating the observed alpha as constant over these subintervals—and then apply the numerical
scheme described in Section[j} This yields a practical real-time implementation consistent with the
statistical nature of alpha signals.

Reformulation with operators on £2. To better analyze the problem, we recast it in operator
formulation. First, note that in view of Lemma [3:2] we know that there exists an operator R :
£? — £2 such that 7* = R(u), u € £2. Using this notation, the market impact I}* can be rewritten
as

If = Ju+ (H+G)o (I-Rpu),, te[0,T]

t)

where I stands for the identity operator in £? such that Tu; = u; for every u € £2 and t € [0,T]. To
use the same operator notations, we also write Xu = X% which defines an operator in £2. Thus,
the gain functional becomes

) = ) — 2l — u, (B + @) o (1~ Ry — & Xul* —~ ZE[(Xu)] + XoB[Sr].  (25)

All these operators act on £2. However, we can also see them as operator on L2. In the following,
we consider either of each representation depending of the context.

3.2 The linear case

In this section, we assume U to be linear. We focus on this case for two reasons. First, the operator
R becomes linear, which renders the analysis of J straightforward: J becomes a quadratic form,
and the existence and uniqueness of a maximzer follows from the positive semi-definiteness of the
operator (H+ G)o (I—R). Second, the linear case serves as a building block for the proofs in the
general setting. We now formalize the main results of this section in the following statement.

11



Theorem 3.3. Suppose that U(x) = ax for some a = 0 for every x € R. Suppose also that
Assumptions [A] and [B hold. Then the functional —J is y-convez, coercive and therefore J admits
a unique maximizer u characterised by

i+ (H+G)o(I+aG) 'a+ (H* + G*) o (I+aG*) "0+ Hy,u+ Hj i = o, (24)
where Hy , is the integral operator associated to the kernel
Hg o(t,s) := (¢(T —t) + 0)Liy=sy, s,t€[0,T]. (25)

The proof is postponed to Appendix [E}

3.3 The general case

We now aim to extend the results of Section [3.2]to the nonlinear case of U, relying only on Assump-
tion To do this, we first show that J is Fréchet differentiable (in the sense of Deﬁnition and
we compute its derivative, which allows to identify a first-order condition to be satisfied by any
critical point of J. The main difficulty in this step lies in the nonlinearity of r*. We then study
the coercivity of J, which ensures that an extremum must exist.

Lemma 3.4. Suppose that U is differentiable and Lipschitz continuous. Then the operator R is
Fréchet differentiable in £L2. Moreover, for u, h in L2, the directional derivative of R at u in the
direction h is the £2-process y = DR(u)(h) solution of the Volterra equation

Y = U’(G(u — r“)t)G(h —y), te][0,T].

In other words, we have
DR(u) = (I L (G(u - R(u)))G) T (G(u . R(u)))G
- <1+ w(G(u- R(u)))G) -

Proof. See Appendix O

Therefore Lemma ensures that J is also Fréchet differentiable on £2. Similar computations
to [ Lemma 4.2] ensure that the Gateaux derivative of J is given by

Vi(u) =a — Xo(qﬁ(T -+ g) —yu—(H+ G)o(I-R)(u)
*
— ((H + G) ) (I — DR(u))) u—Hy u— Hz‘)_rgu7 (26)
where H;’j 0 18 defined in . We then directly get the following result.
Theorem 3.5. Any local extrema u of § must satisfy
*
o= Xo (8T~ ) +0) ~7u—(H+G)o(I-R)(u) — ((H+G)o(I- DR(w) ) u—(Hy,+H* s, )u=0.

In other words, if u is a local extrema of J, then it must satisfy the following nonlinear stochastic
Fredholm system equation

{w + (H+ Gu+ (Hyp + HE Ju—Au) = a— Xo(6(T — ) + o), @7

= R(u),
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where we introduce the following nonlinear operator A : L2 — L2 such that
A(u):=H+ G)oR(u) — ((I + (M"o G’)*)_l o (H+ G)*)u, ue L2 (28)
with M" the multiplication operator defined by
MYy, 1= UI(G(U — R(u))t)vt, te[0,T], wv,uel?
We now establish the existence of an optimal control.

Theorem 3.6. Suppose that Assumptions [A] [Bl and [(] hold and suppose in addition that © is
countable or finite and that ke + v > 0, then there exists a global maximizer i € L2 of the
functional J.

4 Numerical scheme and application to optimal round-trips

In this section, we introduce an iterative numerical scheme for constructing M € N* sample trajec-
tories of a discrete-time approximation of the critical points @, 7% € £? satisfying the First-Order
Condition (FOC) . We establish a theoretical convergence result for this scheme and illustrate
its output through an example of optimal round-trip strategies in the presence of stochastic “buy”
signals with various decay rates, as well as through a qualitative analysis of the influence of the
resistance function’s convexity on optimal trading. We defer to Appendix [A] the proof of the con-
vergence result, together with additional illustrations of the qualitative effects of impact decay and
permanent impact intensity on the resulting strategies.

In what follows, we fix a uniform time-grid Ty := {%, i€{0,...,N}}, with N € N* and we use
the notation A(u) = A(u,r") in order to explicitly refer to the dependence of A from on both
u and r", which will be constructed separately in practice.

4.1 Approximation of operators

Nystrom approximation of Volterra integral operators. Given a deterministic Volterra
kernel G : R — R, the integral operator G : £2 — £? and its dual operator G* are numerically
approximated on T by left-rectangles, while integrating the kernels in the same spirit as [T}, 3] 4, [32]
such that

i—1 i—1
(Gu), ~ Y, Lo, jur,,  (G*u), = Y Ma(i, j)Byur,, tieTy, uekl?
j=0 j=0

where we define

tit+1 ti41
Lg:= <J G(ti,s)ds]l{jgi}> , Mg := < G(S,ti)ds]l{j;i}>
t

i i,j€{0,...N~1} t; i,je{0,...,.N—1}

Numerical approximation of the nonlinear operator A from . Given u € L2, let
r% e £2 be the unique solution to the fixed-point equation in . Then, the first term of A (u)

in , ie.,
H+ G)r"

13



is linear in r" and can be readily approximated via the Nystrom technique, while it remains to
estimate the nonlinear term given by

((1+ (M" 0 G)*) ™" o(H+G)*)(u). (29)
To achieve this, we set

fi= I+ (Mo G)*) o (H+G)*u
= f+(M"oG)*f=(H+ G)*u
T T
= f; + L G(s,t)E, [u’((G(u — ru))s)fs]ds = L (H(s,t) + G(s,t))Eeusds, te[0,T] (30)

where the explicit expressions of the dual operators are obtained by stochastic Fubini and the
tower property, and are well defined since M* o G and (H+ G) are both linear and bounded (since
U is bounded), see [19, Chapter 6, Section 2]. Given u € £? and observing that fr = 0, we can
solve by a backward iterative scheme on the subdivision Ty as follows:

b ftN =0,

o for pe {N —1,---,0}, since f; and u, are F; -measurable, then a left-rectangle approxi-
mation of the integrals in yields

N—-1

wy—1
ft, = (1 + MG(p7p)wtp) (MG+H(p7P)Utp + Z Mg yu(p, k)Eqg, uy,, .
k=p+1

N—1
— S Ma(p.E, [wzaftk]) (31)
k=p+1

where we defined

=U(G(u—r")),

and the conditional expectations (E;, [w} fi, ])N—1k>p=0, (B¢, Uz, )N—1>k>p=0 can be esti-
mated by least-squares Monte Carlo similarly as in [3, Section 3.3] or [4, Section 3.1].

Remark 3 (Sanity check of the approximation of A). The supremum L? error E*' associated to
the backward Fredholm equation s given by

we2

T
w10 = ([ 150+ (006 1), - (4 6 fPat] o)
0
can be estimated numerically on a uniform time grid with step A as

EX () = _sup M}E?V{Muxwm) (32)

where

b
B ()

)

ft Wm) + Ma(p, p )wfp(wm)ftp(wm)

Jr

N—
E
N-1
Z ]Etp[wtkftk](wm) MG+H(p;P)Utp(Wm)
k=p+1

14



N-1 2
— > Mayu(p, k)Ey,ug, (W)
k=p+1

In practice E?\rf,M(f) from is way below machine precision, see the right plot in Figure H

4.2 TIterative numerical scheme

Criterion of convergence. For any given u,r* € £2, we define the joint supremum L? errors

of the FOC by
T
B (u,r) = sup (L (vut +((H+G+H,y, +H: u), — (Ad,r),
~ (- Xo(oT - )+ 9))[ar) .
JT ry — U((G(u — r“))t) ‘zdt) (w),

0

E?(u,r") := sup (

weN

which, over a N-steps time grid and M sample trajectories, are approximated numerically by

EJlV M(uNa r ) = sup EllV M(qu TN)(wnl)a (33)
' me{l,.. .M}
where
i—1
yup (wm) + . Lotmin, (i, ))up) (@m) + Ma, , (i, d)uf!

N—-1
Ep o (V) (wm) =AY
i=0

=0
N-1 i1

+ Z MHq&,Q(i?j)Etiui]t\;(wm) - Z LG+H(i7j)rt[j(wm) + fty(wm)
j=it+1 j=0

2
=y (wm) + Xo(o(T —t:) + 0)

)

with ft]:’ is given by , and

E%V,M(uNarN) = sup EJQV,M(UN7TN)(wm)7 (34)

where

N-—-1 2

B (e ) (wm) = A
i=0

i—1

Y () — u( S Lol ) (ol () — (wm>))
=0

i

In what follows, we drop the upper-script N from u®¥, " for ease of reading. We then aim to con-
struct a sequence of such discrete-time approximation of (u, %) which we denote by (ul™, ™), -, =
(u™(N, M), rI"I(N, M)),>¢ such that

Ell\},?M(u[n]<N7 M)7 r[n](Na M)) — 0.

n—o0

15



Scheme definition. Fix € > 0.
e Initialize (ul’,r[%) = 0.

e While E}V’M(u[n],r[n]) > ¢, do:

[n—1]

— Update ul™ by solving while computing the nonlinear operator A using u , rln=1]

yul + (H+ G + Hg , + HE Jul" = a — Xo(¢(T — t;) + 0) + Aulr=1, r["=1) " (35)

which can be numerically solved as detailed in [3 Section 3.2].

— Update the market resistance 7™ = 7" as the limit of the sequence (T[”’p])pzo solving
the fixed-point equation from via Picard iterations over p > 0 until EJ2\, ap (ulm ol
is smaller than e:

(36)

r[nap"'l] = u(G(u[n] — /)"[nvp]))7
r[m:0] .— p[n—1,0]

— Increment n to n + 1.

Theoretical convergence of the iterative scheme. In the following, we state a result on the
theoretical rate of convergence of the iterative scheme if T is sufficiently small or, equivalently, if
~ is sufficiently large, in the same spirit as [4, Proposition 2.14].

Theorem 4.1 (Exponential convergence of the iterative scheme). Assume the resistance function
W is Lipchitz-continuous with constant L > 0, with bounded derivative W < C, for some positive
constant C. Fizx two admissible kernels H, G, as well as the trading horizon T > 0 and the slippage
costs parameter v > 0 such that

1> +/TC¢cmax(L,C), (37)

. VTCq 1

>C:=+TC L + , 38

7 v H“"( - Lyics T 1-ovice (38)

where Crya and Cg are respectively the constants associated to the kernels H + G and G defined

by (L5). Assume the existence of (4, 7) satisfying the first-order-condition , and denote by
(ul™, r["), 20 the sequence of controls obtained by the iterative scheme (35)—(36), then

lim wl™ =4 in L2,
n—0o0

and the convergence rate is bounded by

-

As a consequence, (U,T) is the unique solution to the FOC .
Proof. See Appendix O

Remark 4 (Stochastic gradient descent). Starting from ul®) = 0, consider a stochastic gradient
iterative scheme of the form

ultl = =1 4 (), n

\%

1,
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where (n,) is a sequence of learning steps and VJ is given by . Although appearing to be a
promising candidate to construct critical points satisfying the first order optimality condition
without having to invert any Fredholm equation, we observed in practice that such scheme converges
slower than the iterative scheme 7 and does not converge at all in the regime v — 0.

4.3 Optimal round-trips in presence of “buy” signals

Impact model specification. Given fixed constants 6 > 0 and ¢ > 1, we introduce the resis-
tance function Us. : R — R as

Us,c(z) == sign(z)|z|Lz<s) + (0 ' — sign(x)d°(c — 1)) Ljz=;, zE€R, (40)
and its derivative is
uig7c(ﬂ§) = C‘Z|Cil]l{|w‘<5} + 65671]1{|w‘>5}, z € R. (41)

The parameter ¢ > 1 governs the degree of convexity, encompassing in particular the linear (¢ = 1)
and quadratic (¢ = 2) resistance functions. We also note that, for ¢ = 2, the specification
coincides with a modified Huber loss [27], in which the sign is flipped for negative arguments
so that market impact indeed moves the unaffected price unfavorably when executing large sell
orders. A finite value for § < o yields an asymptotic linear growth of the resistance function
as in Assumption [C] and guarantees Lemma [3.4] and Theorem are applicable. Although &
might be a desirable tunable regularizing model parameter, we do not need to explicitly specify
it in practice when considering a finite number of bounded sample signal trajectories (as in the
following numerical examples), and therefore § may remain implicit such that only the convex term

sign(-)| - [“1y. <5y in is effective.

Resistance function Ug, ¢ Derivative of resistance function 1/5'5

—— c =1 (linear)
—— ¢ = 2 (quadratic)
—— ¢ = 3 (cubic)

— ¢ =1 (linear)
—— ¢ = 2 (quadratic)
—— ¢ = 3 (cubic)

¢ = 4 (quartic) ¢ = 4 (quartic)

Vs, c(x)
o
s

Figure 3: Resistance function specification and its derivative for various values of ¢, while
fixing § = 1.2.
Unless stated otherwise, the parameters of the resistance function are set as follows:

e ¢ = 2 for the convexity of the resistance function; this corresponds to what we refer to as the
Quadratic Market Resistance (QMR) model, asymptotically consistent with the square-root
law in participation rate as shown in [20, Theorem 9J;
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e ) < o is left implicit, since we consider bounded sample signal trajectories.

As motivated in Section we specify a power-law decay kernel G ,, to capture the transient nature
of market impact. Therefore, unless stated otherwise, the parameters of the price impact model
in are set as follows:

e v = 0.2 for the intensity of slippage costs;
e A\ =0.467 and v = 0.614 for the transient impact decay (borrowed from [4], Figure 7);

® 1y = 1 for the permanent impact intensity.

Soft constraints specification. The trader has the possibility to penalize his running inventory
as well as the final inventory level via the hyper-parameters ¢ and g respectively introduced in .
Unless stated otherwise, we set:

e ¢ =0, i.e., no penalty on the running inventory, since it is obvious that an increasing value
of ¢ shrinks the optimal inventory toward 0;

e o =5e2 » 1 to enforce a zero final inventory.

Signals and least-squares Monte Carlo specification. We specify an Ornstein-Uhlenbeck
(OU) drift-like price signal y and set P := { p,dt where P is given in the unaffected price process @
We have

dpy = (9 — kpe)dt + odWy,  po € R. (42)

The alpha-signal « from is then explicitly given by

T — _
1— k(T —t)
oy = Et[f Iurdr] = <,ut — 77) 67 +
: K K

Unless stated otherwise, we set:

(T —+t), tel0,T) (43)

RS

e 1 = 10, for the long-term mean;
e x = 1 for the mean-reversion rate;
e Fither 0 =1 or o = 0 for the signal noise level, see Remark

e 19 = 1 for the initial state value of the OU drift-signal.

In the case of stochastic OU drift-signals, i.e., 0 = 1, we need to apply a least-squares Monte Carlo
to approximate the nonlinear stochastic operator via as explained in Section In what
follows, we apply Ridge regressions on 2000 signal sample trajectories with penalty le — 5 to a
basis expansion of all Laguerre polynomials up to degree two of the following family of features

(a,f asds,f e“('s)asds),
0 0

and refer the interested reader to [3, Section 3.3] and [4, Section 3.1 and Appendix A] for more
details. Finally, the number of time steps is set to N = 100.

Remark 5. Setting the signal volatility to zero yields a deterministic optimal trading problem,
leading to the same qualitative conclusions as those obtained from the sample means of the optimal
quantities, while improving visual clarity in practice and avoiding the error propagation inherent
to the least-squares Monte Carlo estimation procedure.

18



Optimal round-trips with the QMR model for various signal decays. We specify three
stochastic nonnegative “buy” signals of the form and vary the signal’s mean-reversion k €
{0.1,1,10} from , as illustrated in the top-left plot in Figure

On the one hand, Figure [4| displays the sample averages and the associated 95% normal confidence
intervals of the main optimal quantities of interest associated to the optimal round-trip strategies:
optimal trading rates, inventories and resistance rates, as well as the resulting price distortions
and running trading costs. We also display 5 sample trajectories out of the 2000 ones used for the
least-squares Monte Carlo. The slower the signal decay, the more aggressive the trading strategy
becomes, and the greater the resulting market resistance, price distortion, and running trading
costs. Also, note that the resulting trading strategies do not feature any model round-trip model
arbitrage as all the sample running trading costs trajectories remain non-negative throughout the
trading horizon.

On the other hand, Figure[5]illustrates the exponential convergence of the iterative scheme through
iterations: the faster the signal decays, the faster the scheme converges. Note that the conver-
gence rate depends on all the impact model’s parameters as suggested by inequality from
Theorem In particular, we observe that the smaller ~, the slower the convergence — until
numerical instability appears — which is consistent with the regularizing effect of slippage costs
already described in [4 Section 3.5].
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Signals Optimal inventories

&3
5
1]
oA
t t
Optimal resistance rates
1.0
21
5 0.5 -
0+ 0.0 1
-2
S 4] R+ —0.5
—6 -1.01
g4
15
_10
—124 § § . . . —-2.01 . . .
t t
Price distortions Running trading costs

- N

1 =Yh+ (H+G)(d - r'),
o

0.0 02 0.4 0.6 0.8 10 0.0 02 04 0.6 0.8 10

Figure 4: Optimal round-trips for three stochastic “buy” signals with different signal decays
from . For each quantity, the shaded regions represent their normal 95% confidence intervals
estimated from the optimal 2000 sample trajectories, the empty dot markers denote the corre-
sponding sample means, and we also display 5 sample trajectories.
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Max L2 error of the FOC Max L2 error of the backward scheme

0
10 —— k=01 10-28 4

— k=1
— k=3

102

,_.
o
IS

(gtnl, plnd)
=
9

Epf (F1m)

— k=0.1
10-29 | — k=1

— k=3

T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100

Figure 5: Convergence of the numerical scheme f for three stochastic “buy” signals with
different signal decays x from : the left-hand plot displays the error E}V u of the FOC defined
in while the right-hand plot shows the numerical error E?Vf’ a of the backward scheme
defined in as a function of the iteration step of the scheme. Note that the numerical error
EIQV u» defined in from , and due to Picard iterations when computing the resistance function
is set to be lower than le — 16 at each iteration.

Optimal round-trips for different convexity parameters. For the remaining numerical re-
sults, including those reported in Appendix [A22] we set the signal noise level to zero, that is,
oc=01in , and run the iterative scheme on a single deterministic signal trajectory. All other
parameters are kept fixed as in Section unless stated otherwise; see Remark

Furthermore, in all subsequent numerical experiments, the convergence errors E}V M in , E12v M
in (34), and ER ), in are found to be below 107!!, 10716, and 1073!, respectively, after 100
iterations of the numerical scheme 7.

Figure [f]illustrates the qualitative effect of the convexity parameter ¢ > 1 of the resistance function
Ups,e from : in this case, the higher the value of ¢, the more aggressive the optimal trading
strategy, and the longer the optimal resistance rate lingers near zero when the trader changes his
trading direction, which is consistent with the shapes of Us., ¢ € {1,2,3,4} depicted in Figure
Therefore, the convexity captures how easily the market resistance reacts to the trader’s strategy,
and can be interpreted as a proxy of the ability of a sophisticated trader to detect the executed
volume. Compared to the linear propagator model shown in red (i.e., the case U = 0), introducing
a market resistance leads to less aggressive trading, which is consistent with the interpretation of
market resistance as a proxy for sophisticated traders who benefit from the trader’s metaorder’s
impact and thereby erode part of the trader’s alpha.
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Figure 6: Optimal round-trips in absence of resistance (U = 0) and with different convexity

parameters c € {1,2,3,4} used in Us . from .
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A Complement to numerical results

A.1 Proof of Theorem [4.1]

Fix n € N*. Subtracting the FOC satisfied by (@, 7) to the scheme equations 7 defining
(ul™ ") yields

{7("& —ul"l) + (H+ G +Hy o, + H} ) (0 — ul) = A(d,7) — A(ulr=1, rln=1), (44)

F—rln= = U(G(a — 7)) — U(G(uln=1 — pln=1l)),

On the one hand, take the inner product of the second equation from against the process
7 — rl"=11 such that

’f — 1] Hz — (U(G(i — 7)) — U(G(ulr=1) — pln=1]y) el
|
e

2
< L«/TCGHQ - u[”_l]‘ P — r["—llH + L\/TC’GHf — pln=1] H

where the respective inequalities are derived by applying Cauchy-Schwartz, and by using the
Lipchitz-continuity of U, the triangular inequality, and the upper bound . Therefore, us-

ing , we deduce
L/TCq
1—LJ/TCq

< [w@t@-m) —u(G 1 - pinmiy)|

7 — r[”_l]H

7 — T[”fl]H <

i — uln1 H (45)
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On the other hand, take the inner product of the first equation from with the process (@ —ul™)

such that

—~((H+ G +Hy, + Hj ) (0 —ul"), a0 —ul")

o=
+ (A (i1, 7) — AU eIty g ylndy

< HA(a, ) — Auln1, r[”*U)H Hu )

b

where we used the positive semi-definite property of (H+ G +Hy , + H ), as well as the Cauchy-
Schwartz inequality. Therefore, we have

< [AG ) - A1)

-
— ||\ @) =)+ (1 e 0 G)) T (E + G Rl )
- (1d+ (M* 0 G)*) ! (H + G)*)| (46)
< \/WHf—r[”*”H - Hf["*” — |, (47)
where we set
= (Td+ (M 0 G)F) TH(HE + G)Fuln ),
fi=(1d+(M*oG)*) " (H + G)*a).
Note that we have equivalently
e e o Gy s (H+ Gyl (48)
(49)

F+ (M o G)*f = (H+ G)*a.

Therefore, subtracting to (4§), and taking the inner product with fI"~1 — f yields
2 N . ) .
| £ = ]| = @yl — ), A = (e o Gy g - (Mo @) f T - )

< o+ Gy a1+ - s

< /TCH+G“U[n_1] —all+ /TCGHf _ f[n—l]
where the inequalities are respectively obtained by applying Cauchy-Schwartz, and using the
boundedness of U and the bounds 7. Thus, using , we obtain

\/TC
H+G Hu[nfl] P

g -y @ -
1-CTCq

Finally, injecting and into readily leads to
< QHu[n—u _ 4
~

U — u[”]H)n is sub-geometric with common ratio

)

(50)

-1

)

and

2|

where C is given by such that (|
therefore converges to zero at exponential rate given by .
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A.2 Qualitative effects of impact decay and permanent impact

Figure illustrates the qualitative effect of the impact decay parameter v € (%, 1) of the power-law
kernel G, from : the larger v is, the faster the decay becomes, and consequently the more
aggressive the resulting optimal trades are.

Finally, Figure [8| illustrates the qualitative effect of the ko, € {0.5,1,1.5} from the permanent
impact kernel H from : the smaller ko is, the smaller the permanent impact becomes, and
consequently the more aggressive the resulting optimal trades are.
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Figure 7: Optimal round-trips with different impact decay parameters v € {0.5,0.614,0.7,0.8,0.9}
used in the power-law kernel G, from .
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Figure 8: Optimal round-trips with different permanent impact parameters ko, € {0.5,1, 1.5} used
in the permanent impact kernel H from .

B Mathematical tools

B.1 Completely monotone functions

Definition B.1 (Completely monotone function). A function G : (0,00) — R is said to be com-
pletely monotone if G € C*(0,00) and

(—1)" G (1) > 0,
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If, in addition, G admits a (finite) right limit at 0, we extend it to [0,00) by setting G(0) :=
1imt4,0+ G(t).

Completely monotone functions are, in particular, nonnegative, nonincreasing, and convex on
(0,00). We refer to Bernstein [I0] for further properties and historical background.

Example B.2. On [0,0), the following functions are completely monotone:
o Ezponentials: for any X =0, t — e~ M,
e Finite or countable sums (or miztures) of exponentials with nonnegative weights:

G(t) = Z ape Mt ar =0, A\p =0,
k=1

whenever the series converges (e.g. pointwise for all t = 0).
e Power laws: for any >0 and any b =0, t — (b+t)~“.

The key structural result is that completely monotone functions are exactly Laplace transforms of
positive measures.

Theorem B.3 (Bernstein-Widder representation). Let G : (0,00) — [0,90) be completely mono-
tone. Then there exists a (unique) o-finite Borel measure p on [0,00) such that

G(t) =J e Mu(d),  t>0. (51)
[0,0)
If moreover G(0+) < oo, then u is a finite measure and p([0,00)) = G(0+), so that holds for
all t = 0 by defining G(0) := G(0+).
Proof. See Theorem 3 in [29]. O

B.2 Operators in £? and in L?

Definition B.4. We say that an operator A on L? is non-anticipative if for all 0 <t < T and all
u,v in L?, we have
u]l[o_’t] = vl[O,t] = Au(t) = A’U(t).

Non-anticipative operators on L? play a special role because they naturally induce operators on
L2,

Lemma B.5. Suppose that A is a non-anticipative operator on L? such that there exists C > 0
such that
[Aull > < Cllull -

For each u € £2, we define
B(u)(w,?) = Au(w,-))(?).

Then B defines an operator on £? such that
Bull g2 < Cllul -

In that case, we write B = A.
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Lemma B.6. Suppose that B is an operator on L2 for which there exists C > 0 such that
Bul| g2 < Cllull -

and suppose that if u is a deterministic process, then Bu is also deterministic. Then for each
ue L?, we define
Au(t) = Bu(t).

Then A defines an non-anticipative operator on L? such that

[Aull 2 < Cllull 2

In that case, we write A = B. Moreover, we have B=B.

B.3 Fréchet differentiability

Definition B.7. Let E and F' be two Banach spaces and V' be an open subset of E. An application
f:V — F is said to be Fréchet differentiable at w € V if there exists a linear application D f(u) :
E — F such that the following limit holds

b I 1) = £(0) = DF@) B

=0.
]l 5 —0 17l 5

Theorem B.8 (Implicit function theorem). Let X,Y,Z be Banach spaces. Let the mapping f :
X XY — Z be continuously Fréchet differentiable in the sense of Definition . Then if (xo,y0) €
X x Y satisfies f(xo,y0) =0 and if y — Df(x0,90)(0,y) is a Banach space isomorphism from'Y
onto Z, then there exist neighborhoods U of xq and V' of yg and a Fréchet differentiable function
g:U — V such that f(z,g(x)) =0 and f(z,y) =0 if and only if y = g(x), for all (x,y) e U x V.

C Study of a nonlinear Volterra equation

C.1 Definition and main results.

In this section, we are interested in the following nonlinear Volterra equation.

Definition C.1. Let k : [0,00) — [0,00) be a locally integrable function such that for any tg > 0,

we have
loe]

lim |k(to — s) — k(t — s)|ds — 0.

t—>t0 0
For T > 0, we consider f : [0,T7] - R and g : R — R. We write (Ey ¢,4) the Volterra integral
Equation given by

x(t) + Jo k(t — s)g(m(s)) ds = f(t)
where z : [0,T] — R.

We first state the following existence and uniqueness result.
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Theorem C.2. Suppose that g is Lipschitz continuous and let T > 0. Then, for every locally
bounded function f on [0,T], there exists a unique solution to (Ey sq). Moreover, there ezists a
constant Cp > 0, depending only on the Lipschitz constant of g, on T, and on the kernel k, such
that for any two bounded functions f1 and fo on [0,T], if x1 and x5 denote the corresponding
solutions to (Ey. 1,.4) and (Eg,r,.q), Tespectively, then we have

l21 = 22l < Crllfr = falloo- (52)

For a given Lipschitz continuous function g, Theorem implies that there exists an operator
St : L*([0,T]) — L*([0,T]) such that for every locally bounded function f on [0,T], x = S¢f is
the unique solution of (Ej ¢ 4). By Theorem we already know that this functional is Lipschitz
continuous in L*([0,77]). This means that there exists ¢y > 0 such that

crllzy — 2ol e < ||S;lx1 - S#“Hm’

C.2 Proof of Theorem
Let g be a Lipschitz continuous function, L its Lipschitz constant and let ¢ > 0 be small enough
so that

© 1
k(s)ds < —.
| keas < 5

The proof is split in two parts. First, we prove Theorem on [0,e]. Then, we show that if
Theorem is true on [0,77], then it also holds on [0,T + €]. Since R is Archimedian, we can
then conclude by induction.

Step 1. We define
¢
Tox(t) = f k(t — s)g(z(s)) ds
0
for any function x in L*([0,e]) and all 0 < t < e. This defines an operator To on L*([0,¢]).
Moreover, for all bounded functions xg and x; on [0,¢], we have
¢

|Tox1(t) — Toxa(t)| < J;) k(t — s)|g(m1(s)) - g(acg(s))|ds

< LL k(t — s)|x1(s) — za(s)|ds

< LJ k(s)ds||zy — 2],
0

1
< gller =2l
Thus, if f is a bounded function on [0, ], the operator Ty defined on L*([0,e]) by
Tox(t) := f(t) — Tox(t)

is a contraction of L*([0,e]) and therefore admits a unique fixed point z € L*([0,¢]), which is
also a solution of (Ej r4) on [0,]. This ensures that I + Tp is invertible, where I stands here for
the identity operator on L*([0,¢]), and therefore that x = (I + Tg) ™' f.
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We now prove that (I+J,) ™! is 2-Lipschitz continuous, which implies with 7 = ¢. We consider
f1, f2 two bounded functions on [0,¢] and we write 1 = (I + To) "' f1 and zo = (I + To) " f2. We
then have

11 = fally, = 1T + To)x1 — (I + To)a2ll,,

> |21 — 22/l — [|Tox1 — Tow2|[ -
We then obtain
21 — x|, < If1 = falloo + 1Toz1 — Tozall,
<1 = Fol + gller —
and thus

lz1 — 22|l < 2[f1 — fall,

which concludes the proof of the first step.

Step 2. We now assume the result holds on [0,7] and want to extend it on [0,T + £]. To this
end, we introduce the operator T acting on L ([T, T + ¢]) functions as follows

Ta(t) = Li k(t—s)g(z(s))ds, T<t<T+e.

Proceeding as previously, this operator in %—Lipschitz and (I + 7)™ is invertible, where I stands
here for the identity operator on L®([T,T + €]). Moreover, we can also prove that (I + T)~! is
2-Lipschitz continuous on L* ([T, T + ¢]).

Now, let f be a bounded function on [0,7 + €]. By assumption, we know that (Ej f4) admits a
solution @ on [0,7]. Consider f € L®([T,T + ¢]) defined by

- T
7t = ) _L K(t— s)g(ar(s))ds, T<t<T+e.

Setting & = (I +T)"1f, we have for all T <t <T +¢

Z(t) + f k(t —s)g(z(s)) ds = f(t) — J k(t — s)g(zr(s)) ds.

T 0

Since 7 is a solution of (Ej y,4) on [0,T], we have that f(T) — Sg k(T — s)g(xr(s))ds = zp(T).
We can then define without ambiguity

xrT (t) if ¢ < T,
a(t) =
) ift=T

which is a continuous function and is, by construction, a solution of (Ej. f4) on [0,T + €].

It remains to prove . Consider fi, fo two bounded functions on [0,T + ¢] and let 21 and x5 be
the solutions of (Ey f, 4) and (Ej, f,,4) respectively. Therefore, restricting the solutions on [0, 7],
we know from the initial assumption that there exists a positive constant Cr such that

sup |21 (t) — zo(t)| < Crsup | fi(t) = f2(t)].
t<T t<T
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Now, we define f; and f, for ¢ € [T,T + €] by

T

Aty = ft) - L k(t —s)g(z1(s)) ds,
T

Falt) = £at) = | bt = 9)g(aals) ds

0
so that

(21(t))r<terse = L+ T) 7L,
(z2(t)r<terre = L+ T) 7 o

We then conclude using that (I + T)~! is 2-Lipschitz and that

70~ B0l < 10— 2]+ | [ 6= s)gfer(s)as - [ e shalan(s))as

0

0

<1A(t) - L) + ' f Rt — s)g(a1(s)) ds — f Kt — s)g(za(s))ds
T

< |Ifi = follp + Ll — 22|

Jo k(t — s)ds
<|fi— f2|oo(1 + LLT k(t — 5)d5>~

D Properties of the market resistance r"

D.1 Proof of Lemma [3.2]
We first state the following lemma which follows directly from Theorem

Lemma D.1. Suppose that U is Lipschitz continuous with linear growth. For each T > 0, there
exists an operator Rr : C([0,T]) — C([0,T]) such that for each f : [0,T] — R, the function
r(s) = (Rrf)(s) is the unique solution of

r(t) = u(f(t) - fG(t - s)r(s)ds). (53)

0

Moreover, Ry is Lipschitz continuous on C([0,t]) and its Lipschitz constant depends only on G,
T and on the Lipschitz constant of U.

Proof. First note that if r is a solution of , then z(t) = f(t) So (t — s)r(s)ds is solution
of (Ex ). Therefore Theorem ensures that the solution of is unique. Moreover, if z is
a solution of (Ej, r1), then r(t) = U(z(¢)) is clearly a solution of (53). This ensures that we can
define an operator Ry : €([0,77) — C([0,T1]) as prescribed in Lemma|D.1} The Lipschitz property
of R follows directly from . O

To use this result, note that since u € £2, the function u_(w) is in L? for almost all w € Q. Fix now
w € § such that it is the case. Then we know that f(w) = Gu(w) is a continuous function and
thus using Lemma we can define r*(w) = Ry f(w) which is solution of

ri(w) = U<G(u(w) - r“(w))t).
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Since this is done for almost all w, this allows us to build a stochastic process r*. Note that by
construction, this process is almost surely continuous. Moreover, it is also adapted, seeing that for
each t € [0,T], we have

(r(@)) pesey = Ref(w) = RyGu(w)
and R:Gu(w) is Fr-measurable because (ug)s<: is Fr-measurable and G is non-anticipative. Thus

r* is adapted and continuous, and therefore it is progressively measurable.

It remains to prove that this process belongs to £2. First, note that R70 = 0 because U(0) = 0.
Then, the Lipschitz property of Ry ensures that

sup |r{'| < Cfgg |Gyl

t<T
for some constant C' depending only on the Lipschitz constant of U, T" and on G. Using Young’s
convolution inequality, we obtain

sup |Gue| < |G U .

t<T| ¢ < HL2([0,T])|| ||L2([0,T])
and therefore

w2 2 2
E[ 132 ] < C*TUGI o1y Bl ]

which is finite because G € L%([0,T]) and E[||u||2LQ] <o asuelL?

D.2 Proof of Lemma [3.4]

The proof of Lemma [3.4] is based on the implicit function theorem recalled in Theorem [B-8 We
apply this to study the Fréchet differentiability of w — r*. For each u € £2, recall Lemma
yields the existence and uniqueness of r* € £? such that

rfo(Ggu—r )

defining unambiguously the operator R such that »* = R(u). Let us introduce the operator
T: L2 x L2 — L2 by
T(u,r) :=r—UGu~—r)), urel?
so that we always have
T(u,R(u)) =0, wel? (54)

We want to apply the implicit function theorem to the operator T to get the Fréchet differentia-
bility of R. First we need to check that T is Fréchet differentiable, which is the case, since U is
differentiable, by composition of Fréchet differentiable functions. Moreover, explicit computations
show that

DT(u,r)(s,v) = v —W(G(u—7))G(s —v), svel?

Finally, when  is fixed in £2, then

v+ DT (u, R(w))(0,v) = v+ W (G(u — R(u)))Gv

which is a Banach space isomorphism from £2 onto £2. Concretely, we check that for each process
w € £2, there exists a process y € £2 such that

y+ UW(Gu—1")Gy = w. (55)
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The existence and uniqueness of a stochastic process v satisfying is guaranteed by the following
lemma.

Lemma D.2. For each T > 0, there exists a continuous operator Y1 : C([0,T]) x L*([0,T]) —
L%([0,T]) such that for each continuous function f on [0,T] and each g in L*([0,T1]), y(t) =
Yr(f,9)(t) is solution of

y(t) + f(H)Gy(t) = g(t). (56)

Moreover, the solution y of is unique and there exists a deterministic function ¢ : [0,00) —
[0,00) such that we have

19l 220,27y < LU L)l 22 p0,77)- (57)

Note that P-almost all w, the function f(¢) = W (G(u—r")(w,t)) is continuous on [0, T], bounded
by |[U|z«, and g = w(w,.) is well in L?([0,T]). Therefore, the stochastic process v defined on
(0,77 by

v(w,t) = Yr (u' (G(u(w, ) — R(u)(w, .))) ,w(w, .)) (t)

is the unique solution of for the specified function f and g. Furthermore, for each t, v(-,t)
is measurable as the composition of measurable mappings. Using the same arguments as in Sec-
tion we see that the stochastic process v(w,-) is adapted. In fact, for each 0 < ¢t < T, we
have

)
0<s<t

(v(w, s>)oss<t =Y, <(U’(Gu(w, s) — GR(u)(w, s))) (w(w, S))ogsgt>

by uniqueness of the solution of . The right-hand side of this identity is F;-measurable because
Gu, GR(u) and w are adapted, and because Y is a continuous application. This means that the
left hand side is also F;-measurable, and in particular v(w,t) is Fr-measurable, implicating that v

is adapted, Moreover, since it is continuous almost surely by construction, it is also progressively
measurable. Using , we know that

V]l 2 < D(([W]| )]l 2
almost surely, and since U’ is deterministic and bounded we get
||/U||,C2 < w(Hu/HLoo)HwHL}Q

which ensures that v € £2. Finally, the implicit function theorem from Theorem applies, which
shows that R is Fréchet differentiable. It remains to explicitly compute DR to conclude the proof
of Lemma Differentiating , we see that DR must satisfy

DT (u, R(u)) (v, DR(v)) =0,

and therefore

DR(u)(v) =W (G (u— R(u)))G(v — DR(u)(v)).

Finally, we have
DR(u) = (I U (G(u - R(u)))G) T (G(u - R(u)))G
—1- <I+ w(G(u- R(u)))G)_l.
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D.3 Poof of Lemma [D.2l

The proof of Lemma is split into two parts. In the first part, we fix a continuous function f
on [0, 7] and prove that admits a solution y for each continuous function g on [0, 7] and that
the mapping g — y is Lispchitz continuous with a Lipschitz constant that only depends on || f]| -
In the second part of the proof, we show this can be used to conclude that the mapping Y is
continuous.

Step 1. Suppose that f is a continuous function on [0,7]. We introduce € > 0 small enough so
that

€ 1
I, [ G)as <5,
0

Similarly to the proof of T heorem we can prove that the equation can be solved uniquely
on [0,¢]. Moreover, the mapping V7 defined such that for each continuous function g, y = Vg
is the unique solution of is 2-Lipschitz continuous on L2([0,¢]). Following again the proof of
Theorem we see that we can then extend this solution to a solution on [0,7"]. Furthermore,
if we define V{ as VI on L2([0,]) instead of L2([0,¢]), we see that V{ is L,-Lipschitz continuous
on L%([0,t]) for some L; > 0. Repeating the computations of the proof of Theorem we can
check that for each 0 <t < T — e, we have

T
Lis. < 2(1 + ||f||OOJ G(s)dsLt>.
0

By induction, we deduce that

Ly <2 i bk
k=0

where b = 2|/ f|, Sép G(s)ds and n = |T/e|. Therefore, we deduce that there exists an increasing
function 1 such that V; is (|| f||,,)-Lipschitz continuous. In particular, we obtain that for each
continuous function g, we have

[vis

L2([0.7]) < YU oo o, 191l L2 g0, 77)

because Vé(O) = 0, which proves (57).

Step 2. Using the results of the first step, we see that we can always take

Yr(f,g9) = Vig.

It remains to prove that this application is continuous. To do this, we prove that for M > 0,
Y is Lipschitz-continuous on Befo,77)(0, M) x Bre(jo,77)(0, M) where Bg(z,€) denotes the ball
in £ centered in z with radius e. From the first step, we know that if f € Be(o,r7)(0, M), the
application g — Yr(f,g) is ¥(M)-Lipschitz continuous. Now let f; and fo be two continuous
functions bounded by M and let g € L?([0,T]) with 9/l r2(o.) < M. We write y; = Yr(fi, g).
By definition, we have for all 0 <t < T

y2(t) + f2(t)Gyz(t) = g(t)
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which is equivalent to

Y2 () + [1(1)Gy2(t) = g(t) = (f2(t) = (1)) Gya (D).

Therefore, we have
Y2 = Y7(f1,9 — (f2 — f1)Gya).

This implies in particular that

ly2 = vill 2o,y < 1Y 7(f1,9 = (f2 = f1)Gy2) = Yo (f1, 9l 20,1
< M)[[(f2 = F1)GY2)l 2o,y
< UM f2 = fill Lo o, G L2 o, 21l L2 10,7

Therefore, we have that

1Y7(f2,9) = Yo (fr, 9l 2o,y < Cllf2 = fill Lo o,y

with C' = My(M)||Gl| 2 ([0, 7)) and thus f — Y1(f,g) is also Lipschitz continuous on Befo,ry) (0, M).
Since both coordinates are Lipschitz on bounded sets, we deduce that Y is jointly continuous on
€([0,T]) x L*([0,T1]), which completes the proof.

E Proof of Theorem (3.3
First, using the linearity of U, Equation rewrites
r +aGr" = aGu

and therefore
r* = R(u) = a(I + aG) ' Gu.

Note that the invertibility of I + aG is guaranteed by the existence and uniqueness of r* from
Lemma [3.2] or alternatively by a direct application of Theorem Now, algebraic computations
ensure that

I-R=1-a(I+aG)"'G=(I+aG)™",

so that the gain functional rewrites
_ Y
() = Cu,0) — Ll — Gu, (H + G) o (I +aG) ™y — 2| Xull® — ZB[(Xu)}] + XoB[Sr].

Coercivity of the gain functional readily follows from the positive semi-definiteness of the operator
(H+ G) o (I 4+ aG)™!, which is guaranteed hereafter by Lemma Moreover, to prove the
~y—strong convexity of —J, we prove equivalently the convexity of the functional

Jw) = =3(u) = S ul®, we L

see Bauschke and Combettes [8, Proposition 10.8]. By straightforward calculus, J is Gateaux
differentiable at any u € £2, with Gateaux gradient

Vi(u) = o —qu— ((H+G)o(I+aG)™" + (H* + G*) o (I+aG*) ™ )u— (Hy, + Hf u.
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Therefore

~

Viu) = —a+ (H+ G)o(I+aG)™ + (H* + G*) o I+ aG*) u+ (Hg, + Hj Ju, ue L’

By Bauschke and Combettes [8, Proposition 17.10], it is sufficient to show the monotonicity of \Z
to prove the convexity of 7, i.e.,

(u—v,VIu) — Vi) =0, u,vel (58)

By linearity, property is equivalent to the positive semi-definiteness of the operators Hy ,
and (H + G) o (I + aG)~! which are proven in Abi Jaber et al. [4, Lemma 4.3] and Lemma
respectively. Consequently, Abi Jaber et al. [4, Theorem 4.1 (ii)] yields the existence and uniqueness
of the optimal trading strategy 4 satisfying and the first-order condition VJ(@) = 0 stated
in . Finally, to complete the argument, we prove the following lemma.

Lemma E.1. The operator (H+ G) o (I — R) is positive semi-definite, i.e.,
(uy H+ G)o(I-R)u) =0, wuel?
Proof. Fix u e £2. SinceI - R = (I + aG)~!, we denote v = (I + aG)~'u and we prove that
(T4 aG)v, H+G)v) =0
Expanding the inner product gives
I+ aG)v, H+ G)v)y = v, Hv) + (v, Gv) + a||GvHi2([07T]) + a{Gv, Hv).

By the positive semi-definite property of H and G, the first three terms are nonnegative. It
remains then to show that
(Hv,Gvy = {(Vv,v) =0 (59)

where
V:=G*oH.

We first prove holds for when G is an exponential kernel, and extend the result to all admissible
kernels as specified in Assumption [A]

Exponential kernel case. Let A > 0 and assume that G = G, given by

Applying Fubini, we obtain for any u e L?([0,T])

" k. Tk Tk
Vu(t) = (G* o Hu)( J “L(r)dr + J “L e M=y (r)dr — J “L e ATy (r)dr
0o A ¢ A o A
- %( ut) + GFu(t) — e T D1(T))

where 1 is the operator given by 1u(t) = Sé u(s)ds for every u € L?([0,T]) and 0 < t < T. We
then have

(Vo,0) — <<1v W)+ (GF, v — e AT L " ut)de f " )dt)

0
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- %’O ((11}7 v) + {(Gv,v) — e T JT u(t)de JT e’\tu(t)dt> .

We define

y(t) == Go(t) = L e M =Dy(s)ds and  z(t) := 1o(t) = J v(s)ds,

so that 3’ + Ay = v and 2’ = v. We then write

Koo
Voov)y=—
< ’ A < 0 0

T T
f z(t)v(t)dt + f y(t)v(t)dt — z(T)y(T)).

Furthermore, we have

JT 2(t)v(t)dt = JT 2(t)2' (t)dt = 1z(T)z,

0 0 2

L y(t)v(t)dt=f0 OMONEDY RORTE %y(T)QJr)\ e

Combining these identities, we get

(Vo= "2 (;zm? + %y(T)Q + )\L

- = ((Z(T) —ym)” + 2 |

y(t)zdt> >0
0

which proves when G = G).

Proof in the general case. First recall that since G is a completely monotone kernel in L2,
there exists a o-finite measure p such that

0
G(t):J e Mu(d)), 30,
0

see Theorem When p is finite, we can apply Fubini’s theorem which ensures that

o - | t (

where G, is the operator whose kernel is given by . Applying Fubini’s theorem again gives

0 0
f e_’\su(d)\)>v(t ~ s)ds — f (Gav)(8) p(dN),
0 0
o0
(Hv,Gv) = j (Hv, Gyvy p(dX).
0
We've already proved that (Hv, Gyv) = 0 for all A > 0 and therefore holds.

When g is infinite, we first consider (A4, ), an increasing sequence of subsets on [0, 00) such that
Ay, — [0,00) and p(A,) < 0. We then set p, = ula, and

GM(t) = Jm e pun (dN).

0

39



This kernel is an approximation of G. In fact, we have

0<GM(t) <Gt and lim G™(t) = G(t)

n—0o0
for all t > 0. Since G is in L2, the dominated convergence theorem applies and we have
T 2
J (G™(s) — G(s))"ds — 0. (61)
0

Moreover, G(™) is a completely monotone kernel and in L? because it is bounded by G. Thus, as
we have already proved, we know that (Hv, G™v) = 0 where G™ is the convolution operator
associated with G(™. To conclude, it remains to show that G(™v — Gw in L?([0,T]). In fact, we
have

e = [ e - coora

=JOT

<TmWL(dM@—G@f@

Lt v(t —s) (G(")(s) —G(s))ds 2dt

which converges to 0 by .

F Proof of Theorem [3.6

F.1 Outline of the proof

Since £? is a Hilbert space, an application of Struwe [36, Theorem 1.2, Chapter 1] ensures the
existence of a maximizer of J provided —J is coercive and weakly lower semi-continuous. Therefore,
we can conclude using the following two lemmas.

Lemma F.1. Suppose that Q is countable or finite and that Assumptions[B| [4] and[( hold. Then
d is weakly continuous in L2

Lemma F.2. Suppose that ko + v > 0 and that Assumptions [B, [4] and [ hold. Then —J is
coercive in L?.

The proof of these two lemmas is deferred to Sections [F.4] and They rely on the properties of
the operator B defined on £? by

Bu(t) = UW(Gu(t)), t=0.

The properties of this operator are studied in Section [F-2]

F.2 Properties of the operator B

Lemma F.3. We have I — R = (I + B)~'. Moreover, there exists ¢ > 0 such that

cHull < J@+B)7| < cfull. (62)
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Proof. Note that for all u e £2, w = (I — R)u satisfies
w(t) = u(t) — r'(t) = u(t) — U(Gw(t))

and thus u = (I + B)w. Moreover, adapting the results of Appendix we see that for each u, the
equation

w(t) + U(Guw(t)) = u(t)

admits a unique solution in £2. This ensures that I+ B is invertible and thus I—-R = (I + B)~L.

To prove , we use the fact that both I+ B and (I + B)~! are Lipschitz, which follows readily
from the fact that B is Lipschitz continuous because both U and G are Lipschitz continuous and
from the fact that R is Lipschitz continuous. O

Note that the operator B satisfies the assumptions of Lemma it is defined through a deter-
ministic relation and thus can naturally extend to a non-anticipative operator B in L2. The same

holds for R and we also have
I-R=(I+B)""

The properties of B are studied below.
Lemma F.4. The operator B is weakly continuous in L.

Proof. Let x,, — x. Since G is a convolution operator, it is also compact and therefore, we know
that Giz,, — G1x. Then since U is Lipschitz continuous, we deduce that Bz,, — Bx which implies
that Bx,, — Bz. O

Lemma F.5. The operator (I + ]§)’1 is weakly continuous in L?.

Proof. We consider y,, — y and we define
tn=1+B) 'y, and z=I+B)y

so that
Yn =Zp + Bz, and y=z+ Bx.

We want to prove that x,, — x. The proof is done in two steps: first we show that the sequence
(5,) lies in a weak compact set, and then show that if x,,, — 2z’ for some nj, then we must have
7 =z

Step 1: (z,) lies in a weak compact set. We start by showing that (), is bounded in L?2.
As a start, we define
Tn =Yn —Tn =yn — (I+ B)ilyn = R(yn).
We know from Lemma that R is Lipschitz continuous, and therefore there exists C' > 0 such
that
Il < Cllynll-

Therefore, we have
[Znll = lyn = rall < (€ + Dllynll-
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But (y,)» is a bounded sequence in L? because it is weakly convergent and therefore (z,,), is
bounded. This implies in turn that (z,), lies in a weak compact set because every bounded and
closed set in a Hilbert space is weakly relatively compact.

Step 2: Identification of the weak accumulation point of (z,),. Consider a weakly con-
vergent subsequence of (x,,), that we still write (z,) for conciseness. We denote by 2’ its limit and
we prove that 2’ = z. By weak continuity of B, we know that

Bz, — Ba/
and thus
Yn = Tn + Bz, — 2’ + Ba'.
By uniqueness of the limit, we have y = 2/ + B2/ which implies that 2/ = I+ E)_ly = 1. O

F.3 Proof of Lemma [F.1]
From , we know that

~9(u) = =Cu, @) + Ll + Cu, (H+ G) o (1 - Rju) + §||Xu||2 + SE[(Xu)F] - XoE[Sr].

Following Abi Jaber et al. [4, Lemma 6.2], we know that u — —{u,a) + %Hqu and u — ¢||Xu||* +
oE[(Xu)2] are weakly lower semi-continuous. It remains to study u — (u,(H + G) o (I — R)u).
Lemma ensures that (H+ G)o (I—-R) = (H+ G)o (I + B)~!. This is done in two steps:

e Step 1. We first study (ﬁ+é)o(l+]§)_1 in L? and we show that u — (u, (ﬁ+é)0(1—f{)u>
is weakly semi-continuous in L2.

e Step 2. We then show that weak lower semi-continuity extends to £2 using crucially that
Q is finite or countable.

Proof of Step 1. Recall first that although the operators Pvl, G and B are defined on £2, they can
be seen as operator in L? because all these operators are defined through deterministic relations.
We are now ready to prove that u — ((H+G)o(I+B) ™ u, u) is weakly continuous in L2. Consider
U, — u. We want to prove that

(A +G)o(T+B)  un, upy > (H+G) o (T+B) " u,u).

We have
KH+G)o (I+B)  up,un) —(H+G)o(I+B) tu,u)| <T+II
where
I=(H+G) oT+B)  u,— (H+G)o(I+B) 'u,un)
II=[((H+G)o(T+B) u,u, —ul



Seeing that H+Gisa compact operator because it is a convolution operator, we deduce that
H+G)o(I+B) u, > (H+G)o(I+B)

In addition, (uy), is bounded because it is weakly convergent, and thus

~ ~

I< H(H 4 &) o+ B) u,— (H+G) o+ E)fluununn )

Proof of Step 2. We now prove that the weak lower semi-continuity extends to £2. Consider
(un)n a sequence of £2 processes converging weakly to u. Following the proof of Abi Jaber et al.
[4, Lemma 6.2], we see that the for P-almost all w, we have

Up(w, ) — u(w, ) in L2
Therefore, applying the results of Step 1, we have, for P-almost all w
(H+G)o(I+B) un(w, ), unw, )rzqory — (H+G) o I+ B) u(w, ), u(w, )z o)

as n — o0. Using Fatou’s Lemma, we get

~ ~ ~ ~

lim inf E[{(H+G)o(T+B) ™ u, (w, ), un (@, )2 o] = ELHAG)o(I+B)  u(w, ), u(w, )2 o]

n—0o0

Using the definition of the scalar product in £2, we deduce that

lim 1nf<(H + G) o (I + B)flun, Un>L2([O,T]) = <(H + G) o (I + B)flu, ’UJ>L2([07T]),

n—0oo0

which exactly entails the weak lower semi-continuity of u — (u,(H + G) o (I — R)u).

F.4 Proof of Lemma [F.2l
From , we know that

—J(u) = —(u,a) + %HUHQ +<{u, H+G)o(I+B)'u) + gHXuH2 + g]E[(Xu)QT] + XoE[ST]
> ~Cu,0) + o [[ul]® + Cu. (H+ G) o (I+ B)"u) + XoE[S7].
To prove the coercivity of —g, we first show the following bound.
Lemma F.6. For each ¢ > 0, there exists b > 0 such that

(u,(H+G)o(I+B)uy>b+ (%@ - e) ][>

Proof of Lemma[F.8 We fix u € £? and define v = (I + B)~'u so that
(uy,(H+ G)o (I+B) 'u) =+ Bu,(H+ G)v) ={(H+ G)v,v) +{(H+ G)v, Bv).

We then define U(z) = U(z) — 6z where ¢ is defined in Assumption [C} Then U is a Lipschitz
continuous function and




when z — co. This implies in particular that for all € > 0, there exists ¢ > 0 such that |U(z)| <
¢ + €|z| for all x € R. We now define the operator

Bw = U(Gw)
so that B = B + §G. We then write
(u,(H+ G)o (I+B)'w) = (H+ G)v,v) + 6((H + G)v, Gv) + ((H + G)v, Bv)
= (Hv,v) + (Gv,v) + 6(Hv, Gv) + §||Gv||* + ((H + G)v, Bv).
Using the specification of H in Assumption [B] we have that
(Hv,v) = =Jo]*
Using and the fact that G is semi-definite positive, we deduce that
(u,(H+ G)o (L+B)"w) > == v]* + (H + G)v, Bo).

For the last term, we have

~ T ~
((H + G, Bo)| < ]E[ L I(H + G)v(t)Bv(t)|dt]

< c]EUOT I(H + G)v(t)dt] T eEUOT I(H + G)v(t)év(t)|dt]
T

< cEUT(H + G>|v|(t)dt] + eEU

(H + G)[o|()Gv](t) dt
0 0

From the continuity properties of H and G, we deduce that there exists ¢, ca > 0 such that
K(H + G)v, Bv)| < calv]| + eaev]?

and therefore

R
(u, (H+G) o (T+B) ™y > (52 = coe) Jo]* — ea o]

We conclude using . O

It remains to show how Lemma implies Lemma Using that u and « are both in £2, then
for each € > 0, there exists b > 0 such that

—I(u) = b+ (%ﬂ —e)||u||2.

We can conclude whenever ko + v > 0 by taking 0 < € < Ko + 7.
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