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Abstract

We study an optimal execution strategy for purchasing a large block of shares over a fixed time
horizon. The execution problem is subject to a general price impact that gradually dissipates due to
market resilience. This resilience is modeled through a potentially arbitrary limit-order book shape.
To account for liquidity dynamics, we introduce a stochastic volume effect governing the recovery of
the deviation process, which represents the difference between the impacted and unaffected price.
Additionally, we incorporate stochastic liquidity variations through a regime-switching Markov
chain to capture abrupt shifts in market conditions. We study this singular control problem,
where the trader optimally determines the timing and rate of purchases to minimize execution
costs. The associated value function to this optimization problem is shown to satisfy a system
of variational Hamilton–Jacobi–Bellman inequalities. Moreover, we establish that it is the unique
viscosity solution to this HJB system and study the analytical properties of the free boundary
separating the execution and continuation regions. To illustrate our results, we present numerical
examples under different limit-order book configurations, highlighting the interplay between price
impact, resilience dynamics, and stochastic liquidity regimes in shaping the optimal execution
strategy.

Keywords: Optimal Execution, Singular Control, Viscosity Solutions, Free Boundary Problem,
Regime Switching.

Mathematical subject classifications: 93E20, 49L25, 91B70.

1 Introduction
The problem of optimal execution in financial markets has been extensively studied over the past
decades, with early research focusing on deterministic and linear price impact models. Classical
approaches assumed that market participants could execute large trades with predictable and
stable costs, often modeling price impact as a linear function of trading volume as in Bertsimas
and Lo [9] and Almgren [4]. These models provided foundational insights into the trade-off between
execution cost and market risk, establishing a framework in which traders optimize their execution
trajectories over a fixed time horizon. However, empirical studies such as Bouchaud, Farmer, and
Lillo [11] and Zhou [44], have shown that the assumption of a simple linear price impact does not
accurately reflect real-world market dynamics. Market impact is often nonlinear, transient, and
influenced by complex interactions within the limit order book (LOB).

As a result, recent research has moved beyond simplistic assumptions, incorporating more
advanced models that better capture this non-linearity. Obizhaeva and Wang [34] introduced a
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1

https://arxiv.org/abs/2506.11813v1


framework where market impact depends explicitly on the LOB shape, showing that execution
strategies should adapt to liquidity fluctuations. Alfonsi, Fruth, and Schied [3] extended this idea
by considering a continuous LOB model where price impact depends on both the execution rate and
liquidity replenishment. These advancements laid the foundation for further research on execution
strategies, notably Alfonsi and Blanc [2], Ekren and Muhle-Karbe [24], and Cayé, Herdegen, and
Muhle-Karbe [15]. A significant contribution in this direction was made by Predoiu, Shaikhet, and
Shreve [37], who analyzed optimal execution in a one-sided limit order book with nonlinear price
impact and resilience. Their model, which accommodates an arbitrary order book shape, derives
the optimal strategy as a sequence of lump-sum trades interspersed with continuous trading at a
rate matching order book resiliency. These results formalized the interaction between execution
strategies and market recovery, providing a framework for modeling price impact in order-driven
markets. However, the assumption of deterministic resilience limits its applicability, as stochastic
fluctuations in liquidity have been well documented; see for instance in Taranto et al. [43].

Building on this, Becherer, Bilarev, and Frentrup [8] studied a two-dimensional singular con-
trol problem of finite fuel type over an infinite time horizon, motivated by the optimal liquidation
of an asset position in a financial market with multiplicative and transient price impact. This
framework incorporates stochastic liquidity, where the volume effect process is driven by its own
random noise, and they derive an explicit closed-form solution under the assumption of multi-
plicative price impact. Fruth, Schoneborn, and Urusov [27] introduced a stochastic order book
depth, addressing the limitations of models that assume constant or deterministically varying liq-
uidity. They establish the existence and uniqueness of optimal execution strategies when order
book depth follows a general diffusion process. Unlike prior work assuming deterministic liquidity
variations, this framework captures stochastic liquidity fluctuations. More recently, Ackermann,
Kruse, and Urusov [1] explored optimal execution in a market where order book depth and re-
silience evolve stochastically. The authors formulated a discrete-time trading model and derive
a recursive equation for the minimal expected execution cost. The authors analyzed conditions
under which traders should execute immediately or gradually. Horst and Xia [29] studied the
optimal liquidation of multi-asset portfolios in markets where resilience is stochastic. The authors
developed a framework that accounts for both immediate and persistent price impacts, formulating
the problem using backward stochastic Riccati differential equations (BSRDEs) to characterize the
value function. To handle the singular terminal conditions in these equations, they introduced an
approximation method via penalization, solving a sequence of unconstrained problems that en-
force full liquidation. Their results provide explicit optimal trading strategies. Finally, Fouque,
Jaimungal, and Saporito [26] examined optimal trading in markets where price impact is stochastic
and often exhibits fast mean reversion. Using singular perturbation methods, the authors devel-
oped approximations to the resulting optimal control problem and established their accuracy by
constructing sub- and super-solutions. The analysis highlights how stochastic trading frictions
influence execution strategies. Muhle-Karbe, Wang, and Webster [33] demonstrate that in concave
price impact models a tractable linear approximation emerges in the high-frequency limit. The
authors show that a stochastic liquidity parameter effectively captures the model’s nonlinearity,
yielding a diffusion limit that preserves key features and performs well on limit order book data.

In this work, we introduce a stochastic volume effect governed by a jump diffusion process,
allowing the model to capture both continuous liquidity variation and sudden market shocks. The
price impact function is allowed to be discontinuous, accommodating abrupt changes in market
conditions. Instead of specifying a particular model for the fundamental price, we require only a
martingale property, making the framework applicable under general market dynamics. Liquidity
regimes are incorporated through a finite-state Markov chain, reflecting structural shifts in market
depth. We formulate the resulting optimization as a singular stochastic control problem. Unlike
most singular stochastic control problems, which are typically posed in infinite horizon settings
(see, e.g., Shreve and Soner [42], Bank and El Karoui [6]), our problem is inherently finite-horizon
due to the nature of execution tasks. In the execution literature, problems are often formulated
either in discrete time or as impulse controls over a finite horizon, highlighting the distinctive
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structure of our continuous-time formulation. Moreover, our model avoids explicit cost functions
often used in classical formulations, as our setting focuses on liquidity-induced frictions rather
than inventory or running penalties. To the best of our knowledge, the closest related work is that
of Predoiu, Shaikhet, and Shreve [37], which addresses a similar execution setting but in a static
framework, whereas our approach is fully dynamic.

We incorporate different market regimes to model liquidity variations more realistically. Empir-
ical evidence, such as Chevalier, Hafsi, and Ly Vath [17], shows that market liquidity distribution
varies significantly throughout the trading day. Studies like Bayraktar and Ludkovski [7], Colaneri
et al. [19], Chung Siu et al. [18], Dammann and Ferrari [22], Cartea and Sánchez-Betancourt [14]
and Chevalier, Hafsi, and Ly Vath [16] have addressed this gap by modeling liquidity as a stochas-
tic process. To capture this, we model liquidity regimes as a finite state Markov chain. In our
framework, liquidity regime variations affect only the shape of the limit order book, while the
underlying volume effect dynamics remain unchanged. This ensures that price evolution is not ex-
ogenously driven by regime shifts but instead results from structural changes in supply and demand
at different liquidity levels. By allowing the LOB’s form to vary across regimes, we account for
regime-dependent price impact, where trades in low-liquidity states induce greater price responses
than in high-liquidity conditions. This approach captures transient liquidity shocks, aligns with
empirical evidence, and provides a more precise characterization of execution risk.

Finally, we address an optimal execution problem formulated as a singular control problem.
Our approach is guided by techniques from Ma et al. [31], Liu [30], and Shao and Tian [41], which
connect regime-switching models with the first component of the Hamilton-Jacobi-Bellman Quasi-
Variational Inequalities (HJBQVI). These works reformulate the execution problem as a stochastic
control problem for a Markov jump linear system, deriving the value function and optimal feedback
strategy through coupled differential Riccati equations. We also formulate our study as a free
boundary problem in the spirit of Caffarelli [13], Pham [35] and Figalli and Serra [25], focusing
on obstacle-type formulations and regularity properties. Due to the multi-dimensionality of the
state space, classical verification techniques are not applicable, as the value function and optimal
control cannot be characterized in closed form. To address this, we adopt a viscosity solution
framework and characterize our value function as the unique solution to the HJB system. This
allows us to describe the structure of the continuation and intervention regions, and to show the
existence of a connected free boundary separating them. Due to the lack of sufficient regularity
properties inherent in our setting, we rely on approximation methods to construct the solution.
We illustrate our findings with numerical examples across various limit order book configurations.
The viscosity solution is approximated using an implicit-explicit finite difference scheme for the
PIDE, following Cont and Voltchkova [20]. The simulations show that higher market activity
reduces market impact. In particular, increased volatility and resilience in the volume effect lead
to greater liquidity and lower exercise boundaries, while the opposite holds in less active markets.
We also examine how different limit order book shapes influence the free boundary.

The article is organized as follows. Section 2 introduces the model describing the price and
liquidity dynamics of a single asset, with a LOB featuring stochastic resilience and accounting
for the stochastic market liquidity. This section also formulates the singular control problem
associated with the execution strategy. Section 3 examines the analytical properties of the value
function and establishes its continuity over the domain. In Section 4, we demonstrate that the
value function uniquely solves the system of variational inequalities as a viscosity solution and
prove the connectedness of the free boundary. We present the numerical scheme to approximate
the viscosity solution in Section 5. Finally, Section 6 presents numerical illustrations, analyzing
the influence of state variables and price impact on the value function and the free boundary.

Notation 1.1. For x ∈ Rk, where k is determined by the context, ∥x∥ denotes its Euclidean
norm, and Br(x) represents the open ball centered at x with radius r > 0. The scalar product is
denoted by ⟨·, ·⟩, and for a vector x ∈ Rk, its transpose is denoted by xT . For a set A ⊂ Rk, ∂A
denotes its boundary, while int(A) or equivalently Å denote its interior. The symbol ⊗ represents
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the Kronecker product of two matrices. For a function φ : R+ × Rd × Rk → R, the gradient and
Hessian matrix are denoted by Dφ and D2φ, respectively, whenever they are well-defined.

2 Optimal Execution Problem
Consider a complete filtered probability space (Ω,F,F = {Ft}t≥0,P), where {Ft}t≥0 is a right-
continuous filtration. We assume that the filtration {Ft}t≥0 supports a standard P-Brownian
motion W , a continuous Markov chain I, and a random Poisson measure M on R+ × R+ with
compensator λtν(dz)dt, where λ : [0, T ]→ [0,λ], and ν is a measure on R. Throughout this paper,
unless explicitly stated otherwise, any equality between random variables is understood to hold
P-almost surely when it is not explicitly stated.

2.1 Model Setup
We consider {It}t≥0 to be a continuous-time Markov chain with values in a finite state space
Im := {1, . . . ,m} ⊂ N and with càdlàg sample paths. We denote FI = {FIt }t≥0 the natural
filtration generated by I, augmented by the P-null sets. The process I represents the liquidity
state within the limit order book. Its infinitesimal generator Q(t) = (Qij(t))1≤i,j≤m captures the
intensities of transitioning between different liquidity states. The off-diagonal elements Qij(t) for
i ̸= j correspond to the continuous and bounded instantaneous rate of transition from state i to
state j. We assume that I is stable and conservative, i.e., for all (j, k) ∈ I2

m and t ≥ 0,

Qjj(t) = −
∑
k ̸=j

Qjk(t), and Qjj(t) < +∞. (1)

Volume Effect. Let i ∈ Im be a liquidity regime. We define A := (At)t≥0 as the reference price
of the assets, which we assume to be a continuous (P,F)-martingale. In our model, we assume
that, in the absence of trading, the number of available shares at time t in the price interval
[At, At + x[ is FIt(x). Here, Fi is a non-decreasing and left-continuous function associated to an
infinite measure µi : R+ → R+ in the following way:

Fi(x) := µi([0, x[), ∀x ∈ R+.

The shape of the shadow limit order book (LOB) dynamically evolves as the liquidity regime
changes. This allows the model to adapt to varying market conditions.

Remark 2.1. This model is general and accommodates various limit order book structures and
market impacts. Examples include block, modified block, and discrete order books (see Predoiu,
Shaikhet, and Shreve [37]). It also supports other types, such as power-law order books (see
Brokmann et al. [12] and Avellaneda and Stoikov [5]).

Let Y be an F-adapted nonnegative process representing the volume effect process, such that{
dYu = −h(Yu−)du+ σ(Yu−)dWu +

∫
R q(Yu− , z)(M(du,dz)− λuν(dz)du),

Yt− = y,
(2)

with t ≥ 0, u ∈ [t, T ], y ≥ 0, h : R+ → R, σ : R+ → R and q : R+ × R→ R. We denote

Y̌u− := Yu− + ∆MYu,

where ∆MYu represents the jump contribution of the measure M to Y at time u.

Assumptions 2.1. We assume that the processes I and M do not have mutual covariation.

Remark 2.2. Assumption 2.1 simplifies the analysis without minimal loss of generality, as any
dependence can typically be absorbed into the dynamics of M or handled via a change of measure.
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The ask price is no longer the reference price but is given by P := A+D. Here, D defines the
price deviation process, such that Du := ψIu(Yu) for all u ≥ 0. The function ψi is left-continuous
and verifies

ψi(y) := sup{a ≥ 0 : Fi(a) < y}, ∀y ≥ 0, (3)

with ψi(0) := 0. It follows from the monotonicity and the left-continuity of Fi that ψi is non-
decreasing on R+ and that Fi(ψi(y)) = y, for all y ∈ R+.

Price
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tit
y

Fi(x)

At At + x Price

Qu
an

tit
y

Yu FIu(x) Yu

Au Au + Du Au + x

Figure 1: Representation of the limit order book at times t− and u. The left panel illustrates the
initial state with Yt− = y = 0, while the right panel shows the LOB after transactions occurring
between t− and u. The shaded area Yu indicates the volume of consumed shares.

The volume consumption affecting the LOB also accounts for the influence of other market
participants, modeled through the Brownian motion W and the compensated martingaleM, with
M(du,dx) := M(du,dz) − λuν(dz)du. The jumps here capture the impact of block trades and
large orders placed by external market participants.

We list the following assumptions to support our study of the control problem later.

Assumptions 2.2. Assume that:

(A1) There exists b > 0, β > 0 and a > 0 such that

Fi(x) ≥ bxβ , ∀(x, i) ∈ [a,+∞[×Im.

(A2) The measure ν(dz) satisfies ∫
R
(1 + z2)ν(dz) < +∞.

(A3) There exists a constant C > 0 such that, for all y ≥ 0,

|h(y)|+ |σ(y)|+
∫
R
|q(y, z)|ν(dz) ≤ C(1 + |y|).

(A4) There exists a constant L > 0 such that, for all y, y′ ≥ 0,

|h(y)− h(y′)|+ |σ(y)− σ(y′)|+
∫
R
|q(y, z)− q(y′, z)|ν(dz) ≤ L|y − y′|.

Assumption (A1) prevents the placement of buy orders with finite size at infinitely high prices.
Moreover, it provides an upper bound for the resilience function ψi, which is crucial for establishing
the joint continuity of the value function introduced in the following sections. It also plays a key
role in proving the Comparison Principle (see Theorem 4.3) for the viscosity solutions of the value
function. Assumptions (A2), (A3), and (A4) guarantee the existence and uniqueness of a strong
solution to the SDE (2) via Proposition 2.1, as well as a comparison property for the volume effect
process through Lemma 1. These assumptions hold for the rest of this study.
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2.2 Problem Formulation
Our goal is to address an optimal purchase problem for a single asset over a finite time horizon T .
As this study is conducted in a continuous trading context rather than high-frequency trading, we
consider singular controls as admissible strategies, where jumps correspond to block trades.

A financial agent wants to buy X shares of an illiquid asset over the time interval [0, T ]. The
agent’s holdings X form an F-progressively measurable process.

Definition 2.1 (Admissible strategies). Define At(x) as the set of admissible controls for an
agent with a position x ∈ R+ at time t ∈ [0, T ]. An admissible purchase strategy consists of a non-
decreasing F-adapted right-continuous process X = (Xu)t≤u≤T such that Xt− = x and XT =X.
We denote by ∆Xu = Xu − Xu− the jump at time u. We also represent Xc as the continuous
component of X.

We define the controlled dynamics of the volume effect process Y t,y,X as{
dY t,y,Xu = dXu − h(Y t,y,Xu− )du+ σ(Y t,y,Xu− )dWu +

∫
R q(Y

t,y,X
u− , z)(M(du,dz)− λuν(dz)du),

Y t,y,Xt− = y,

(4)
with u ∈ [t, T ] and y ≥ 0. Using classical theory (see Protter [38]), we can directly conclude that
the given system of stochastic differential equations has a unique strong solution.

Proposition 2.1. For any Ft-measurable random variable ξ valued in R+ such that E(|ξ|p) < +∞,
for some p > 1, the SDE (4) admits, for all t ∈ [0, T ], a unique strong solution Y t,ξ,X , with
Y t,ξ,Xt = ξ. Moreover,

E
[

sup
0≤u≤T

|Y t,y,Xu |p
]
≤ CT

(
1 + E(|ξ|p)

)
,

where the constant CT ∈ R+ only depends on T , X and the Lipschitz coefficients of h, σ and q.

We state a comparison result for the sample paths of Y , which will be used in proving the
monotonicity of v and later in the proof of continuity.

Lemma 1 (Comparison property). Let t ∈ [0, T ], x ∈ [0,X] and X ∈ At(x). For any two controlled
solutions Y t,Y 1

0 ,X and Y t,Y 2
0 ,X of the SDE (4) satisfying Y 1

0 ≤ Y 2
0 , it holds that

P
(
Y t,Y

1
0 ,X

u ≤ Y t,Y
2

0 ,X
u , ∀u ∈ [t, T ]

)
= 1.

Proof. Refer to Theorem 2.3 in Dawson and Li [23].

Note that the volume effect process Y t,y,X incorporates the impact of the investor’s trading
X within its dynamics. Equation (4) specifies how the order book is affected by the transactions
of the trader. If a large transaction happens at time t with the investor buying x shares, then
Y t,y,Xt = Y̌ t,y,Xt + x. The ask price jumps from At− + ψIt− (Y t,y,Xt− ) to At + ψIt(Y̌

t,y,X
t + x) after

the transaction. Based on the limit order book structure described in Section 2.1, the purchase
cost for a large trade of size y, in excess of At, at time t is expressed, for every regime i ∈ Im, as

Φi(y) :=
∫ ψi(y)

0
ξdFi(ξ)

=
∫ y

0
ψi(ζ) dζ, ∀y ≥ 0.

(5)

In other words, the cost of placing a buy order of size y at time t at price Pt is given by

πit(y) =
∫ y

0

[
Pt + ψi(ζ)

]
dζ = Pty︸︷︷︸

Cost at the current price

+ Φi(y)︸ ︷︷ ︸
Impact cost

.
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We assume that the Markov chain I starts in state i at time t. Since X is nonnegative and bounded
by X, with Xt− = x, we express the cost of the purchase strategy X over [t, T ], under suitable
conditions on the price A, as described in Predoiu, Shaikhet, and Shreve [37]. In this case, the
cost is equal to∫ T

t
(Au + Ďu−)dXc

u +
∑

t≤u≤T
Au∆Xu + ΦIu(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− )

=
∫ T

t
ψIu− (Y̌ t,y,Xu− )dXc

u +At(X− x) +
∑

t≤u≤T
ΦIu(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− ),

where Ďu := ψIu(Y̌ t,y,Xu ) and u ∈ [t, T ]. Consequently, assuming the common condition that
the ask price A is a martingale, minimizing slippage is equivalent to minimizing the total cost
of purchases. This leads to the following optimization problem, where we aim to minimize the
expected cost in excess of At(X − x) over the set of admissible strategies, defined by the value
function v := (vi)i∈Im , such that

vi(t, x, y) := inf
X∈At(x)

E
[ ∫ T

t
ψIu

(Y̌ t,y,Xu− )dXc
u +

∑
t≤u≤T

ΦIu
(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− )

]
, (6)

with (t, x, y) ∈ S := [0, T [×[0,X[×R∗
+ and i ∈ Im. We denote S as the closure of S.

The boundary conditions are defined by the immediate purchase of the remaining shares as

vi(T, x, y) = Φi(y +X− x)− Φi(y),
vi(t,X, y) = 0.

(7)

Note that vi satisfies the following growth condition (see Proposition 3.1)

0 ≤ vi(t, x, y) ≤ Φi(y +X− x)− Φi(y). (8)

2.3 Examples
We begin by presenting examples that inspired our study. For clarity, these illustrations focus on
the single-regime case (m = 1), although we consider the general setting throughout the paper.

Let (t, x, y) ∈ S, and X ∈ At(x). Assume that the volume effect is deterministic, meaning
σ ≡ q ≡ 0. Further, suppose that process Y t,y,X has finite variation and satisfies Y t,y,Xt− = y.
Under these conditions, the setup corresponds to Model 1 in Alfonsi, Fruth, and Schied [3] within
a discrete-time framework and, more specifically, to the one detailed in Predoiu, Shaikhet, and
Shreve [37]. Applying Itô’s formula, we obtain

Φ(Y t,y,XT )− Φ(y) =
∫ T

t
ψ(Y t,y,Xu )

(
dXc

u − h(Y t,y,Xu )du
)

+
∑

t≤u≤T
Φ(Y t,y,Xu )− Φ(Y t,y,Xu− ).

Hence,

v(t, x, y) = inf
X∈At(x)

E
[
Φ(Y t,y,XT ) +

∫ T

t
g(h(Y t,y,Xu ))du

]
− Φ(y),

where
g(y) = yψ(h−1(y)).

If one further assumes that g is a convex function, Jensen’s inequality implies that∫ T

t
g(h(Y t,y,Xu ))du ≥ (T − t)g

( 1
T − t

∫ T

t
h(Y t,y,Xu ) du

)
.

7



Knowing that Y t,y,XT = y +X− x−
∫ T
t h(Y t,y,Xu ) du, we get

v(t, x, y) ≥ inf
X∈At(x)

E
[
Gt,x,y(Y t,y,XT )

]
− Φ(y),

where Gt,x,y(e) = Φ(e) + (T − t)g
(
X−x+y−e

T−t

)
. We define a type A strategy as a strategy that has

an initial jump at time t, satisfying dXu = dXc
u = h(Yu)du on ]t, T [, with the agent unwinding

the remaining position at time T . Assume that e∗
t,x,y minimizes Gt,x,y, and

e∗
t,x,y ∈

{
Y t,y,XT : X ∈ At(x) is of type A

}
.

Then,
v(t, x, y) = G(e∗

t,x,y)− Φ(y). (9)

Theorem 4.2 of Predoiu, Shaikhet, and Shreve [37] establishes that the type A strategy associated
to e∗

t,x,y is the unique solution to the optimization purchase problem when g is strictly convex.
Furthermore, the authors demonstrate that a solution to the optimal execution problem exists even
if the convexity of g no longer holds (see Theorem 4.5). Under this alternative situation, the trader
initially purchases a lump sum of shares, X0 = y, at time 0. Subsequently, shares are bought at a
constant rate, dXt = h(y) dt, over the interval t ∈ [0, t0[, maintaining Yt = y. At time t0, another
lump sum purchase is made, after which the trader continues to buy shares at a constant rate,
dXt = h(Yt0) dt, during t ∈ [t0, T [, keeping Yt = Yt0 . Finally, the remaining shares are purchased
at time T . For example, consider a block-shaped order book as described in Obizhaeva and Wang
[34], with a density q0 = 1 and a resilience rate ρ = 1, resulting in F (x) = ψ(x) = h(x) = x, for all
x ≥ 0. In this case, Φ(x) = x2

2 and g(x) = x2, for all x ≥ 0. Additionally, if X ∈ At(x) is of type
A, the following holds

e∗
t,x,y = 2(X− x+ y)

T − t+ 2 .

In the framework proposed by Predoiu, Shaikhet, and Shreve [37], the volume effect is assumed
to be non-dynamic, effectively treating it as deterministic throughout the execution horizon. As
a result, the authors implicitly assume that the initial state lies within the execution region when
starting from x = 0 and y = 0. However, this assumption does not necessarily hold when the
volume effect is dynamic. In general, e∗

t,x,y is attainable by a type A strategy if and only if

X − x− (1 + (T − t))y ≥ 0.

Furthermore, the value function in this region is equal to

v(t, x, y) = (X̄ − x+ y)2

2 + T − t
− y2

2 .

The representation of the value function in the next section enables its characterization beyond
this domain. Observe that this case falls within the framework of Alfonsi and Blanc [2] if we
assume that the strategic trader’s proportion of permanent price impact is identical to that of
other traders and equal to zero. Suppose further that the measure m satisfies m ≡ 0, the jump
size of Y satisfies q ≡ 1, and that the process∫ t

0
σ2(Yu) dWu

is F-martingale, where Y is the solution of the uncontrolled SDE (2). The argument in the proof of
Theorem 2.1 of Alfonsi and Blanc [2] shows that there are no Price Manipulation Strategies (PMS)
in this setting and that the control problem is equivalent to the execution problem of Obizhaeva and
Wang [34]. This example motivates our study of the general case, in which the volume effect evolves
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dynamically as a jump diffusion process. In this setting, we aim to characterize the properties of
the value function within each region and along the free boundary.

Remark 2.3. The framework introduced by Alfonsi and Blanc [2] was extended by Chevalier, Hafsi,
and Ly Vath [16] to incorporate impulse controls. Although this extension enhances the modeling
of price impact, the limit order book remains static, meaning that its shape does not respond to
incoming orders, and exhibits a deterministic volume effect with fixed resilience. Additionally, the
dynamics are solely driven by point processes representing order flow. As a result, while these
models are well suited to high-frequency trading environments, they are less appropriate for longer
time scales. This motivates the use of Brownian noise in (2) to capture stochastic resilience effects.

3 Analytical Properties of the Value Function
In this section, we will denote, for any (i, t, x, y) ∈ Im×S, and any admissible strategy X ∈ At(x),

Ci(t, x, y,X) :=
∫ T

t
ψIu

(Y̌ t,y,Xu− )dXc
u +

∑
t≤u≤T ;∆Xu>0

ΦIu
(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− ).

We start by stating standard results on the finiteness and monotonicity of the value function.

Proposition 3.1. The value function v described in (6) is finite.

Proof. Let (t, x, y) ∈ S be the state variable at time t and i ∈ Im. If the investor buys X − x
immediately, the associated cost would be equal to Φi(y +X− x)− Φi(y). Therefore,

0 ≤ vi(t, x, y) ≤ Φi(y +X− x)− Φi(y)

on S. This concludes the proof.

Proposition 3.2 (Monotonicity). For any (i, t, x, y) ∈ Im ×S, the following results hold:

1. t0 7→ vi(t0, x, y) is non-decreasing on [0, T ].

2. x0 7→ vi(t, x0, y) is non-increasing on [0,X].

3. y0 7→ vi(t, x, y0) is non-decreasing on R+.

Proof. 1. Let i ∈ Im, x ∈ [0,X] and y ≥ 0. Suppose that 0 ≤ t ≤ t′ ≤ T and consider
X ′ = (X ′

u)t′≤u≤T ∈ At′(x) such that X ′
t′− = x and X ′

T =X. Using the strong Markov property,
we get that

E
[
Ci(t′, x, y,X ′)|Ft′

]
= E

[ ∫ T−t′+t

t
ψIu(Y̌ t,y,X̃

′

u− )dX̃c
u +

∑
t≤u≤T−t′+t

∆X̃u>0

ΦIu(Y t,y,X̃
′

u )− ΦIu− (Y̌ t,y,X̃
′

u− )|Ft
]
,

with X̃ ′ = (X ′
u−t+t′)t≤u≤T−t′+t. Define the strategy X ∈ At(x) as

Xu =
{
X̃u, if u ∈ [t, T − t′ + t],
0, else.

Note that E
[
Ci(t′, x, y,X ′)|Ft′

]
= E

[
Ci(t, x, y,X)|Ft

]
. Since X ∈ At(x), then

vi(t, x, y) ≤ E
[
Ci(t′, x, y,X ′)|Ft′

]
.

As X ′ is arbitrary, it follows that vi(t, x, y) ≤ vi(t′, x, y), completing the proof.
2. Let i ∈ Im, t ∈ [0, T ] and y ≥ 0. Suppose that 0 ≤ x ≤ x′ ≤X. Let ε > 0 be arbitrary and
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assume that X ∈ At(x) is an ε-optimal strategy that satisfies

vi(t, x, y) + ε ≥ E[Ci(t, x, y,X)].

Let τ be an F-stopping time, such that

τ := inf
{
u ≥ t : Xu − x ≥X− x′}.

We define the strategy X ′ ∈ At(x′) as

X ′
u =

{
Xu + x′ − x, if u < τ,
X, else.

Using the comparison property established in Lemma 1, we have that

Ci(t, x′, y,X ′) ≤ Ci(t, x, y,X).

Taking expectations on both sides, we deduce that

vi(t, x′, y) ≤ E[Ci(t, x′, y,X ′)] ≤ E[Ci(t, x, y,X)] ≤ vi(t, x, y) + ε.

Since ε is arbitrary, the conclusion follows.
3. This result follows directly from the comparison property established for the process Y and the
fact that Φi and ψi are non-decreasing on R+ for all i ∈ Im.

To prove the continuity of the value function, we need the following lemmata. The first result
concerns the continuity of the flow of Y . The second is related to a continuity modulus.

Lemma 2. For any non-decreasing, right-continuous, adapted process X and any initial time
t ∈ [0, T ], the mapping y 7→ Y t,y,X. , representing the flow of the solution to SDE (4), is continuous
on R+.

Proof. See Theorems V.37 and V.38 in Protter [38].

Lemma 3. Let 0 ≤ t ≤ s ≤ T , x ∈ [0,X], y ≥ 0 and X ∈ At(x). For any nonnegative random
variable ξ with finite moments, it holds that

E
[
ΦIs

(
Y t,y,Xs + ξ

)
− ΦIs

(
Y t,y,Xs

)]
≤ ρy(ξ),

where the mapping (y, ζ) 7→ ρy(ζ) is continuous in y and non-decreasing in ζ on R+, satisfying
limζ→0 ρy(ζ) = 0. Additionally, ρy(ξ) converges in probability to 0 as ξ tends to 0 in probability,
if its moments are uniformly bounded.

Proof. Refer to Appendix A.

We conclude this section by presenting a key result on the continuity of the value function.

Theorem 3.1. The value function v defined in (6) is a continuous function on S.

Proof. We will study separately the continuity of the value function in t, x and y, for each i ∈ Im.

1. We first prove the continuity of vi in x, uniformly with respect to t. We fix t ∈ [0, T ], y ≥ 0,
0 ≤ x′ < x ≤X and ε > 0. There exists X ∈ At(x) which satisfies

vi(t, x, y) + ε ≥ E
[
Ci(t, x, y,X)

]
.

By adding a jump of size x− x′ at time T to X we obtain X̂ ∈ A(t, x′). We have that

Ci(t, x′, y, X̂) = Ci(t, x, y,X) + ΦIT
(Y t,y,XT + x− x′)− ΦIT

(Y t,y,XT ).
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Taking expectations on both sides of this equation we deduce that

E
[
Ci(t, x′, y, X̂)

]
≤ vi(t, x, y) + ε+ E

[
ΦIT

(Y t,y,XT + x− x′)− ΦIT
(Y t,y,XT )

]
.

On the other hand since, by Proposition 3.2, the value function is decreasing in x, we conclude
that

vi(t, x, y) ≤ vi(t, x′, y) ≤ vi(t, x, y) + ε+ E
[
ΦIT

(Y t,y,XT + x− x′)− ΦIT
(Y t,y,XT )

]
.

We deduce from Lemma 3 that

0 ≤ vi(t, x′, y)− vi(t, x, y) ≤ ε+ ρy(x− x′).

Therefore, we have obtained the continuity of the value function v in x uniformly in t.

2. Next, we prove the continuity of vi in y, uniformly with respect to t and x. Fix y ≥ 0, y′ ≥ 0,
ε > 0, t ∈ [0, T ] and x ∈ [0,X]. There exists X ∈ At(x) which satisfies

vi(t, x, y) + ε ≥ E
[
Ci(t, x, y,X)

]
.

Our goal here will be to construct an admissible strategy X̃ that bounds

vi(t, x, y′)− vi(t, x, y) ≤ ε+ E
[
Ci(t, x, y′, X̃)− Ci(t, x, y,X)

]
.

To do so, we compare the sample paths of Y t,y,X and Y t,y
′,X̃ , and aim to bound their difference

using terms that depend only on the initial parameters y, y′ and their difference |y′ − y|, as
illustrated in Figure 2. This, combined with the continuity modulus presented in Lemma 3, should
allow us to achieve the uniform continuity in y. Consider X̂ ∈ At(x) such that

dX̂c
u = 0, and ∆X̂u = ∆Xu, ∀u ∈ [0, T [.

Let τ be the following F-stopping time,

τ := inf
{
u ≥ t : Y t,y

′,X̂
u ≤ Y t,y,Xu

}
∧ T,

ξ define the random variable

ξ :=
∫ τ

t
dXc

u −
(
Y t,y,Xτ − Y t,y

′,X̂
τ

)
,

and θ be an F-stopping time, such that

θ := inf
{
u ≥ τ : X̂τ +Xu −Xτ ≥X

}
.

Observe that when y′ ≤ y, τ = t and ξ = y′ − y ≤ 0. We construct a strategy X̃ belonging to
At(x) satisfying

dX̃u :=


dX̂u, if t ≤ u < τ,(
∆Xu + Y t,y,Xu − Y t,y′,X̂

u

)
∧

(
X− X̂τ−

)
, if u = τ,

dZu, if τ < u ≤ T.

where Z is a non-decreasing F-adapted process with Zτ = 0. If ξ ≥ 0,

dZu :=
{

dXu, if τ < u < T,
∆Xu + ξ, if u = T.

11



If ξ < 0,

dZu =


dXu, if τ < u < θ,

X−
(
X̂τ +Xθ− −Xτ

)
, if u = θ and τ < θ ≤ T,

0, else .

The goal of this construction is to align the paths of u 7→ Y t,y,Xu and u 7→ Y t,y
′,X̂

u at a chosen time
τ , allowing for their comparison and the derivation of bounds for inequality (10).
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Figure 2: Illustration of Y t,y,X and Y t,y
′,X̃ sample paths in the scenario where y < y′, τ < θ < T

and ∆Xu + Y t,y,Xu − Y t,y′,X̂
u <X− X̂τ− .

Therefore, we obtain the following inequality

vi(t, x, y′)− vi(t, x, y) ≤ ε+R1 +R2 +R3 +R4 +R5 +R6, (10)

where

R1 = E
[ ∫ T

t
ψIu− (Y̌ t,y

′,X̃
u− )dX̃c

u −
∫ T

t
ψIu− (Y̌ t,y,Xu− )dXc

u

]
≤ 0,

R2 = E
[ ∑
t≤u<τ ;∆Xu>0

ΦIu
(Y t,y

′,X̃
u )− ΦIu− (Y̌ t,y

′,X̃
u− )

]
− E

[ ∑
t≤u<τ ;∆Xu>0

ΦIu
(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− )

]
,

R3 = E
[
ΦIτ

(Y t,y
′,X̃

τ )− ΦIτ− (Y̌ t,y
′,X̃

τ− )
]
− E

[
ΦIτ (Y t,y,Xτ )− ΦIτ− (Y̌ t,y,Xτ− )

]
,

R4 = E
[
1l{ξ≥0}(ΦIT

(Y t,y
′,X̃

T− + ξ)− ΦIT
(Y t,y,XT− ))

]
,

R5 ≤ E
[
1l{ξ<0}(ΦIθ

(Y̌ t,y
′,X̃

θ− + ∆X̃θ)− ΦIθ
(Y̌ t,y,Xθ− + ∆Xθ))

]
≤ 0.

We begin with finding an upper bound for R2. Denote by uk ∈ [t, τ [ the jump times of X.
Note that y 7→ ΦIu− (y) is non-decreasing on R. An application of the comparison property of Y

(see Lemma 1) yields Y̌ t,y,Xu− ≤ Y̌ t,y
′,X̃

u− ≤ Y̌ t,y
′,X

u− , for all u < τ . Therefore,

R2 ≤ E
[ ∑
t≤uk<τ

ΦIuk
(Y t,y

′,X
uk

)− ΦIuk
(Y t,y,Xuk

)
]

≤ E
[ ∑
t≤uk<τ

ΦIuk
(Y t,y,Xuk

+ γuk
)− ΦIuk

(Y t,y,Xuk
)
]
,

(11)
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with γu := Y̌ t,y
′,X

u − Y̌ t,y,Xu ≥ 0, for all u ∈ [t, τ [. It follows from the dynamics of Y that

d(Y̌ t,y
′,X

u − Y̌ t,y,Xu )c

= c
(
Y̌ t,y

′,X
u− − Y̌ t,y,Xu−

)c−1 [
−

(
h(Y̌ t,y

′,X
u− )− h(Y̌ t,y,Xu− )

)
du+

(
σ(Y̌ t,y

′,X
u− )− σ(Y̌ t,y,Xu− )

)
dWu

]
+ c(c− 1)

2 (Y̌ t,y
′,X

u− − Y̌ t,y,Xu− )c−2
∣∣∣σ(Y̌ t,y

′,X
u− )− σ(Y̌ t,y,Xu− )

∣∣∣2
du

+
∫
R

[(
Y̌ t,y

′,X
u− − Y̌ t,y,Xu− + q(Y̌ t,y

′,X
u− , z)− q(Y̌ t,y,Xu− , z)

)c − (
Y̌ t,y

′,X
u− − Y̌ t,y,Xu−

)c]
M(du,dz)

+
∫
R
c
(
Y̌ t,y

′,X
u− − Y̌ t,y,Xu−

)c−1(
q(Y̌ t,y

′,X
u− , z)− q(Y̌ t,y,Xu− , z)

)
λuν(dz) du,

for all u ∈ [t, T ] and c > 0. Using Assumption (A4) that for all jump times uk ∈ [t, τ [,

E[|γuk
|c] ≤ |y′ − y|+ L′E

[ ∫ uk

0
|Y t,y,Xu− − Y t,y

′,X
u− |c du

]
.

with L′ > 0. Thanks to the Grönwall inequality, we can then assert that

E[|γuk
|c] ≤ |y′ − y|eLT .

Applying the inequality (1+x)γ−1 ≤ γx+Cγxγ with γ = β+1
β > 1 and Cγ := supx>0

(1+x)γ−1−γx
xγ ≥

0 for x > −1 (see Hardy, Littlewood, and Pólya [28, Chapter 3]), we obtain

ρy(ξ) =
m∑
i=1

Cyi E
[((

1 + ξ

Fi(a)
)γ − 1

)2] 1
2 ≤

m∑
i=1

Cyi

(2γ2 E[ξ2]
Fi(a)2 +

2C2
γ E[|ξ|2γ ]
Fi(a)2γ

) 1
2
. (12)

Lemma 3 combined with (11) and iterated expectations yields

R2 ≤ E
[ ∑
t≤uk<τ

ρy(γuk
)
]
≤ Tρ′

y(|y′ − y|),

where ρ′
y : ξ 7→

∑m
i=1 C

y
i

(
2γ2 E[ξ2]
Fi(a)2 + 2C2

γ E[|ξ|2γ ]
Fi(a)2γ

) 1
2 . Similarly, we have that

R3 ≤ ρ′
y(|y′ − y|)

since y 7→ ΦIu− (y) is non-decreasing on R, and Y̌ t,y,Xτ− ≤ Y̌ t,y
′,X̃

τ− ≤ Y̌ t,y
′,X

τ− , for u < τ . The second
inequality follows directly from Lemma 1. We turn to finding an upper bound for R4. Notice that
we have R5 = 0 when y′ ≤ y. If y′ > y, then E[ξ] ≤ y′ − y. In this case,

R4 ≤ E
[
ΦIT

(Y t,y,XT + γT + ξ)− ΦIT
(Y t,y,XT )

]
.

Observe that ξ satisfies the conditions of Lemma 3 due to the strong solution result in Proposition
2.1, and that the admissible controls have bounded variations. Therefore,

R4 ≤ E
[
ρy(γτ + γT )

]
≤ ρ′

y(2|y′ − y|).

We conclude this proof by recalling that ζ → ρy(ζ) is uniformly continuous on R+, for all y ≥ 0.

3. Finally, we demonstrate the continuity of v in t. Let x ∈ [0,X], y ≥ 0 and 0 ≤ u < t. Now,
consider a strategy X ∈ Au(x) such that

vi(u, x, y) + ε ≥ Ci(u, x, y,X).
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In the following, we will construct a strategy X̂ ∈ As(x) that consists of not doing anything on [s, t[
and then following the strategy X similarly to the previous proof. We introduce the F-stopping
time τ , defined by

τ := inf
{
u ≥ t : Y̌ u,y,X̂u− ≤ y

}
∧ T.

Let X̂ define an admissible strategy in At(x), such that

dX̂u =


(
∆Xτ + y − Y̌ u,y,X̂τ−

)
∧

(
X− x

)
, if u = τ,

dXu, if τ < u < θ,

X− X̂u− , if u = θ,
0, if θ < u ≤ T,

where
θ := inf

{
u ≥ τ : X̂u− + ∆Xu ≥X

}
∧ T.

Considering an ε-optimal strategy X ∈ At(x), we can show that

vi(u, x, y)− vi(t, x, y) ≤ Ci(u, x, y, X̂)− Ci(t, x, y,X) + ε

≤ E
[
Ci(t, x, Y u,y,X̂t− , X̂)− Ci(t, x, y,X)

]
+ ε

≤ f(ε),

with limε→0 f(ε) = 0.
We can combine the uniform continuity of vi in x with respect to t, in y uniformly with respect

to t and x, and in t to get joint continuity on S.

Proposition 3.3. The value function v defined in (6) is differentiable almost everywhere on S and
has finite one-derivatives everywhere.

Proof. The value function vi is continuous and monotonic on S, and thus, by Lebesgue’s Theorem,
it is differentiable almost everywhere for all i ∈ Im. Therefore, there exists a set of Lebesgue
measure zero where vi may not be differentiable. We denote the right and left partial derivatives
of vi with respect to x and y as ∂±

x vi and ∂±
y vi. Based on the proof of Theorem 3.1, we have that

0 ≤ vi(t, x+ h, y)− vi(t, x, y)
h

≤
ρ′
y(h)
h

, ∀(t, x, y, h) ∈S× R+.

Moreover, it follows that

lim
h→0+

ρ′
y(h)
h

=
m∑
i=1

Cyi

√
2γ

Fi(a) < +∞,

which implies that ∂+
x vi is finite on S. Similarly, ∂−

x vi is finite. Hence, vi is differentiable in x on
S. The same argument applies to t and y, establishing differentiability in all variables on S.

4 Viscosity Characterization of the Value Function
This section aims to provide a PDE characterization of the value functions v.

Lemma 4 (Dynamic programming principle). For any stopping time τ in [t, T ], we have

vi(t, x, y) =

inf
X∈At(x)

E
[ ∫ τ

t
ψIu− (Y̌ t,y,Xu− )dXc

u +
∑

t≤u≤τ

(
ΦIu(Y t,y,Xu )− ΦIu− (Y̌ t,y,Xu− )

)
+ v(τ, Iτ , Xτ , Y

t,y,X
τ )

]
,

where (t, x, y) ∈ S and i ∈ Im.
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Proof. This is a straightforward adaptation of the results from Bouchard and Touzi [10], leveraging
the continuity of the value functions vi established in Theorem 3.1.

Building on the problem formulation 2.2, we consider the following Hamilton-Jacobi-Bellman
Quasi-Variational Inequalities for v, for all i ∈ Im,

max
(
− ∂vi

∂t
− Lvi −

∑
j ̸=i

(vj − vi)Qij ,−
∂vi
∂x
− ∂vi
∂y
− ψi

)
= 0, on S. (13)

The partial integro-differential operator L is given by

Lφ := 1
2σ

2(y)∂
2φ

∂y2 − h(y)∂φ
∂y

+ λt

∫
R

(φ(t, x, y + q(y, z))− φ) ν(dz).

The boundary/terminal conditions here are specified in (7).

Remark 4.1. Vectors are assumed to be m-dimensional unless stated otherwise, and all operations
are performed component-wise. Deviations from these notations must be explicitly specified.

4.1 Viscosity Solution Property
As the value function v may lack smoothness, it is formulated as a discontinuous viscosity solution
of a quasi-variational inequalities (13) with appropriate boundary conditions, following Crandall,
Ishii, and Lions [21].

Definition 4.1 (Viscosity solution). We define a viscosity solution of (13) as follows :

1. v is a continuous viscosity supersolution (resp. subsolution) of (13) on Im × S if it satisfies
the growth conditions (8), and if

max
(
−

(∂φ
∂t

+Lφ+
∑
j ̸=i

(vj−vi)Qij
)
(t, x, y), −

(∂φ
∂x

+ ∂φ

∂y
+ψi

)
(t, x, y)

)
≥ 0 (resp. ≤), (14)

for any (i, t, x, y) ∈ Im×S and any smooth test function φ ∈ C1,2(S) such that (vi−φ) attains
a local minimum (resp. maximum) at (t, x, y) over the set [t, t+ δ[×[x, x+ δ[×Bδ(y) ⊂ S for
some δ > 0, with (vi − φ)(t, x, y) = 0.

2. v is a continuous viscosity solution on Im × S if it is both a viscosity supersolution and
subsolution of (13).

Next, we prove that the value function is a viscosity solution as defined in Definition 4.1.

Theorem 4.1. The value function v defined in (6) is a viscosity subsolution of (13).

Proof. Refer to Appendix B.1.

Theorem 4.2. The value function v defined in (6) is a viscosity supersolution of (13).

Proof. Refer to Appendix B.2.

4.2 Uniqueness Result
The continuity of v established in Theorem 3.1, together with the results of Theorems 4.1 and 4.2,
and the at most polynomial growth of the power function, show that v is a viscosity solution of
(13). Although the techniques used to prove the comparison theorem are standard, the regime
switching and jump terms render it nontrivial, motivating us to present the full argument here.
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Theorem 4.3 (Strong comparison principle). If vi is a continuous viscosity subsolution of (14)
and wi is a continuous viscosity supersolution of (14), such that

vi(t,X, y) ≤ wi(t,X, y), and vi(T, x, y) ≤ wi(T, x, y),

for all (i, t, x, y) ∈ Im ×S, then vi ≤ wi on S.

Proof. Let β > 0 such that

lim
y→+∞

max
i∈Im

Φi(y +X− x)− Φi(y)
yβ

= 0, ∀(x, y) ∈ [0,X]× R+. (15)

The existence of such a constant β follows from Assumption (A1). Let i ∈ Im, and define φi :S→ R
such that

φi(t, x, y) := −e−ct((−a1x+ a2)yβ − b1x+ b2
)
, ∀(t, x, y) ∈S,

where a1, a2, b1, b2 and c are positive constants satisfying a2 > a1X and b2 > b1X. Additionally,
we set a(x) := −a1x + a2 > 0, for all x ∈ [0,X]. Fix an arbitrary point z := (t, x, y) ∈ S. Hence,
we obtain the following inequality

(∂φi
∂t

+ Lφi
)
(z) = e−ct(c(a(x)yβ − b1x+ b2)− β(β − 1)

2 a(x)σ(y)2yβ−2)
+ e−ct(− βh(y)a(x)yβ−1 + λta(x)

∫
R+

((y + q(y, z))β − yβ) ν(dz)
)

≥ a(x)e−ctyβ
(
c− βh(y)

y
− β(β − 1)

2
σ(y)2

y2 − λ̄
∫
R+

ν(dz)
)

+ ce−cT (
− b1X+ b2

)
≥ ce−cT (

− b1X+ b2
)
.

The final passage follows from the linear growth assumption (A3) on h and σ and is true for c big
enough. Moreover, knowing that ψi ≥ 0, we have

(∂φi
∂x

+ ∂φi
∂y

+ ψi
)
(z) = e−ct(a1y

β + b1 − βa(x)yβ−1)
+ ψi(y) ≥ ε,

for ε > 0 and b1 big enough compared to a1 and a2. Define vi,m :S→ R such that

vi,m := vi + 1
m
φi,

with m ∈ N∗. Combining (15) with the continuity of φi on S, we get that

lim
y→+∞

1
m
φi(t, x, y) + Φi(y +X− x)− Φi(y) = −∞, ∀(t, x) ∈ [0, T ]× [0,X].

Note that
∑
j ̸=i(φj − φi)Qij = 0. Therefore, vi,m is a strict subsolution of equation (14) in the

sense that it satisfies

max
(
− ∂vi,m

∂t
− Lvi,m −

∑
j ̸=i

(φj − φi)Qij , −
∂vi,m
∂x

− ∂vi,m
∂y

− ψi
)
≤ − ε

m
< 0, on S. (16)

Toward Ishii’s lemma. Our goal is to show that ϱ := supz∈S vi,m(z)− wi(z) ≤ 0. Suppose on
the contrary that ϱ > 0. Based on the growth condition (8), we know that

vi(z) ≤ Φi(y +X− x)− Φi(y), ∀z ∈ S.
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Therefore,
lim
x→X

vi,m − wi ≤ 0.

Additionally, using the previous results, we get,

lim
y→+∞

vi,m − wi = −∞, and lim
t→T

vi,m − wi ≤ 0.

This means that the supremum is attained an interior point z0 := (t0, x0, y0) ∈ O ⊂ S, with
O :=]0, T [×]0,X[×]0,Y [. In other words, we have ϱ = vi,m(z0)− wi(z0). Let k ≥ 1 and define, for
all (t, x, y, y′) ∈ S × R+,

Hk(t, x, y, y′) := vi,m(t, x, y)− wi(t, x, y′)− dk(y, y′),

where dk(y, y′) := k
2 |y − y′|2. Define ϱk := sup

O×[0,Y]
Hk(t, x, y, y′). Since Hk is continuous and

coercive, its supremum is attained at some point (t̂k, x̂k, ŷk, ŷ′
k) ∈ O× [0,Y ]. By means of the

Bolzano–Weierstrass theorem, there exists a subsequence (t̂nk
, x̂nk

, ŷnk
, ŷ′
nk

) that converges to a
point (t̂0, x̂0, ŷ0, ŷ

′
0) ∈O× [0,Y ] as k → +∞. In the following, we will continue using k as an index

instead of nk to avoid the proliferation of indices. For k large enough, we can then assume that
t̂k < T, and x̂k > 0. Consider the following inequality

Hk(t̂0, x̂0, ŷ0, ŷ0) ≤ Hk(t̂k, x̂k, ŷk, ŷ′
k).

In particular, we have

k

2 |ŷk − ŷ
′
k|2 ≤ −vi,m(t̂0, x̂0, ŷ0) + wi(t̂0, x̂0, ŷ0) + vi,m(t̂k, x̂k, ŷk)− wi(t̂k, x̂k, ŷ′

k).

As vi,m and wi are continuous on the compact setO, there exists C > 0 such that

|ŷk − ŷ′
k|2 ≤

C

k
. (17)

Letting k go to +∞, we find ŷ0 = ŷ′
0. Finally, we show that ϱk tends to ϱ when k goes to +∞.

Note that
ϱ = vi,m(z0)− wi(z0) = Hk(t0, x0, y0, y0) ≤ Hk(t̂k, x̂k, ŷk, ŷ′

k).

Therefore, ϱ ≤ ϱk. Moreover, we have

ϱk = vi,m(t̂k, x̂k, ŷk)− wi(t̂k, x̂k, ŷ′
k)− k

2 |ŷk − ŷ
′
k|2 ≤ vi,m(t̂k, x̂k, ŷk)− wi(t̂k, x̂k, ŷ′

k).

Since vi,m and wi are continuous on S, we get that

lim
k→+∞

vi,m(t̂k, x̂k, ŷk)− wi(t̂k, x̂k, ŷ′
k) = vi,m(t̂0, x̂0, ŷ0)− wi(t̂0, x̂0, ŷ0) ≤ ϱ.

We conclude that limk→+∞ ϱk = ϱ and limk→+∞ |ŷk − ŷ′
k|2 = 0. Moreover, we have

vi,m(t̂0, x̂0, ŷ0)− wi(t̂0, x̂0, ŷ0) = ϱ.

Ishii’s lemma. We now apply Theorem 3.2 from Crandall, Ishii, and Lions [21] at the point
(t̂k, x̂k, ŷk, ŷ′

k), ensuring the existence of M,M ′ ∈ R such that(
−k − ∥A∥ 0

0 −k − ∥A∥

)
≤

(
M 0
0 M ′

)
≤ A+ 1

k
A2,
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with A = D2dk(ŷk, ŷ′
k) =

(
k −k
−k k

)
. Let K and I be the operators defined by

K[p,M ](y) := σ2(y)
2 M −h(y)p, and I[g](t, x, y) :=

∫
R
(g(t, x, y+ q(y, ζ))− g(t, x, y))ν(dζ). (18)

Using the relationship between superjets and Definition 4.1 of viscosity supersolutions, along with
inequality (16), we deduce from Ishii’s Lemma that

ε/m ≤ min
(
K[∂dk

∂y
(ŷk, ŷ′

k),M ](ŷk) + λt̂kI[vi,m](t̂k, x̂k, ŷk), ∂dk
∂y

(ŷk, ŷ′
k) + ψi(ŷk)

)
, (19)

0 ≥ min
(
−K[∂dk

∂y′ (ŷk, ŷ′
k),M ′](ŷ′

k) + λt̂kI[wi](t̂k, x̂k, ŷ′
k), −∂dk

∂y′ (ŷk, ŷ′
k) + ψi(ŷ′

k)
)
. (20)

From the second inequality, we have two cases:

1. −∂dk

∂y′ (ŷk, ŷ′
k) + ψi(ŷ′

k) ≤ 0.

2. −K[∂dk

∂y′ ,M
′](ŷk, ŷ′

k) + λt̂kI[wi](t̂k, x̂k, ŷ′
k) ≤ 0.

In the first case, we have ψi(ŷ′
k) ≤ ∂dk

∂y′ (ŷk, ŷ′
k). Applying inequality (19), it follows that

ε

m
≤ ∂dk

∂y
(ŷk, ŷ′

k) + ψi(ŷk)− ψi(ŷ′
k) + ψi(ŷ′

k)

≤ ∂dk
∂y

(ŷk, ŷ′
k) + ∂dk

∂y′ (ŷk, ŷ′
k) + ψi(ŷk)− ψi(ŷ′

k)

≤ ψi(ŷk)− ψi(ŷ′
k).

Since ψi is continuous at ŷ0, it follows that limk→+∞ ψi(ŷk) − ψi(ŷ′
k) = 0, which leads to a

contradiction. In the second case, applying inequality (19) once more yields

1
2(Mσ(ŷk)2 +M ′σ(ŷ′

k)2)− k(h(ŷk)− h(ŷ′
k))(ŷk − ŷ′

k) + λt̂k
(
I[vi,m](t̂k, x̂k, ŷk)− I[wi](t̂k, x̂k, ŷ′

k)
)

= K[∂dk
∂y

(ŷk, ŷ′
k),M ](ŷk) + λt̂kI[vi,m](t̂k, x̂k, ŷk) +K[∂dk

∂y′ (ŷk, ŷ′
k),M ′](ŷ′

k)− λt̂kI[wi](t̂k, x̂k, ŷ′
k)

≥ ε

m
.

Using the continuity of h, λ, vi,m and wi, we deduce that

ε

m
≤ λt̂0 (I[vi,m]− I[wi]) (t̂0, x̂0, ŷ

′
0) + lim

k→+∞

1
2

〈 (
M 0
0 M ′

)
(σ(ŷk), σ(ŷ′

k))T , (σ(ŷk), σ(ŷ′
k))

〉
≤ λt̂0I[H0](t̂0, x̂0, ŷ0) + lim

k→+∞

1
2

〈(
A+ 1

k
A2)

(σ(ŷk), σ(ŷ′
k))T , (σ(ŷk), σ(ŷ′

k))
〉
,

with H0(t, x, y) := H0(t, x, y, y), for all (t, x, y) ∈ S. By definition of ρ = H0(t̂0, x̂0, ŷ0), we get

H0(t̂0, x̂0, ŷ0 + q(y0, ζ))−H0(t̂0, x̂0, ŷ0) ≤ 0, ∀ζ ∈ R.

Consequently, it follows that I[H0](t̂0, x̂0, ŷ0) ≤ 0 and

ε

m
≤ lim
k→+∞

1
2

〈(
A+ 1

k
A2)

(σ(ŷk), σ(ŷ′
k))T , (σ(ŷk), σ(ŷ′

k))
〉

= lim
k→+∞

3
2k(σ(ŷk)− σ(ŷ′

k))2 ≤ 3
2C.

The last equality follows from the Lipschitz continuity of σ and inequality (17). Since ε is arbitrary,
this results in a contradiction, thereby concluding the proof.
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4.3 The Free Boundary Problem
The value function vi is differentiable almost everywhere by Proposition 3.3. Let Ni denote the
set of Lebesgue measure zero where vi may not be differentiable. We now define the associated
free boundary.

Definition 4.2. We define the exercise region Ei := int(Ediffi ) as the closure of the interior of the
set Ediffi , with

Ediffi :=
{

(t, x, y) ∈ S \Ni : −∂vi
∂x
− ∂vi
∂y
− ψi = 0

}
,

and we define the continuation region Ci :=S\ Ei as its complement.

We now study the geometry of the free boundary ∂Ei := Ci ∩ Ei separating the continuation
region Ci and the exercise region Ei.

Lemma 5 (Partial smooth-fit principle). For all (t0, x0, y0) ∈ S \Ni, the mappings

y 7→ ∂xvi(t0, x0, y), and x 7→ ∂yvi(t0, x, 0).

are continuous almost everywhere on R+ and on the interval [0,X], respectively.

Proof. We know that vi is jointly continuous on S and uniformly continuous in the variable y.
Additionally, the map x 7→ vi(t, x, y) is differentiable for almost each x ∈ [0, X̄]. Define, for h ̸= 0,

Dh(t, x, y) := vi(t, x+ h, y)− vi(t, x, y)
h

, ∀z ∈S\Ni.

Based on the proof of Theorem 3.1, we have that

|Dh(t, x, y)−Dh(t, x, y′)| ≤ w(|y − y′|)
|h|

,

with w a continuous function on R+. Hence, the family {Dh}h is equicontinuous in y on compact
subsets of S. Given the pointwise convergence Dh →

h→0
∂xvi almost everywhere, the equicontinuity

and uniform boundedness in y, the Arzelà-Ascoli Theorem ensures uniform convergence in y over
compact subsets of S, for almost every x ∈ [0,X]. Hence, ∂xvi is the uniform limit of continuous
functions in y and y 7→ ∂xvi(t, x, y) is continuous almost everywhere on R+.

Similarly, the map x 7→ ∂yvi(t, x, 0) is continuous almost everywhere on [0,X]. This follows from
a combination of Rademacher’s Theorem and the fact that the difference quotients for (t, x) 7→
∂yvi(t, x, 0) converge uniformly in x on compact sets due to the joint continuity of vi and uniform
bound in x with respect to t. This concludes the proof.

Proposition 4.1 (Connectedness). Assume that ψi is continuous, that the interiors of Ci and Ei
are non-empty, and that σ + λ > 0. Then, for each i ∈ Im, the free boundary ∂Ei is non-empty
and path-connected. Moreover, if (t, x, y) ∈ Ei, then

(t, x, y′) ∈ Ei for all 0 ≤ y′ ≤ y, and (t, x′, 0) ∈ Ei for all 0 ≤ x′ ≤ x.

Proof. As C̊i and E̊i are non-empty, we can consider z0 := (t0, x0, y0) ∈ E̊i be an interior point of
Ei. By contradiction, we suppose that {0 < y < y0 : (t0, x0, y) ∈ Ci} is non-empty. Being interior
points, each admits a neighborhood fully contained in Ci or Ei, respectively. Define the boundary
point z1 := (t0, x0, y1) with y1 := y0 − δ. Let δ := sup{0 < y < y0 : (t0, x0, y) ∈ Ci} and δ′ > 0
such that {(t0, x0, y) : y0 − δ − δ′ < y < y0 − δ} ⊂ Ci. Define ε := min{δ, δ′}. The following holds,

Oc := {(t0, x0, y) : y0 − δ − ε < y < y0 − δ} ⊂ Ci, and Oe := {(t0, x0, y) : y0 − δ < y < y0 − δ + ε} ⊂ Ei.

Figure 3 provides a graphical representation of the previously defined sets.
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Figure 3: Illustration of Oe and Oc.

In this setting, define the function f0 : Oc ∪ Oe ∪ {(t0, x0, y1)} → R satisfying

f0(t0, x0, y) :=
{
−∂+

x vi(t0, x0, y1)− ∂−
y vi(t0, x0, y)− ψi(y), if y < y1.

−∂+
x vi(t0, x0, y1)− ∂+

y vi(t0, x0, y)− ψi(y), if y ≥ y1.
(21)

Given that f0(t0, x0, y1) = lim infy→y1+ f0(t0, x0, y) = 0, two scenarios may arise:

lim inf
y→y1−

f0(t0, x0, y) < η0 < 0, or lim inf
y→y1−

f0(t0, x0, y) = 0.

Case 1. lim infy→y1− f0(t0, x0, y) < η0 < 0.
Define the function φε : S → R, for ε > 0 and z ∈ S, as

φε(z) := vi(z1)+∂+
t vi(z1)(t−t0)+∂+

x vi(z1)(x−x0)−(∂+
x vi(z1)+ψi(y1)+ η0

2 )(y−y1)− 1
2ε(y−y1)2.

Since vi is continuous and non-decreasing function in y, it holds, as established in Rudin [40], that

lim sup
y→y−

1

∂−
y vi(t0, x0, y) ≤ ∂−

y vi(t0, x0, y1) and ∂+
y vi(t0, x0, y1) ≤ lim inf

y→y+
1

∂+
y vi(t0, x0, y).

Using Taylor’s expansion, we have that for t ≥ t0, x ≥ x0 and ∥z − z1∥ small enough,

vi(z)− φε(z) ≤ gi(z)(y − y1) + o(∥z − z1∥),

where gi : S → R are non-positive and defined, for all z ∈ S, as

gi(z) :=
{
− lim infy→y1− f0(t0, x0, y) + η0

2 if y < y1,
η0
2 else.

Since gi(z)(y − y1) < η0
2 |y − y1| < 0, then φε is a test function in C2(S) such that z1 achieves a

local maximum of vi − φε and vi(z1) = φε(z1). Using Theorem 4.2, we get that vi is a viscosity
subsolution of (13). Therefore,

max
(
−

(∂φε
∂t

+ Lφε +
∑
j ̸=i

Qij(vj − φε)
)
(z1), −

(∂φε
∂x

+ ∂φε
∂y

+ ψi
)
(z1)

)
≤ 0.
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We know that

Lφε(z1) = − 1
2εσ

2(y1)−
(
∂+
x vi(z1)+ψi(y1)+η0

2
)(
h(y1)+λt

∫
R
q(y1, z)ν(dz)

)
− 1

2ελt
∫
R
q2(y1, z)ν(dz).

Hence, we have limε→0−Lφε(z1) = +∞, while −
(
Lφε +

∑
j ̸=iQij(vj − vi)

)
(z1) ≤ 0 which leads

to a contradiction and the initial assumption does not hold true.
Case 2. lim infy→y1− f0(t0, x0, y) = 0.
Since lim infy→y1− f0(t0, x0, y) ≤ lim supy→y1− f0(t0, x0, y) ≤ 0, then limy→y1− f0(t0, x0, y) =
f0(t0, x0, y1). Hence, y 7→ f0(t0, x0, y) is left-continuous in y1. The fact that f0(t0, x0, y) < 0
for almost every y < y1, combined with f0(t0, x0, y1) = 0, and the left-continuity of f0, implies the
existence of δ0 > 0 such that y 7→ f0(t0, x0, y) is increasing on [y1 − δ0, y1]. Moreover, since ψi is
continuous on R+, then y 7→ ∂−

y vi(t0, x0, y) is also continuous on the interval [y1 − δ0, y1]. Given
that ψi is non-decreasing on R+ and positive, and that

∂−
y vi(t0, x0, y) ≥ 0, ∀y > 0,

we conclude that for f0 to vanish at z1, the function y 7→ ∂−
y vi(t0, x0, y) must be decreasing on

[y1 − δ0, y1], otherwise f0 would remain negative in z1. Therefore, the map y 7→ vi(t0, x0, y) is
strictly concave on [y1 − δ0, y1], since the existence of a decreasing left derivative implies strict
concavity (see Rockafellar [39, Theorem 24.1]). This means that for y2 ∈]y1 − δ0, y1[, there exists
c > 0 such that, for all y ∈]y1 − δ0, y1[,

vi(t0, x0, y) < vi(t0, x0, y2) + c(y − y2).

For any ε > 0, define the function φ̃ε : S → R by

φ̃ε(z) := vi(z2) + ∂+
t vi(z1)(t− t0) + ∂+

x vi(z2)(x− x0) + c(y − y2)− 1
2ε(y − y2)2.

It follows that vi− φ̃ε is negative with respect to y in a neighborhood of z2, excluding z2 itself. In
particular, φ̃ε ∈ C2(S) strictly dominates vi locally around z2. Repeating the same reasoning as
in the previous case thus leads to a contradiction.

Similarly, we have that

(t, x, 0) ∈ Ei ⇒ (t, x′, 0) ∈ Ei for all 0 ≤ x′ ≤ x.

As a result, the exercise region always lies below the continuation region with respect to the volume
variable. That is, for any fixed (t0, x0) ∈ [0, T ]× [0,X], it is not possible to have 0 ≤ y1 < y2 < y3
such that {(t0, x0, y) : y2 < y < y3} ⊆ Ei while simultaneously {(t0, x0, y) : y1 < y < y2} ⊆ Ci.
A similar argument establishes that the exercise region is always to the left of the continuation
region Ci in terms of the inventory dimension when y = 0. Consequently, the free boundary must
be connected.

Remark 4.2. The non-emptiness assumption in Proposition 4.1 is not restrictive, as it merely
excludes trivial cases where S = Ei or S = Ci.

5 Approximation Scheme
We introduce a numerical scheme to solve the PIDE (13), employing a discretization approach
that ensures stability and accuracy in approximating the integral-differential operator. We apply
a standard finite difference scheme to discretize the differential terms while handling the integral
term using a suitable quadrature rule, following the approach of Cont and Voltchkova [20] in the
finite activity case.
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Discretization. The time domain [0, T ] is discretized into NT steps with ∆t := T/NT , such
that tn := T − n∆t, with n ∈ {0, . . . , NT }. To ensure numerical feasibility, we localize y, which
is normally in R+, by restricting it to a bounded domain of size Y . The state space is discretized
into NX and NY steps, respectively. The spatial domain is discretized into (NX + 1) × (NY + 1)
grid points. The spatial step sizes are defined as ∆x := X/NX and ∆y := Y/NY , leading to the
spatial grid points

(xk, yl) := ((k − 1)∆x, (l − 1)∆y), ∀(k, l) ∈ INX +1 × INY +1.

A function evaluated at a grid point tn is denoted with the superscript n. The matrix vn := (vni )i∈Im

has entries representing vni :=
(
vni (xk, yl)

)
(k,l)∈INX +1×INY +1

.

Finite Difference Scheme. The scheme follows a fully implicit-explicit method to ensure sta-
bility. The HJBQVI is discretized, for all i ∈ Im and n ∈ {1, . . . , NT − 1}, as

max
(
− vn+1

i − vni
∆t − J vni − Ivn+1

i −
∑
j ̸=i

(vn+1
j − vn+1

i )Qn+1
ij , −∂v

n+1
i

∂x
− ∂vn+1

i

∂y
− ψi

)
= 0,

with J (g) := K[∂g∂y ,
∂2g
∂y2 ] = σ2(y)

2
∂2g
∂y2 − h(y)∂g∂y , and the operators K and I are defined in (18). The

first-order derivatives are approximated as

∂vni
∂x

(xk, yl) ≈
vni (xk+1, yl)− vni (xk, yl)

∆x , and ∂vni
∂y

(xk, yl) ≈
vni (xk, yl+1)− vni (xk, yl)

∆y ,

for all (k, l) ∈ {1, . . . , NX} × {1, . . . , NY }. The second-order derivative is discretized using a cen-
tered finite difference scheme for interior points, while first-order Neumann conditions are imposed
at the boundaries. In other words, for all k ∈ INX +1,

∂2vni
∂y2 (xk, yl) ≈


vn

i (xk,y3)−2vn
i (xk,y2)+vn

i (xk,y1)
∆y2 , if l = 1,

vn
i (xk,yl+1)−2vn

i (xk,yl)+vn
i (xk,yl−1)

∆y2 , if 2 ≤ l ≤ NY ,
vn

i (xk,yNY +1)−2vn
i (xk,yNY

)+vn
i (xk,yNY −1)

∆y2 , if l = NY + 1.

The integral term in I is discretized using a trapezoidal quadrature scheme, such that for all
(k, l) ∈ INX +1 × INY +1, we have

Ivni (xk, yl) ≈ λtn
NZ∑
p=1

wp
(
vni (xk, yl + q(yl, zp))− vni (xk, yl)

)
,

where zp are quadrature points, and wp are corresponding quadrature weights such that
∑NZ

p=1 wp =∫
R ν(dz). Since q(yl, zp) does not necessarily coincide with a grid point, interpolation is necessary.

In such cases, the shifted value yl+q(yl, zp) is approximated using linear interpolation between the
closest grid points yj and yj+1, satisfying yl + q(yl, zp) ∈ [yj(p), yj(p)+1]. The interpolation formula
is given by vni (xk, yl + q(yl, zp)) ≈ vn,pi (xk, yl), with

vn,pi (xk, yl) := (1− αp)vni (xk, yj(p)) + αpv
n
i (xk, yj(p)+1),

where αp = yl+q(yl,zp)−yj(p)
yj(p)+1−yj(p)

. Substituting this into the discretized integral, we obtain the formula-
tion

Ivni (xk, yl) ≈ λtn
NZ∑
p=1

wp
(
vn,pi (xk, yl)− vni (xk, yl)

)
, ∀(k, l) ∈ INX +1 × INY +1.
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Note that we handle the integral part using an implicit time-stepping approach to circumvent the
inversion of the dense matrix I. Define Fni and Gni such that

Fni (xk, yl) :=
(
− vni − vn−1

i

∆t − J vn−1
i − Ivni −

∑
j ̸=i

(vnj − vni )Qnij
)

(xk, yl), ∀(k, l) ∈ INX +1 × INY +1,

Gni (xk, yl) := −v
n
i (xk+1, yk)− vni (xk, yl)

∆x − vni (xk, yl+1)− vni (xk, yl)
∆y − ψi(yl), ∀(k, l) ∈ INX

× INY
.

Since max(Fni , Gni ) = 0, we define the active region as

Eni = {(xk, yl) ∈ [0,X]× [0,Y ] : Fni (xk, yl) < Gni (xk, yl)},

and the passive region as

Cni = {(xn, yn) ∈ [0,X]× [0,Y ] : Fni (xn, yn) ≥ Gni (xn, yn)}.

Rearranging for all grid points in En+1
i results in a linear system formulated as

((
Im+∆tQn+1)

)
⊗Im

)
vn+1+∆tλtn+1

NZ∑
p=1

wp(Im⊗Im)(vn+1,p−vn+1) =
(
(Im−∆tA)⊗Im

)
vn, (22)

where Im is the identity matrix of size m×m. The matrix A is defined as a tridiagonal matrix of
size (NY + 1)× (NY + 1) with the structure

A :=



B1 A1 0 0 . . . 0
C2 B2 A2 0 . . . 0
0 C3 B3 A3 . . . 0
...

...
...

... . . . ...
0 0 0 CNY

BNY
ANY

0 0 0 0 CNY +1 BNY +1


.

The coefficients Al,Bl and Cl are defined, for l = 1 and l = Ny + 1, as

A1 := σ2(y1)
2∆y2 , B1 := −σ

2(y1)
∆y2 , BNY +1 := −σ

2(yNY +1)
∆y2 , and CNY +1 := σ2(yNY +1)

∆y2 .

For l ∈ {2, . . . , NY },

Al := σ2(yl)
2∆y2 −

h(yl)
2∆y , Bl := −σ

2(yl)
∆y2 and Cl := σ2(yl)

2∆y2 + h(yl)
2∆y .

On the hand, if we are in Cn+1
i , we have, for all (k, l) ∈ INX

× INY
,

−v
n+1
i (xk+1, yl)− vn+1

i (xk, yl)
∆x − vn+1

i (xk, yl+1)− vn+1
i (xk, yl)

∆y − ψn+1
i (yl) = 0.

The boundary and terminal conditions are enforced explicitly, ensuring that

vNT
i (xk, yl) = Φni (yl +X− xk)− Φni (yl), and vni (xNX +1, yl) = 0, ∀(k, l) ∈ INX +1 × INY +1.

To ensure numerical stability, we impose a Courant-Friedrichs-Lewy (CFL) condition

∆t ≤ C min{(∆x)2, (∆y)2},

where C is a positive constant.
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We select the time step based on a reference spatial scale proportional to the domain’s upper
bound. This follows Morton and Mayers [32] and ensures stability in regions with steep gradients.
The following algorithm summarizes the time-stepping scheme.

Algorithm 1 Time-Stepping Scheme for PIDE Solution

1: Initialize: Set terminal condition vNT
i (x, y) = ΦNT

i (y +X− x)− ΦNT
i (y).

2: for n = NT to 1 do
3: Find vn−1 that solves the linear system (22): Fn = 0.
4: for i = m to 1 do
5: Update vn−1

i : vn−1
i (x, y)←− infa∈{0,..., X−x} v

n−1
i (x+ a, y + a) + Φi(y + a)− Φi(y).

6: Find the regions En−1
i and Cn−1

i .
7: end for
8: end for
9: Output: Approximate solution vni (x, y).

6 Numerical Results
In this section, we analyze the optimal trading strategy using the numerical scheme detailed in
Section 5. We examine various limit order book shapes and illustrate the structure of the optimal
exercise and continuation regions for each case. In this numerical study, we define the coefficients
in a multiplicative form as

h(y) = cy, σ(y) = dy, and q(y, z) = eyz, ∀y, z ∈ R+,

where c, d and e are non-negative constants. The controlled volume effect process (4) in this
example satisfies both Lipschitz continuity and linear growth assumptions. Here, the drift term is
proportional to y, ensuring a Geometric Brownian Motion (GBM) structure, the diffusion coeffi-
cient scales with the process to maintain a normal-type distribution, and the jump term remains
proportional to the current state. We assume that the jumps, which correspond to block trades
by external agents, follow an exponential distribution, meaning that the Lévy measure ν takes the
form

ν(dz) = ηe−ηz
1{z>0}dz, ∀z ∈ R,

where η > 0 controls the decay rate of large jumps. This choice is in line with the existing literature
on the subject, notably Pomponio and Abergel [36]. We propose in this case a price impact model
in which the trading size influences the price in a concave manner based on the work of Bouchaud,
Farmer, and Lillo [11]. The shape functions are given by the power law family with

dFi(x) = κ

(x+ 1)γi
dx, ∀(i, x) ∈ Im × R+.

In other words, for all (i, x, y) ∈ Im × R2
+, the functions Fi and ψi are given by

Fi(x) =


κx, if γi = 0,
κ log(x+ 1), if γi = 1,
κ

1−γi

[
(x+ 1)1−γi − 1

]
, else.

and ψi(y) =


y
κ , if γi = 0,
e

y
κ − 1, if γi = 1,[
1 + (1− γi) yκ

] 1
1−γi − 1, else.

We use the following default parameters for all numerical results unless stated otherwise. These
parameters reflect a square root impact.
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Parameter c d e η κ γ0 λ X Y T

Value 0.5 0.1 0.2 1.0 0.8 -1 0.5 4 5 4.0

Table 1: Default parameter values.

6.1 Single Regime Case
To isolate the effects of stochastic resilience and liquidity, we first examine the single-regime case,
where the Markov chain I remains fixed in a single state. This is equivalent to setting the transition
rate matrix Q to zero, making each state absorbing. By doing so, we can analyze the impact of
stochastic volume effect independently from the influence of changing liquidity regimes.

First, we examine how the value function responds to changes in various model parameters. The
plots in Figure 4 illustrate the impact of drift h, jump intensity λ, and volatility σ on execution
costs, where a lower volume effect corresponds to higher liquidity and improved execution. In
particular, a higher volatility indicate greater market activity. The left hand side of Figure 4
shows that a higher jump intensity leads to less favorable execution opportunities, thereby raising
the overall execution cost. Likewise, increased volatility in the volume process reflects a dynamic
market, helping to reduce execution costs. Figure 4 also shows that higher resilience, which reflects
a higher mean reversion speed, improves execution by accelerating liquidity replenishment.
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Figure 4: Variation of the value function over time under different market conditions with jump
intensity on the left, resilience in the middle, and volatility on the right.

Next, we illustrate the optimal execution strategy under the square root price impact model.

0.0 1.0 2.0 3.0 4.0 5.0
x

0.0

1.0

2.0

3.0

4.0

5.0

y

Continuation Region
Exercise Region
Selected Exercise Point
Target Continuation Point

Figure 5: Illustration of continuation (blue) and exercise (red) regions, plotted against purchased
quantity (x-axis) and volume effect (y-axis) forX = 5. The arrow shows an impulse shifting a state
from exercise to continuation along y = x.

As the x-axis in Figure 5 represents the quantity already acquired, the continuation region
expands with increasing x, indicating that larger holdings reduce the urgency to buy more imme-
diately. The curved boundary between the regions reflects the trade-off between acquiring now
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or waiting, as price impact increases with trade size but at a decreasing rate. Upon reaching
the exercise region, the optimal strategy is to purchase the smallest possible amount to reach the
continuation region, thus reducing market impact in an optimal manner.

Subsequently, we verify in Figure 6 the validity of the previous results by examining how
variations affect the exercise and continuation regions.
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Figure 6: Variation of the exercise boundary x 7→ y∗(T/2, x) under different market conditions
with jump intensity on the left, resilience in the middle, and volatility on the right.

The exercise region expands in response to jumps. Indeed, when jump intensity is high, the
optimal strategy involves anticipating increased future price impact by executing larger trades
earlier. Conversely, when the volatility of the process governing the volume effect is high, the
optimal policy is to acquire fewer shares. This reflects the expectation of more favorable market
conditions ahead. The same holds when market resilience increases. This outcome aligns with the
previous findings in Figure 4 and those of Alfonsi, Fruth, and Schied [3].

6.2 Regime-Switching case
Next, we extend the analysis to the multi-regime case, where both sources of uncertainty interact.
We assume a two-state homogeneous Markov chain, with the transition rate matrix Q(t) at time
t ∈ [0, T ] given by

Q(t) =
(
−q1 q1
q2 −q2

)
,

where q1 and q2 are positive constants. We begin by fixing q1 = q2 = 0.2 and γ1 = 0. With
these parameters set, we will then vary the price impact parameter γ2 to analyze its effect on the
continuation and exercise regions of the value functions v1 and v2.
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Figure 7: Variation of the exercise boundary x 7→ y∗(T/2, x) of v1 on the left and v2 on the right
under different price impacts.

Figure 7 illustrates that when γ1 < γ2, the trader anticipates costlier execution in regime 2
and adjusts their strategy accordingly. Indeed, in regime is 1, where the price impact is lower
than in regime 2, an increase in the parameter γ2 leads to an expansion of the exercise region
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(in regime 1), as illustrated on the left-hand side of Figure 7. Conversely, the right-hand side of
Figure 7 shows that if we are in regime 2, where the price impact is higher, the exercise region
contracts as γ2 increases. Consequently, the trader increases order sizes in regime 1 to preempt
higher execution costs associated with a potential switch to regime 2, while in regime 2, the trader
decreases order sizes in anticipation of a favorable transition to regime 1, where trading conditions
are more advantageous.

Next, we study the case where the price impact parameter is set to γ1 = 0 in regime 1 and
γ2 = 0.33 in regime 2. We consider q1 = q2 = q0 and vary the values of q0. This setup corresponds
to a scenario where there is an equal probability of being in either regime, but the frequency of
transitions between regimes changes. The results of this analysis are presented in Figure 8.
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Figure 8: Variation of the exercise boundary x 7→ y∗(T/2, x) of v1 on the left and v2 on the right
under different regime switching intensities.

A higher switching intensity expands the exercise region in the low price impact regime (see
the left-hand side of Figure 8) and contracts it in the high impact regime (see the right-hand side
of Figure 8). In regime 1, the increased likelihood of a regime shift prompts the trader to execute
larger order sizes in anticipation of deteriorating execution conditions in the former. In the latter
(regime 2), the same anticipation leads to smaller order sizes, as the trader expects a transition
to a more favorable regime. This behavior is consistent with the earlier observation that traders
adjust their execution strategy based on the expected direction of the regime shift and its impact
on future trading costs.

Finally, we analyze the case where the price impact parameter is set to γ1 = 0 in regime 1 and
γ2 = 0.33 in regime 2. We fix q1 = 0.2 and vary q2, allowing us to study how the asymmetry in
regime-switching probabilities affects execution.
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Figure 9: Variation of the exercise boundary x 7→ y∗(T/2, x) of v1 on the left and v2 on the right
under different asymmetric regime switching intensities.

Figure 9 confirms our previous findings and highlights the effect of asymmetry in the switching
dynamics. The exercise region expands in the low-impact regime when the transition rate matrix
implies a higher long-term probability of remaining in the high-impact regime 2. Conversely, as
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regime 2 becomes more persistent, the exercise region contracts in regime 2 and expands in regime
1, reflecting adjustments in order sizes based on anticipated execution costs.
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A Proofs of the Results in Section 3

A.1 Continuity Modulus
Proof of Lemma 3. Let 0 ≤ t ≤ s ≤ T , x ∈ [0,X], y ≥ 0 and X ∈ At(x). Suppose ξ is a
nonnegative random variable with finite moments. We have

∆ := E
[
ΦIs

(
Y t,y,Xs + ξ

)
− ΦIs

(
Y t,y,Xs

) ]
= E

[ ∫ ξ

0
ψIs

(
Y t,y,Xs + ζ

)
d ζ

]
.

Note that under Assumption (A1), we have that ψIs(y) ≤ b
1
β y

1
β , for all y ≥ FIs(a). As

y 7→ ψIs(y) is non-decreasing on R+, we have

∆ := E
[ ∫ ξ

0
ψIs

(
Y t,y,Xs + ζ

)
d ζ

]
≤ E

[ ∫ ξ

0
b

1
β (FIs(a) + ζ)

1
β 1l{Y t,y,X

s ≤FIs (a)}d ζ +
∫ ξ

0
b

1
β

(
Y t,y,Xs + ζ

) 1
β 1l{Y t,y,X

s >FIs (a)}d ζ
]

=
m∑
i=1

β

1 + β
b

1
β E

[
1l{Is=i} (Fi(a))

β+1
β 1l{Y t,y,X

s ≤Fi(a)}

((
1 + ξ

Fi(a)
) β+1

β − 1
)]

+
m∑
i=1

β

1 + β
b

1
β E

[
1l{Is=i}

(
Y t,y,Xs

) β+1
β 1l{Y t,y,X

s >Fi(a)}

((
1 + ξ

Y t,y,Xs

) β+1
β − 1

)]
≤

m∑
i=1

β

1 + β
b

1
β E

[(
Fi(a)

β+1
β + sup

0≤u≤T
|Y t,y,Xu |

β+1
β

)((
1 + ξ

Fi(a)
) β+1

β − 1
)]
.

Using Cauchy-Schwarz inequality,

∆ ≤
m∑
i=1

β

1 + β
b

1
β E

[(
Fi(a)

β+1
β + sup

0≤u≤T
|Y t,y,Xu |

β+1
β

)2] 1
2 E

[((
1 + ξ

Fi(a)
) β+1

β − 1
)2] 1

2
.

Finally, based on Proposition 2.1, we get that

∆ ≤
m∑
i=1

Cyi E
[((

1 + ξ

Fi(a)
) β+1

β − 1
)2] 1

2

= ρy(ξ),

where Cyi := 2β
1+β b

1
β

(
Fi(a)

2(β+1)
β + CT

(
1 + |y|

2(β+1)
β

)) 1
2
. This completes the proof.

B Proofs of the Results in Section 4

B.1 Viscosity Subsolution Property
Proof of Theorem 4.1. Let z0 := (t0, x0, y0) ∈ S and i ∈ Im. Consider a test function φ ∈ C1,2(S)
such that z0 achieves a local maximum of vi − φ and vi(z0) = φ(z0). In other words, there exists
r0 > 0 such that

vi(z) ≤ φ(z), ∀z ∈Br0(z0).

Define, for all (j, z) ∈ Im × S,

Ψ(z, j) =
{
φ(z), if j = i,
vj(z), if j ̸= i.
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Observe that vj(t, x, y) ≤ Ψ(z, j) holds within the neighborhoodBr0(z0). Define Zz0,X
u as the

tuple
(
u,Xu, Y

t0,y0,X
u

)
for all u ∈ [0, T ]. Next, define τr0 as the first exit time of Zz0,X from

Br0(z0), i.e.,
τr0 = inf

{
u ≥ t0 : Zz0,X

u /∈Br0(z0)
}
.

Similarly, let τ I1 denote the first jump time of the I after time t0, given by

τ I1 = inf
{
u ≥ t0 : Iu ̸= i

}
.

Furthermore, we introduce the F-stopping time τ0 such that τ0 ∈
]
t0, (τ I1 ∧ τr0) ∧ T

[
. Note that

τ I1 > t0 and that Iu = i, for all u ∈ [t0, τ I1 [. Consider an admissible control X ∈ At0(x0) in which
the agent buys 0 ≤ η < (X̄ − x0) ∧ r0 assets at time t0 and then remains inactive until time
(t0 + ε) ∧ τ0, where ε > 0. Using the DPP introduced in Proposition 4, we have

Ψ(z0, i) = φ(z0)

≤ E
[
ΦI(t0+ε)∧τ0

(y0 + η)− ΦI
(t0+ε)∧τ

−
0

(y0) + v((t0 + ε) ∧ τ0, x0 + η, Y t0,y0,X
(t0+ε)∧τ0

, I(t0+ε)∧τ0)
]

≤ E
[
Φi(y0 + η)− Φi(y0) + Ψ((t0 + ε) ∧ τ0, x0 + η, Y t0,y0,X

(t0+ε)∧τ0
, i)

]
.

(23)

Applying Itô’s formula and taking the expectation over the interval [t0, (t0 + ε)∧ τ0], while noting
that E

[
Ψ(Zz0,X

t0 , It0)
]

= E
[
φ(Zz0,X

t0 )
]
, we obtain

E
[
Ψ(Zz0,X

(t0+ε)∧τ0
, I(t0+ε)∧τ0)

]
= φ(t0, x0 + η, y0 + η)

+ E
[ ∫ (t0+ε)∧τ0

t0

(∂φ
∂t

+ Lφ
)
(u, x0 + η, Y t0,y0,X

u )du
]

+ E
[ ∫ (t0+ε)∧τ0

t0

∑
j ̸=i

Qij(u)
(
vj − φ

)
(u, x0 + η, Y t0,y0,X

u )du
]
.

(24)

In the last equality, the martingale expectation vanishes since φ(Zz0,X
u ) and Dφ(Zz0,X

u ) are
bounded, given that Zz0,X

u ∈Br0(z0) for all u ∈ [t0, (t0 + ε) ∧ τ0]. For all u ∈ [t0, (t0 + ε) ∧ τ0],
since Zz0,X

u remains inBr0(z0), we obtain that vi(Zz0,X
u ) ≤ φ(Zz0,X

u ). Combining this with
relations (23) and (24) yields

E
[ ∫ (t0+ε)∧τ0

t0

(∂φ
∂t

+ Lφ
)
(u, x0+η, Y t0,y0,X

u− ) +
∑
j ̸=i

Qij(u)
(
vj − φ

)
(u, x0 + η, Y t0,y0,X

u− )du
]

≥ φ(z0)− φ(t0, x0 + η, y0 + η)− Φi(y0 + η) + Φi(y0).
(25)

Assume that the agent decides to do nothing, meaning η = 0. We know from Theorem 3.1 that
vj is continuous on S, for all j ∈ Im. Additionally, Q is continuous on R+. Dividing inequality
(25) by ε and letting ε going to 0 and recalling that φ(z0) = vi(z0), we get that

(∂φ
∂t

+ Lφ+
∑
j ̸=i

Qij(vj − vi)
)
(z0) ≥ 0.

Assume now that the agent executes a part η > 0 of the position at time t0. By sending ε to 0,
we get

0 ≥ −φ(t0, x0 + η, y0 + η) + φ(t0, x0, y0)− Φi(y0 + η) + Φi(y0).

32



It follows from equation (5) that∫ η

0

∂φ

∂x
(t0, x0 + v, y0 + η)dv +

∫ η

0

∂φ

∂y
(t0, x0, y0 + v) dv +

∫ y0+η

y0

ψi(ξ) dξ ≥ 0.

The function ψi is left-continuous and non-decreasing on R+. Dividing by η and letting η → 0,
we obtain (∂φ

∂x
+ ∂φ

∂y
+ ψi

)
(z0) ≥ 0.

This proves the required subsolution property

max
(
−

(∂φ
∂t

+ Lφ+
∑
j ̸=i

Qij(vj − vi)
)
(z0), −

(∂φ
∂x

+ ∂φ

∂y
+ ψi

)
(z0)

)
≤ 0.

B.2 Viscosity Supersolution Property
Proof of Theorem 4.2. Suppose that v does not satisfy the supersolution property. Then, there
exists i0 ∈ Im, z0 := (t0, x0, y0) ∈ S, a test function φ̄ ∈ C1,2(S) such that z0 achieves a local
minimum of vi0 − φ̄ and vi0(z0) = φ̄(z0), and η > 0 such that

−
(∂φ̄
∂t

+ Lφ̄+
∑
j ̸=i0

(vj − vi0)Qi0j
)
(z0) < −η, and −

(∂φ̄
∂x

+ ∂φ̄

∂y
+ ψi0

)
(z0) < −η.

Since z0 achieves a local minimum of vi0 − φ̄, there exists r0 > 0 such that

vi0(z) ≥ φ̄(z), ∀z ∈Br0(z0).

By Theorem 3.1, the value functions (vj)j∈Im are continuous on S̄. Moreover, the test function φ̄
belongs to C1,2(S), and each ψi0 is non-decreasing and left-continuous. Consequently, there
exists r1 > 0 such that t0 + r1 < T and for all z := (t, x, y) ∈Br1(z0),

−
(∂φ̄
∂t

+ Lφ̄+
∑
j ̸=i0

(vj − vi0)Qi0j
)
(z) < −η, and −

(∂φ̄
∂x

+ ∂φ̄

∂y
+ ψi0

)
(z) < −η, (26)

whereBr1(z0) := {z ∈ S : ∥z − z0∥ ≤ r1}. Define, for all (j, z) ∈ Im × S,

Ψ(z, j) =
{
φ̄(z), if j = i0,
vj(z), if j ̸= i0.

Let X and admissible strategy in At0(x0) and Zz,Xu represent the tuple
(
u,Xu, Y

t,y,X
u

)
for all

(u, z) ∈ [0, T ]× S. Additionally, set the radius ε0 as ε0 := r0 ∧ r1. Define τB as the first exit time
of Zz0,X fromBε0(z0), i.e.,

τB = inf
{
u ≥ t0 : Zz,Xu /∈Br0(z0) ∩Br1(z0)

}
for any admissible control X ∈ At0(x0). Let τ I1 be the first jump time after time t0 of the Markov
chain I such that

τ I1 = inf
{
u ≥ t0 : Iu ̸= i0

}
.
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Next, we introduce the F-stopping time τ1 such that τ1 := τ I1 ∧ τB. Note that τB < T , t0 < τ I1
and that Iu = i0, for all u ∈ [0, τ I1 [. Applying Itô’s formula between t0 and τ−

1 , we obtain

E
[
Ψ(Zz0,X

τ−
1

, Iτ−
1

)
]

= φ̄(z0) + E
[ ∫ τ−

1

0

(∂φ̄
∂x

+ ∂φ̄

∂y

)
(Zz0,X

u− ) dXc
u

]
+ E

[ ∫ τ−
1

t0

(∂φ̄
∂t

+ Lφ̄+
∑
j ̸=i

(vj − φ̄)Qi0j
)
(Zz0,X

u− )du
]

+ E
[ ∑
t0≤u<τ1

φ̄(u,Xu, Y
t0,y0,X
u )− φ̄(u,Xu− , Y̌ t0,y0,X

u− )
]
.

(27)

In the last equality, the martingale expectation vanishes since φ(Zz0,X
u ) and Dφ(Zz0,X

u ) are
bounded, given that Zz0,X

u ∈Bε0(z0) for all u ∈ [t0, τ1[. From (26) the fact that
∆Xu := Xu −Xu− = Y t0,y0,X

u − Y̌ t0,y0,X
u− for all t0 ≤ u < τ1, we deduce that

φ̄(u,Xu, Y
t0,y0,X
u )− φ̄(u,Xu− , Y̌ t0,y0,X

u− ) =
∫ ∆Xu

0

(∂φ̄
∂x

+ ∂φ̄

∂y

)
(u,Xu− + v, Y̌ t0,y0,X

u− + v) dv

≥ η∆Xu −
∫ ∆Xu

0
ψi0(Y̌ t0,y0,X

u− + ζ) dζ

= η∆Xu − Φi0(Y t0,y0,X
u ) + Φi0(Y̌ t0,y0,X

u− ).

(28)

Note that E
[
Ψ(Zz0,X

τ−
1

, Iτ−
1

)
]

= E
[
φ̄(Zz0,X

τ−
1

)
]
. Plugging (26) and (28) in equation (27), we obtain

E
[
φ̄(Zz0,X

τ−
1

)
]
≥ φ̄(z0) + ηE

[
τ1 − t0 +

∫ τ−
1

t0

dXu

]
− E

[ ∫ τ−
1

t0

ψi0(Y̌ t0,y0,X
u− )dXc

u

]
− E

[ ∑
t0≤u<τ1

Φi0(Y t0,y0,X
u )− Φi0(Y̌ t0,y0,X

u− )
]
.

Therefore, we obtain

vi0(z0) = φ̄(z0) ≤ E
[ ∫ τ−

1

t0

ψi0(Y̌ t0,y0,X
u− )dXc

u + φ̄(Zz0,X

τ−
1

)
]

+ E
[ ∑
t0≤u<τ1

Φi0(Y t0,y0,X
u )− Φi0(Y̌ t0,y0,X

u− )− η
( ∫ τ−

1

t0

du+
∫ τ−

1

t0

dXu

)]
.

(29)

Define the set

Dε0 :=
{
ω ∈ Ω : τB(ω) < τ I1 (ω) and Y̌ t0,y0,X

τ−
1

(ω) ∈ [y0 − ε0, y0 + ε0]
}
,

and the Fτ1-random variable,

Z(γ)
τ1

:=
(
τ1, Y̌

t0,y0,X

τ−
1

+ γ∆Xτ1 , Xτ−
1

+ γ∆Xτ1

)
.

We know that if τ1 = τB and Y̌ t0,y0,X

τ−
1

∈ [y0 − ε0, y0 + ε0], then Zz0,X
τ1

either lies on the boundary

∂B̄ε0(z0) or has exited B̄ε0(z0) at time τ1. Since Y̌ t0,y0,X

τ−
1

accounts for the jumps of M , only the
jumps in the inventory process X can cause Zz0,X to cross the boundary at τ1. Consequently,
there exists an Fτ1-measurable random variable γ ∈ [0, 1] such that

Y̌ t0,y0,X

τ−
1

+ γ∆Xτ1 ∈
{
y0 − ε0, y0 + ε0

}
, and Z(γ)

τ1
∈Bε0(z0),
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on the set Dε0 . It follows from the DPP (see Lemma 4), that

vi0(Z(γ)
τ1

(ω)) ≤ vi0(Zz0,X

τ−
1

(ω)) + Φi0(Y t0,y0,X
τ1

(ω))− Φi0(Y̌ t0,y0,X

τ−
1

(ω) + γ∆Xτ1(ω)), ∀ω ∈ Dε0 .

Additionally, given that Z(γ)
τ1 ∈Bε0(z0), it follows that, for all ω ∈ Dε0 ,

φ̄(Zz0,X

τ−
1

(ω)) = φ̄(Z(γ)
τ1

(ω))−
∫ γ(ω)∆Xτ1 (ω)

0

(∂φ̄
∂x

+ ∂φ̄

∂y

)
(t,Xτ−

1
(ω) + v, Y̌ t0,y0,X

τ−
1

(ω) + v) dv

≤ φ̄(Z(γ)
τ1

(ω))− ηγ(ω)∆Xτ1(ω) + Φi0(Y̌ t0,y0,X

τ−
1

(ω) + γ(ω)∆Xτ1(ω))− Φi0(Y̌ t0,y0,X

τ−
1

(ω))

≤ vi0(Zz0,X

τ−
1

(ω))− ηγ(ω)∆Xτ1(ω) + Φi0(Y t0,y0,X
τ1

(ω))− Φi0(Y̌ t0,y0,X

τ−
1

(ω)).

Plugging the last inequality in (29), we obtain

vi0(z0) ≤ E
[ ∑
t0≤u≤τ1

Φi0(Y t0,y0,X
u )− Φi0(Y t0,y0,X

u− ) +
∫ τ1

t0

ψi0(Y̌ t0,y0,X
u− )dXc

u + vi0(Zz0,X
τ1

)
]

− ηE
[ ∫ τ−

1

t0

du+
∫ τ−

1

t0

dXu + γ∆Xτ11l{Y̌ t0,y0,X

τ
−
1

∈[y0−ε0,y0+ε0]}1l{τB<τI
1 }

]
.

From the DPP, it follows that

0 ≤ − inf
X∈At0 (x0)

E
[
τ1 − t0 +Xτ−

1
− x0 + γ∆Xτ11l{Y̌ t0,y0,X

τ
−
1

∈[y0−ε0,y0+ε0]}1l{τB<τI
1 }

]
.

Using the sequential characterization of the supremum, we can find a sequence of admissible
controls Xn = (Xn)n≥0 such that

E
[
τn1 − t0 +Xn

τn−
1
− x0 + γ∆Xn

τn
1

1l{Y̌ t0,y0,Xn

τn
1

− ∈[y0−ε,y0+ε]}1l{τn
B
<τI

1 }

]
≤ 1
n
,

where τnB := inf
{
t ≥ t0 : (t,Xn

t , Y
t0,y0,X

n

t ) /∈Bε0(z0)
}

and τn1 := τnB ∧ τ I1 . As τn1 − t0 ≥ 0 and
Xn

τn−
1
− x0 ≥ 0, we have that

max
{
E

[
τn1 − t0

]
, E

[
Xn

τn−
1
− x0

]
, E

[
γ∆Xn

τn
1

1l{Y̌ t0,y0,Xn

τn
1

− ∈[y0−ε,y0+ε]}1l{τn
B
<τI

1 }

]}
≤ 1
n
.

Moreover, γ∆Xn
τn

1
= y0 + ε0 − Y̌ t0,y0,X

n

τn
1

− ≥ y0 + ε0 − y0 = ε0. Therefore,

1
n
≥ ε0P

(
y0 − ε0 ≤ Y̌ t0,y0,X

n

τn
1

− ≤ y0 + ε0 , τ
n
B < τ I1

)
≥ ε0

(
P

(
y0 − ε0 ≤ Y̌ t0,y0,X

n

τn
1

− ≤ y0 + ε0
)

+ P
(
τnB < τ I1

)
− 1

)
.

(30)

On the other hand, we have

lim
n→+∞

P(τn1 = t0) = 1, and lim
n→+∞

P(Xn

τn−
1

= x0) = 1.

Therefore,

lim
n→+∞

P(τnB = t0) = 1, lim
n→+∞

P
(
Y̌ t0,y0,X

n

τn
1

− = y0
)

= 1 and lim
n→+∞

P
(
y0 − ε0 ≤ Y̌ t0,y0,X

n

τn
1

− ≤ y0 + ε0
)

= 1.
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Since limn→+∞ P
(
τnB < τ I1

)
= P

(
t0 < τ I1

)
= exp

(
−

∫ t0
t0
Qii(u) du

)
= 1, we get from inequality

(30) when n goes to +∞ that

0 ≥ ε0

(
1 + lim

n→∞
P

(
τnB < τ I1

)
− 1

)
= ε0 > 0.

This leads to a contradiction. Therefore, we obtain the required viscosity supersolution
property.
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