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ABSTRACT

Cross-validation is one of the most widely used methods for model selection and evaluation; its ef-
ficiency for large covariance matrix estimation appears robust in practice, but little is known about
the theoretical behavior of its error. In this paper, we derive the expected Frobenius error of the
holdout method, a particular cross-validation procedure that involves a single train and test split,
for a generic rotationally invariant multiplicative noise model, therefore extending previous results
to non-Gaussian data distributions. Our approach involves using the Weingarten calculus and the
Ledoit-Péché formula to derive the oracle eigenvalues in the high-dimensional limit. When the
population covariance matrix follows an inverse Wishart distribution, we approximate the expected
holdout error, first with a linear shrinkage, then with a quadratic shrinkage to approximate the oracle
eigenvalues. Under the linear approximation, we find that the optimal train-test split ratio is pro-
portional to the square root of the matrix dimension. Then we compute Monte Carlo simulations of
the holdout error for different distributions of the norm of the noise, such as the Gaussian, Student,
and Laplace distributions and observe that the quadratic approximation yields a substantial improve-
ment, especially around the optimal train-test split ratio. We also observe that a higher fourth-order
moment of the Euclidean norm of the noise vector sharpens the holdout error curve near the optimal
split and lowers the ideal train-test ratio, making the choice of the train-test ratio more important
when performing the holdout method.

1 Introduction

The estimation of covariance matrices is as the heart of many methods in multivariate statistics with a broad range of
applications such as physics [1, 2], signal processing [3, 4], neurosciences [5, 6] and finance [7, 8]. However, in a
high dimension setting, when the number of features is not negligible with respect to the number of observations, the
sample covariance matrix is inefficient [9]. Moreover, several applications such as Markowitz portfolio selection in
finance additionally require the estimation of the inverse of the covariance matrix, for which the sample covariance is
also largely inefficient [10].

To address the lack of robustness of the sample covariance estimator in the high dimension setting, many methods
have been developed, some of them which can be linked or understood with random matrix theory: eigenvalue clipping
[7, 11], linear shrinkage [9], more recently the Non Linear Shrinkage estimator (NLS) which have been first derived by
Ledoit and Péché [12] and then further developed by several authors such as Ledoit and Wolf[13, 14] and Bouchaud,
Bun and Potters [15, 11, 16], cross-validation (CV)[17, 18], factor models [19] and Bayesian estimation [20] to quote
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the most common methods. In this paper, we will focus on the CV and more precisely on the holdout, which is a
particular CV procedure.

CV is one of the most widely used methods for model selection and evaluation and finds applications in many areas
such as ecology [21, 22], physics [23], medicine [24], and finance [25]. Generally, all CV procedures involve splitting
the data between a train and a test set [18]. The most famous CV procedures are the k-folds CV, the leave-one-out
CV (LOOCYV) being a particular case of the former, and the holdout, also called validation or simple cross-validation
[18]. The k-folds procedure works as follows: the data are partitioned into k equally sized test sets; then the model
is evaluated on the test set and trained on the remaining data. Finally, the result is averaged among all the test sets.
The LOOCYV is a particular case of the k-fold procedure, where the ¢ data points are spitted into ¢ test sets, each of
one observation. The holdout procedure consists of exactly one split between train and test without the averaging
procedure, which is why it is sometimes called simple CV. To define the split between train and test to perform the
holdout, we define the train-test ratio k as the ratio between the number of data points and the length of the test set.

In the framework of covariance cleaning, the most common CV procedures are also the k-folds, the LOOCYV and the
holdout. A common recommendation to calibrate the k-fold CV is to choose a k-fold between 5 and 10 [17, 16]. To
our knowledge, the question of the CV error for large covariance matrix estimation has been addressed theoretically in
the case of the holdout method. In an article from 2016 [26, 27], Lam defines assumptions under which the Frobenius
and Stein’s loss of the holdout estimator, which he calls "Nonparametric Eigenvalue-Regularized Covariance Matrix
Estimator" (NERCOME), converge, in the high-dimension limit, towards the error of the NLS of Ledoit and Wolf
[12, 13]. From this result, he derives an optimal region for the split of the holdout to ensure asymptotic convergence
to the NLS. A few authors have raised concerns about whether this asymptotic property of the optimal split was really
useful in the large but finite setting [28, 29]. In [30], the authors computed the expected Frobenius error between the
holdout estimator and the population covariance matrix with Gaussian data as a function of the oracle eigenvalues.
Then assuming an inverse Wishart population covariance matrix, they obtained an explicit formula for the expected
error in the high dimension limit and derived the optimal train-test ratio k, which is equal to the ratio between the
number of data points and the length of the test set, and find it to be proportional to the square root of the matrix
dimension. Monte Carlo analysis showed an excellent agreement between the expected error and the realized one,
showing that the optimal splits derived in the high-dimensional limit are not equivalent in the finite but large setting.
In this paper, we use the Weingarten calculus to tackle rotationally invariant multiplicative noises and also consider
settings that do not satisfy the assumptions of Ledoit-Péché and Lam[12, 26].

Weingarten calculus can be seen as a generalization of the Wick theorem [31] for compact groups [32] and was first
introduced by Don Weingarten in [33]. Indeed, while Wick theorem makes it possible to compute joint moments of
Gaussian variables, Weingarten calculus relies on the existence of a left-invariant Haar measure and a right-invariant
measure on compact groups to compute joint moments [34]. In the framework of random matrix theory, the natural
applications are on the groups of unitary and orthogonal matrices and the theory allows to compute moments of square
random matrices that are rotationally invariant by conjugation by orthogonal or unitary matrices. Let us mention that
there are also results to compute polynomial moments of rectangular matrices that are left- or right-invariant [35].
Moreover, this theory finds many applications and has already been applied to the estimation of large covariance
matrices and to finance to estimate the risk of the mean variance optimal portfolio [36, 35].

This paper is organized as follows, in Section 2 we set the definitions, in Section 3 we derive the expected Frobenius
error of the holdout estimator for rotationally invariant multiplicative noise using the Weingarten calculus. Then we
derive a linear and a quadratic approximation of the error for an inverse Wishart population covariance matrix and
compute explicitly the optimal train-test ratio that minimizes the holdout error in the linear case. Finally, in Section 4
we verify the relevance of our approach on different distributions of the norm of the noise vector, namely Gaussian,
Student and Laplace.

2 Definition

2.1 Large covariance matrix cleaning

Let us first define the multiplicative noise model that we will consider and its associated sample covariance matrix.

Definition 2.1. Let x1, ..., x; i.i.d. observations of the random vector £ € R" such that
E(gg") =1. (1
Let us denote by X = (z1|...|z;) € R™*! the noise matrix. Let us also introduce ¥ € R™*" a semi-definite

positive symmetric matrix and v/ 3 its symmetric square-root. Then the sample covariance matrix over the whole data
set E equals
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E= %\/EXXT\/E. 2)

FE is an unbiased estimator of population covariance 3 that corresponds to the maximum likelihood estimator when
the noise vectors are Gaussian. However, when n is large without being negligible with respect to ¢ this estimator
lacks efficiency.

2.1.1 Linear shrinkage

A first alternative method to sample covariance to estimate the population covariance matrix is to linearly shrink the
sample covariance matrix towards a target matrix while minimizing a distance to the population covariance matrix 3.
Generally, the distance considered to measure the error is the Frobenius norm, and we will take the identity as our
target matrix.

Definition 2.2. The normalized Frobenius estimation error between an estimator = and a population matrix 3 is [37]
1= =2l = 7(E - %)), (3)
where 7(e) = %Tr(o) is the normalized trace. The subscript I’ will be dropped henceforth as we will only consider

the Frobenius norm throughout this paper.

Then the linear shrinkage problem amounts to

argmin||rE + (1 —r)1 — 3||% 4)
r€(0,1]

and the solution to this optimization problem is provided in the following proposition.

Proposition 1. Let us consider 3 a semidefinite positive matrix and E the sample covariance estimator of 3. We
assume that both ¥ and E are normalized such that E[1(X)] = E[r(E)]|=1. Then the optimal linear shrinkage
coefficient that minimizes the expected Frobenius error of estimation written in Eq. (4) is [9]

E[r(£)?] - 1

T ERE -1 ©)

Proof. Let us first expand the Frobenius error of the linear shrinkage as a function of the moments of E and X.

IrE+ (1—7)1 — 3|3 =r’7(E®) + (1 —r)* + 7(2?) + 2r(1 — r)7(E) — 2r7(EX). (6)
Then using the assumptions
E[r(Z)] =E[7(E)] =1, @)
and using the following equality, valid in the high dimensional limit,
E[7(E%)] =E[r(Z%)], ®)
the expected Frobenius error from Eq. (6) simplifies to
E[(rE+(1-r)1-%)*] =r*E[r(E*)] -1)—-2r(E [1(Z*)] - 1)+ 1+E [7(Z?)]. ©)

Then by cancelling the derivative of the expected Frobenius error, the 74 that minimizes Eq. (6) is equal to

E[r(%))] -1

Topt = W (10)

2.1.2 Oracle estimator

Although the linear shrinkage already achieves very satisfactory performances for large covariance matrix estimation
in terms of minimizing the Frobenius error with the population covariance matrix [9], it has been argued that the
shrinkage of large covariance matrices should be treated in essence as a nonlinear problem [12].

The NLS consists in defining a rotationally invariant estimator (RIE) that minimizes the Frobenius error with the
population covariance matrix. Let us first define the notion of a RIE.
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Definition 2.3. E(F) is a rotationally invariant estimator (RIE) of the population covariance matrix X, where E
denotes the sample covariance estimator. This estimator satisfies the following distributional equality for all orthogonal
matrices O[15]

=Z(0EO0T) ™ O=(E)O". (11)

The introduction of an RIE comes from the idea that when no information is known about the eigenvector basis of
the population covariance matrix, one can consider that all eigenvector bases are equiprobable and therefore keep the
sample eigenvectors.

Then, the RIE which minimizes the Frobenius error with population covariance 3, commonly called the oracle esti-
mator in the literature, equals [12]

EY(E,X) = VDiag(VIEZV)VT, (12)

where V are the sample eigenvectors of E and Diag(e) is the operator that sets the out-of-diagonal entries to zero.

This estimator still depends on the unknown quantity 32, however, under some regularity properties listed in the
following theorem, Ledoit and Péché were able to derive the oracle eigenvalues in the high-dimensional limit [12].

Theorem 1. Let us call E the sample covariance of size n X n generated by t i.i.d. observations with covariance
population matrix 3. Let us assume that the noise used to generate E is independent of 3, has a finite 12th absolute
central moment, and that the distribution of > converges for n tends to oo at every point of continuity to a nonrandom
distribution which defines a probability measure and whose support is included in a compact interval. Let q = % and
gE the Stieltjes transform of E. For )\, an eigenvalue of E, let £x(E) be the corresponding eigenvalue of the oracle
estimator. Then, in the high-dimensional limit, for z = X + in with A € Sp(E) andn > 0 [12]

A

FE)= 1 .
aE) niﬂh|1‘*Q‘¥qA9E(A‘¥iﬁﬂ2

(13)

(Ledoit-Péché formula)

Let us mention that although this formula is exact only in the high dimension limit, i.e. n,t — oo and % — ¢ > 0, it
remains a good approximation for large but finite dimensions [13].

Moreover, let us recall that when X is an inverse Wishart covariance matrix and the data are Gaussian, the oracle
estimator is equal in the high dimension limit to the optimal linear shrinkage defined in Proposition (1). Indeed, with
|z | being the integer part of z,

Definition 2.4. letn € N* and p > 0. Let us define ¢* = ¥ and ¢ = [ ;& |. Consider (m;)1<;<¢ i.i.d. vectors of R"

such that m; ~ N'(0, C). Let us define M = (my,...,my) € R"*". Then the following matrix is Wishart (n, p)

W = EMMT, (14)
t

and an inverse Wishart (n, p) is then
W, =0 )W (15)

np

In this paper, we will only consider the situation C' = 1, which corresponds to the white inverse Wishart case.

Proposition 2. When the population matrix is a white inverse Wishart and the data are Gaussian, the oracle estimator
recovers the optimal linear shrinkage in the Bayesian sense in the high dimension limit [37]
E[r(=?)] -1

=0 _ _ %A _
E=rE+(1—r)L , with: T_E[T(EQ)]—l. (16)

2.1.3 Holdout and CV estimators

A third remedy to the weaknesses of the sample covariance matrix for the estimation of the large covariance matrix is
the CV estimator family. Let us introduce the holdout estimator, which will be the object of our study, and the k-fold,
which is the most widely used CV procedure for covariance estimation [18, 30].

Definition 2.5. Let us consider X = {x;,...,x;} an i.i.d. set of centered noise observations and 3 the population

covariance. Let ¢y, an integer between 1 and ¢t — 1, k = i tin =t — touts Gin = % and qoy = & Let us call

(Zin, Zow) a partition of [1,¢] such that Z;, is of size ¢, and Zoy of size to,. Let us call E;, the sample covariance
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over the noise observations xz, (1), - - -, Tz, (s, (train set) and Eq, the sample covariance over the noise observations
T Lo (1)s -+ s o (ton) (t€St set). Let us call Vi, the orthogonal matrix containing the eigenvectors of Ej,. Then the
holdout estimator is deﬁned as [26, 27]

E" (Viv, Bow) := E°(E, Eoy) = VinDiag(V,! EouVin) Vi, - (17)
(holdout estimator)

Let us also define the k-fold partition.

Definition 2.6. Let ¢ be the total number of observations, and let ¢, be an integer between 1 and ¢ — 1 such that oy,
divides t. Define k = t/toy and t;, = t — to. We partition the set of indices Z = {1,2,...,t} into k disjoint subsets
{Zou, l}le, each of size £,y Then, for each [, the training set indices are defined as Zin; = Z \ Zoy,i.

(k-fold index partition)

Definition 2.7. Consider X = {x1,..., =} ani.i.d. set of centered noise observations and X the population covari-
ance of the data generated with the noise matrix X. Let ¢, be an integer between 1 and ¢ — 1 such that ¢, divides
t, and let {Zoy 1, Zin; } be a k-fold index partition (definition (2.6)). For each 1 < [ < k, let Ej,; be the sample
covariance of X over the noise observations Xi,; = {@;|i € Ziy,;} (train set) and E,y; the sample covariance over
8 Xout,i = {@ili € Tou} (test set). Let Vi, the eigenvectors of E;,; ranked by increasing eigenvalues. Then the
k-fold CV estimator is [26, 27]

—C
=)
—

[I]

k‘\H

k k
1
§ % § in lDlag in lEout,l‘/;n,l)‘/n;I:p (18)

=1
(k-fold CV estimator)
Let us now state the convergence result of Lam with the associated assumptions [26, 27].
Assumption 1.

(HI1) The observations can be written X = /XY whereY is an x t matrix of real or complex random variables with
zero mean and unit variance such that E (|Yij \l) < B < oo for some constant B and for 2 < | < 20.

(H2) The population covariance matrix ¥ is non-random and ||| 2 = O(1) and ¥ # o1
(H3) ¥ —q>0asn— oo

(H4) Let us consider (11 . ..T,) the eigenvalues of 33,,, the empirical spectral distribution of 3,

1 n
= gzﬂ[q,m[(ﬂ (19)
Jj=1

converges to a non-random limit H (1) at every point of continuity of H. Moreover, H defines a probability distribution
function whose support Supp(H ) is included in a compact interval [hy, ha] where 0 < hy < hy < 400.

Theorem 2. Under the assumptions listed in 1, the holdout estimator error converges towards the error of the NLS,
with respect to the Frobenius error and Stein’s loss provided that the split satisfies %" ; 1, tou ; oo and
— 00 — 00

3 tsﬂ < oo (20)

The last two assumptions are included in the assumptions of the Ledoit and Péché’s formula. For example, choosing
tour proportional to the square root of n would satisfy the conditions written in the previous theorem. However, the
first assumption written in 1 is restrictive on the moments of the noise. In this paper, we will consider, as an example,
a student norm for the noise distribution for which neither the assumptions on the finite moments of Lam nor those of
Ledoit and Péché’s formula will be satisfied [12, 26].
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2.2 Orthogonal Weingarten calculus

Weingarten calculus can be seen as a generalization of the Wick theorem to compute joint moments rotationally
invariant quantities. Let us first recall some definitions and results, which can be found in [32], that will be needed to
study the holdout error.

Definition 2.8. Let A be a random square matrix of size n, A is said to be rotationally invariant if the following
equality is verified in distribution for every O € O(n), the group of orthogonal matrices of size n,

A=0A0". (1)

Although we will only focus on square matrices in this paper, let us mention that a similar notion exists for rectangular
matrices called the left-right invariance.

Let us note Sy, the group of permutations in {1,2,...,2k} and My the group of pair partitions, i.e. the group of

partitions of {1,2,...,2k} with each subset being of size two; each pair partition can be uniquely expressed in the
form
{{m(1),m(2)},{m(3),m(4)},....{m(2n — 1),m(2n)}} (22)
with m(2i — 1) < m(2i) for 1 <7 < nand with m(1) < m(2) < ... <m(2n —1).
Definition 2.9. For each o € My, let us define its associated graph I'(o) whose vertices are 1,2, ..., 2k and edge set
{{2i - 1,2i}i =1,2, .k} U {{o(20i —1),0(20)}i =1,2,.,k}. (23)

If two pairs {2¢ — 1,2i} and {o(2i — 1), 0(2¢)} were to coincide, two edges must be added to the graph.
Then the Gram matrix associated to the group My, Gko(”) = (GOD(0,7))o.rern, is given by

GOW) (g, 7) = door(em), (24)
where loop(o, 7) is the number of connected components of I'(m, n).

The orthogonal Weingarten matrix of Moy, ng(”) = (Wg°™(0,7))0.rens, is the pseudo inverse of the Gram
matrix.

Definition 2.10. Let I'(o0) be the graph associated with the permutation o € Say,. In the connected component of the
graph, if the number of vertices are

21 > 209 > -0 2> 2y (25)
then po = (u1, ..., ) is referred to as the coset type of I'(¢); [ represents the number of connected components of
(o).

Definition 2.11. Let A € R"*™ and o € Sy, of coset type (i1, .. ., tu), we define the following operator
l
To, (A) = [ ] Tr(A™). (26)
j=1
Definition 2.12. For o € Sy, and a 2k-tuple ¢ = (i1, ..., ia;) of positive integers, we define
k
5{7(7’) = H 5%(2571)%(25)' 27
s=1
If o € Moy, then 6, simplifies to
0oy =T Giuin (28)
{a,b}€0c

where the products run over all the pairs contained in the pair permutation o.

Theorem 3. Let A € R™*" a symmetric and rotationally invariant matrix. Then for any sequence i = (i1, ... ,is)
we have
B (AiyigAigis - Ay yine) = Y 6,(0)Wg° (0 73 n)E(TY, (A)). (29)
o, TEMosy,

This theorem allows us to access the expectation of joint local entries of any rotationally invariant squared random
matrix by linking them with the expectation of global tracial moments.
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SN | (12(34) (13)(24)  (14)(23)

(12)(34) | n? n n (30)
(13)(24) n n? n

(14)(23) n n n?

Table 1: Gram matrix of My

2.2.1 Computation of the orthogonal Weingarten matrix in )/,

To derive the expected Frobenius error of estimation between the holdout estimator and the population covariance
matrix, the Weingarten function on M, will be needed. Therefore, in preparation for the main result of this paper, let
us derive the Weingarten matrix in My.

My includes three pair-partitions: (12)(34),(13)(24) and (14)(23).

Then the Weingarten matrix in My is equal to the inverse of the Gram matrix written in table 1

9 -1
n® n n
WOo=1|n n? n , (3D
n n n?
and by inverting it we obtain
a B B
°=18 a B (32)
BB«
where 41
n
— 33
T a1 +2) 33
and

1

b= Tatn—1)(n+2)

(34)

The inversion of large formal Weingarten matrices can become a computational challenge. A table of values of the
orthogonal Weingarten function up to M5 has been computed in [38].

3 Frobenius error of the holdout method and optimal split

In this section, we compute the expected Frobenius error of the holdout estimator with respect to the population
covariance matrix in the high dimension limit. We consider data generated by a rotationally invariant multiplicative
noise model, defined in section 2. The first step of the proof involves the use of Weingarten calculus and more precisely
of the Weingarten matrix computed in Eq. (32) to link the moments of the out-of-sample covariance matrix with those
of the population covariance matrix and of the noise matrix. Then, as in the holdout error proof in the Gaussian case
[30], the error is written as a function of the oracle eigenvalues which can be computed in the high-dimension limit
using the Ledoit-Péché formula [12] .

3.1 General holdout error

Proposition 3. Let us consider 3 a positive-defined matrix in R"*" and (x;)1<;< i.i.d. observations of the rotation-
ally invariant random vector & € R"™ such that

E(eT) =1, (35)
and

E(||€]|*) < oo, (36)

where || o || is the Euclidean norm.

Let B the holdout estimator associated with the index partition {Zin, Lo} defined from t,,, integer between 1 and
t — 1, with V, the eigenvector of the sample covariance E;, on the train partition ZL;,.
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Then the expected Frobenius error between the holdout estimator and the population covariance X is in the high
dimension limit

E (=" - S|?) = [k <3E (e )] 1>

t n(n+2)

Remark 1. Although Eq. (37) is valid only in the high-dimension limit, that is, when n,t — oo with % = q > 0 fixed.
It should be noted that k, a real number between 1 and t, is kept in the equation. Indeed, an interesting application of
deriving the holdout error is being able to compute the optimal k which minimizes it.

— 1| E [7(Diag(Vi{=V;,)?)] + E [r(Z?)] . 37)

Proof. The expected Frobenius error of estimation between the holdout estimator and the population covariance matrix
can be expanded as followed

E [r((B" - 2)*)] =E [r((E")*)] - 2E [r(E"®)] +E [7(Z?)] . (38)
Let us firstly focus on the first term of Eq. (38)

E[r(E")")] =E [ (Diag(Viy EouVin)*)] (39)
= Z E m gz ) (‘/m)lz(‘/m)mz] E [(Eout)jk(Eout)lm] P (40)
i,7,k,l,m

where the last equality has been obtained using the independence between the train and test data.

Let us remind that the sample covariance E,, can be expressed as a function of the population covariance 32 and of
the noise matrix X, € R™*%, To simplify the notations Xout € Rt will be noted as X and E,y; can be written

E,. = \FXXT«f 1)

out

where we assume the noise matrix X X7 to be asymptotically free from the population covariance X.

To lighten the notations, let us define

VE=3, (42)
and let us focus on computing E [( Eout) j (Eout)im]-
1 tOL\l
E [(Eout>jk(Eout>lm] = (t t)zE Z Z JllXi1t1Xi2t1Zizkzlisxiﬁz‘xutzzum
ou 11,12,13,i4=111,t2=1
1 tout
= (t t)Q Z Z < ji1 ’szzlig 2147)’7,) E (XilthiQthigthi4t2)
OUL 41 Jin,ig,ia=1t1,ta=1
t
1 out - ~
- (t t)Q Z Z < Ji1 22kzli32i4m) E (Xilthiztl) E (Xi3t2Xi4t2)
ou 11,12,13,i4=1 t1F#to
1 - -~ = -~ =
+ - Z E (Ejil Ei2k21i32i4m) E (X1 X1 X1 Xi41) -
ou

11,12,i3,44=1
The last equality was obtained using the fact that the columns of the noise matrix X are i.i.d.

Moreover by Eq. (35), for 1 < 1,42 < n we have
E(Xi i, Xigty) = 0iyiy- (43)
Therefore,

tout — 1 ~
E [(Eout)jk(Eout)lm] = out Z E (2]11 Ezlkzlmz izm )

1 ~ -~
+— > E (Zji12i2k21i32i4m) E (Xi1 X1 X551 Xi41)
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which simplifies to

fou — 1 1 -
E [(Eowt) it (Bout)im] = —~——% i X + = Z E (Ejil Ei2k21i32i4m) E(Xi1Xi,1 X1 Xi,1)  (44)

tOlll out

91,13,14,16 =1

Let us now use Weingarten calculus and more precisely the Weingarten matrix obtained in Eq. (32) to link the term
E(X;,1Xi,1Xi,1X4,1) to the expected value of the tracial moments of the noise matrix. Let us first note that we can
re-write E(X;,1X;,1X;,1X;,1) using the noise vector & = (&1,...&,)T

E(Xi,1 X1 X1 Xi1) = E (6, §0.6i58ia] » (45)
and let us prepare the components appearing in the formula written in Eq. (29)
E {TI"IT:(12)(34) (ng)] =E [(Tf(égT))ﬂ . (46)
and
E [Trlr— 13)(24) (€€ )} |:Tr7' (14)(23) (&€ )} =E[Tr ((ﬁfT)2)} 47

Therefore by applying the formula written in Eq. (29), we obtain
2
El6i,€iu6in il = B[ (Tr(€€7)°] (01020100, W 90 ((12)(34), (12)(34))

+ 6i1i3 5i2i4 Wgo((l?)) (24-), (12) (34))
+ 01,1001, W9 (14)(23), (12)(34)) )

+ 6l123 612i4 Wgo((13) (24)7 (13) (24))
+ 0iyisOinis Wgo((14) (23), (13)(24))
+ 6114,0i50, W9 ((12)(34), (14)(23))
+ 8iyis Oinia Wgo((13) (24),(14)(23))
o 01,10, W9 ((14)(28), (14)(28)) )
Let us also notice that actually
E[Tr (667))] = 3 B[] — B [(Tree™)’] (48)

3,j=1

so that Eq. (48) simplifies to
E (&, &n&is&in] = ((a +2B)E [Tr((€€7)%)]) 012 0igis + GiniyOinia + 0iniaini] (49)
with a and 3 the coefficients of the Weingarten matrix defined in Eq. (32).

By substituting Eq. (49) into Eq. (44), we obtain

tout -1

E [(Eout)jk(Eout)lm] = ijzlm

+ L > E (imiizkiligium) ((a+28)E [Tr((€€7)%)]) 6iyin0isia
91,%2,13,i4=1
- >, E (i?m iizkiligium) (e + 2B)E [Tr((€€7)2)]) Giyig Oinis
i1 02 g ia=1
+ L Z E (ijil i:izkiligiim‘a> ((04 + 25)}': [TI'((EgT)Z)}) 5i1i46i2i3

11,12,13,14=1
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Therefore

E [(Eou) i (Eow)im] = 224~ 1zjkzlm + L (n(llE [Tr((ﬁﬁT)Q)D Skt + 18k + Sjm Sl

out tout n—|—2)
(50)
and
¢ — 3E [Tr((&€7)?
E[7(E%)] = lt("; : ! Tlt [n(r(b(fg)) ) E [7(Diag(V{iEVin)?)] . (51)

Using again similar computations, we obtain the second term appearing in the expansion of the Frobenius error written
in Eq. (38)

E[r(EX)] = E [r(Diag(Vyy=Vin)*)] - (52)
Substituting Eq. (51) and Eq. (52) into Eq. (38) yields the desired result. O]

mn
Ledoit-Péché formula [12]. However, when the population covariance matrix 3 is inverse Wishart and the data are
Gaussian, the computations reduce to the linear shrinkage described in Proposition (1). In the following section, we
will approximate the oracle eigenvalues using first a linear, then a quadratic shrinkage and will consider an inverse
Wishart population covariance matrix.

Remark 2. In general, the term E [T(Diag(VtEVm)2ﬂ is difficult to compute in the high-dimension limit using the

3.2 Linear shrinkage approximation

In this section, we apply our findings on the expected holdout error assuming that the population covariance matrix 3
belongs to the inverse Wishart ensemble to derive an approximation of the expected holdout error. Then we compute
the optimal k that minimizes the error of estimation under this approximation.

When the matrix X is inverse Wishart and the data are Gaussian, the computation of E [7(Diag(V;:2V;,)?)] reduces
to the optimal linear shrinkage written (37). Although the data are not assumed Gaussian but rotationally invariant,
we will approximate the oracle eigenvalues by the eigenvalues of the optimal linear shrinkage given in proposition (1),
let us define Diag(V;.X V)1, as the diagonal matrix containing the optimal linear shrinkage eigenvalues, i.e. for 7 an
integer between 1 and n

(Diag(Vi{EVin)L)ii = AP + (1 — ), (53)
where )\fi“ is the i-th largest eigenvalue of Ey, and r = 5 _fq, .

Let us also define the holdout error under this linear approximation as

EQEH_EE%:V<ﬂWﬂWKWﬂ_4>_1

: nln +2) E [r(Diag(ViZVi)D)] +E [7(Z)]. (54

For the purpose of computing Eq. (54) explicitly for an inverse Wishart population covariance matrix, a necessary step
is the computation of the trace of the square of the sample covariance.

Lemma 1. Let £ € R” be a rotationally invariant noise vector such that
E[e¢"] =1, (55)

and let E the sample covariance of 3 generated over t data points. Let us assume that 3 is an inverse Wishart of
parameters n.and p such that p is negligible in front of n, then in the limit of high dimension

r((£€T)2
ElrE] =1+ qw (56)
Proof.
ORI o
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Then by applying Eq. (50) in which we substitute E,, by E we obtain

n

E[r(E”)] = — 212”2”+ ( 5 1+ ) [Tr((ﬁﬁT)z)]) _Z;l (254555 + Zui %), (58)

which simplifies to

_ v T\2 n v T2
o] - (1 2R sy (3 om0

For an inverse Wishart, the following equalities hold in the high dimension limit [39, 37]

E [r(Z%)] =1+p, (60)
and
E[r(®)’] =1. (61)
Therefore
_ v T2
E[r(E?)] = %(1 +p)+ 2iiee )l [:(Sigm) ) (7; + 2(1:7’)) (62)
and in the high dimension limit
E |Tr )2
E[r(E*)] =1+p+ q[n(gi%)) ) : (63)
O

Now the approximation of the holdout error written in Eq. (54) can be explicitly computed.

Corollary 1. When X is an inverse Wishart of parameters n and p such that p is negligible in front of n and under the
assumptions of proposition (3), the expected holdout Frobenius error written in Eq. (54) in the high dimension limit

equals
E (| -2|2) = llj <3E [::ri(ii)) I 1) —1

Proof. Let us first compute E [7(Diag(V;!XV;,)?)] in the high dimension limit

p2

kn_E[Tr((§£7)?)]
p+ kt—1 n(n+2)

+1|+1+p (64)

E [T(Dlag(‘/“ﬁz‘/m)]%)] =E [(rinEin + (]— - Tin)]l)z]
= 12E [1(E2)] + rin(1 — 710)E [7(Ein)] + (1 — 710)?

=ra(E[r(BZ)] - 1)+ 1. (65)
with
r P (66)
" oT kn_ E[Tr((€€7)7)]
kEt—1  n(n+2)

Then by using lemma (1) which derives the second order moment of the sample covariance of an inverse Wishart, we
obtain

p2

kn E[Tr((££7)2
Pt =1 [ n((51+2) :

+ 1. (67)

E [r(Diag(ViaZVin)i)] =

By injecting Eq. (67) to Eq. (37), we obtain the desired result, Eq. (64). O

11



A PREPRINT - JANUARY 7, 2026

Remark 3. Let us now comment the range of the ratio

_ E[Tr((¢€")?)]
= (68)
n(n +2)
appearing in the holdout error formula given in Eq. (37). Because of the assumption written in proposition (3)
E[¢¢"] =1 (69)
and by using Jensen inequality, we obtain that
2
n
> — . 70
T= n(n+2) (70)

Therefore, ~y is at least in O(1) in the high dimension limit.

3.2.1 Optimal split

Corollary 2. Under the assumptions of corollary (1), there exists a k, the train-test ratio, defined from t,,; an integer
between 1 and t — 1, that minimizes the expected approximated Frobenius holdout error of estimation written in Eq.
(64), equal to

p(v*ng® - 3y —=1) +np*- Byp+3vy—p—1))
n(yqg+p) (V2¢®- B3y = 1)+ ypg(Byp+ 6y —p—2)+p?>- 3+ 3y —p—1))

n2-(3v—1)(n, n— 2
» (q (372np2 4 62np — ynp? — 2ynp + \/7 (3y—1)( p+q(7q2 3vp+p)) (va+p2+p) (7q +p)>>

n(vqg+p) (V2¢?- 3y = 1) +ypgByp + 6y —p—2)+p2- 3yp+3y—p—1))

kopt =

9

Proof. This equality is obtained directly by canceling the derivative of the expected Frobenius error in Eq. (64). [

Remark 4. k,,, exists only if v > L however, this condition is automatically verified because of the assumption
E[¢¢"] = 1. (71

When n — oo, one finds the following

VIBY =D+ (g + 9> +p) o
V@P(3y—1) +pg(B3p+ 6y —p—2) +p*Byp+ 3y —p—1)

Therefore, the optimal k, the train-test ratio, which minimizes the expected holdout error, is proportional to the square
root of the dimension of the population covariance matrix.

kopl ~ (72)

Let us also consider the evolution of the holdout error as a function of y: Figure 1 plots the expected holdout error from
Eq. (64) as a function of k for an inverse Wishart population matrix, fixed n, ¢ and p and for v = {1, 3,6}. The values
of 7y correspond to multivariate Gaussian data, a centered Gaussian scaling with a v/n variance, and a Laplace scaling
distributions, respectively (see Section 4). Note that the expected holdout error around ko is shallow for v = 1 and
becomes sharper as v increases. In practice, this implies that the choice of k is more important for large values of .

3.3 Quadratic shrinkage approximation

In this section, we consider a polynomial of order two in the sample eigenvalues to approximate the oracle eigenvalues.
In a similar manner as in the previous section, we will consider the optimal quadratic shrinkage that minimizes the
Frobenius norm with respect to the population covariance ¥ which amounts to [40]

argmin  ||a; E? + ao E 4 az1 — 3|2

ar,az,a3€[0,1]

under the constraint
T( E* + aE + asl) =1, (73)

The solution to this problem is given in the following proposition.

12
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Figure 1: Holdout theoretical error from equation (64) as a function of k = t— where 1 < ty,; < t — 1 for an inverse

Wishart populatlon matrix with parameters n = 500, p = 0.3, ¢ = 0.4 where v = 1 corresponds to multivariate
Gaussian noise vectors, v = 3 corresponds to the norm of the noise vector following a centered Gaussian of variance
v/n and y = 6 corresponds to the norm of the noise following a centered Laplace distribution of scale parameter \/g .

Proposition 4. Let us consider 3 a positive semi-definite matrix and E the sample covariance estimator of 3. We
assume that both 3 and E are normalized such that E [7(X)] = E [7(E)]=1 and that E has finite tracial moments up
to order 4. Then the optimal quadratic shrinkage coefficients that minimize the expected Frobenius error of estimation
given in Eq. (3.3) are [40]
o — (E[r(E*)] —E [r(E®)]) (E[r(EX)] - 1) + (E [7(E*S)] —E [r(E?)]) (E [7(E?)] - E[r(E)]) a8
(E[r(E?)] —E[r(E))) (E[r(BY) - E[r(E?)?)) - (E[r(E?)] - E[r(E?))’

E[r(EX)] —1— o (B[r(E°)] —E [r(E?)])
E[r(E?)] - E[r(E)]

Qg = (75)

a3 =1—oE [7(E?)] — a:E [7(E)]. (76)

Proof. Let us note \ the Lagrangian associated with the constraint 7(a; E? + as E + a3l) = 1 and E(aq, az, as, \)
the following functional

E(ay,a0,a3,\) = aiT(E*) + a37(E?) + a37(1) + 7(2?) + 201007 (E?) + 20037(E?) a7
— 201 7(E*X) + 200037 (E) — 2057(EX) — 2a37(%)
+ M1 — a1 7(E?) — ap7(E) — asz7(1))
The optimality conditions are the three following equations
oF

o —0e 20, 7(E*) + 2007 (E?) + 2a37(E?) — 27(E*X) — Ar(E?) = 0, (78)
1
oE 9 3
o = 0< 2007(E*) 4+ 201 7(E°) + 23 — 27(EX) = A =0 (79)
2
and
OE 9
— =0<2a3+20q7(E°) + 202 —2 - A =0, (80)
60&3
and a few successive substitutions give the announced result. O

13
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Now, let us define Diag(V;!XV,)q the diagonal matrix containing the optimal quadratic shrinkage eigenvalues, i.e.
for ¢ an integer between 1 and n

(Diag(Va=Vi))q.ii = a1(AP")? + ao AP + ag, (81)

where )\ZEi" is the i-th largest eigenvalue of Eji, and o, ais and «g are the coefficients written in Eq. (74), Eq. (75) and
Eq. (76) respectively.

Let us also define the holdout error under the quadratic approximation as

E(|E" —23) = lk (?WM - 1) — 1| E [r(Diag(ViXVin)3)] + E [7(Z?)] . (82)

t n(n + 2)

Remark 5. For the detailed computations of the third and fourth order tracial moments of E, i.e. E [T(ES)] and
E [T(E4)}, that are needed to compute the optimal quadratic shrinkage coefficients and their error see the Appendix

Corollary 3. When X is an inverse Wishart of parameters n and p such that p is negligible in front of n, under the
assumptions of proposition (3) and by assuming that
E[[1€]°] < oo (83)

and
E [1|€]®] < oo, (84)

the expected holdout Frobenius error written in Eq. (82) in the high dimension limit equals

3E [Tr((£€7)2
E(|IE7 -=[3) = llt“ (W—1>—1 E+1+p, (85)
with
E=0i [E[r(EY] -E[r(E*?] —r3 (E[r(E*)] —1)] +r* [E[r(E*)] —1] +1, (86)
P E [T(ES)] —E [T(Ez)]
= Y2 d = TY2 . (87)
' p+ Q‘E[T;((Effz)) . . " p+ Q‘E[T;(((ngfw) !

4 Applications to rotationally invariant noise distributions

In this section, we compute the expected holdout error for different rotationally invariant noise distributions. We begin
by considering uniform and Gaussian noise which have v = 1. Then, we consider distributions that lead to different
norms of noise, namely Gaussian, Student and Laplace to illustrate the influence of the factor ~.

Let us first mention that any rotationally invariant vector £ can be written as the following product

£ = su, (88)

where u € R™ is a uniform vector on the sphere S®~! and s is a random variable independent from .

E [Tr(¢¢")?] = E[s"|E [Tr(uu”)?], (89)
with u € R™ a uniform vector in the sphere S"~! independent of x a real random variable.

E [Tr((wu")?] = n(n — 1)E [ufu3] + nE [u]] . (90)

We have

n2

]:n(n—l)

E [u%ug oD

14
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and 5
E [uf] = 1) (92)
Then by reinjecting these moments into Eq. (90), we obtain the following.
E [Tr((uu”)?] =1+ S 93)
n+1
To apply our findings on the holdout error written in Eq. (64), we therefore need
E [%] =n. (94)

4.1 Gaussian multivariate noise

The multivariate Gaussian distribution is rotationally invariant, so one can consider the following noise vector: & ~
N(0,1) with 1 being the identity matrix of size n. This case corresponds to s following the square root of a >
distribution with n degrees of freedom.

In this setting

E[T((g€")?)] =E [l
=n(n—1)+3n
=n(n+2).
Therefore Eq. (37) becomes
B (1= - 23] = | 2 - 1| B [rDine(vI 5vi2)] + B [+(3)]. 9

which corresponds to the result found in the Gaussian case directly using the Wick theorem; see [30] for more details.

4.2 Uniform multivariate noise

Let us consider a constant £ a uniform vector on the sphere of radius /7, then

1 E[Tr(E€N?)]

=1
n—00 ’n,(’n, + 2) ’ 6)

and we obtain the same formulae as in the Gaussian multiplicative noise case.

4.3 Gaussian, Student and Laplace noise norms

Let us now consider several examples for the distribution of the random variable s which represents the norm of the
noise.

Gaussian norm

Let us assume s ~ N'(0, \/n), then

E Tr T\2
lim M —3. 97)
n—oo ’n,(’n, + 2)
Student scaling
Let us assume that s = ”7_2716 where § follows a Student-t distribution with v > 4 the degree of freedom, then
E[T T2 -2

i [Tr((6€67)%)] _ 3(v —2) _ ©98)
n—oo  n(n+2) v—4

15
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Figure 2: The plots compare the the theoretical error of equation (64) with a Monte Carlo estimations for a random
uniform selection of the parameters: n € [100,1000], p € [0.1,9], ¢ € [0.1,0.9] and k among the divisors of .
For stability, the Monte Carlo is averaged over 20000 simulations for different distributions of the norm of the noise,
namely Gaussian, Student and Laplace as defined in 4. The confidence intervals displayed are obtained by a BCa
bootstrap with a 95% confidence level.

Laplace norm

Let us assume that s follows a centered Laplace distribution with a scale of g then

E [Tr((€7)%)]
n(n+2)

which also corresponds to a Student-t distribution with v = 6, but in this case the 6-th and 8-th moments of the
distribution would diverge and the quadratic shrinkage cannot be applied.

lim

n—oo

_ (99)

All distributions shown in Figure 2 have a -y larger than 1. In this case, the dispersion of the error around its expectation
is very large, especially for higher values of k. To verify the pertinence of our approach numerically, we performed
Monte Carlo simulations by choosing the values of n uniformly in [100,1000], ¢ € [0.1,0.9] and k, the train-test
ratio, among the divisors of ¢. For each set of parameters, the Monte Carlo holdout error is the average over 20000
independent realizations. Then we added 95% confidence intervals obtained by BCa bootstrap and compared the
Monte Carlo holdout error to the theoretical holdout error of equation (64).

We observe a small negative bias in the simulations which becomes more visible for higher values of . Indeed,
the theoretical error we derived approximating the oracle eigenvalues by the linear shrinkage appears larger than the
average realized holdout error. Furthermore, the higher the value of -, the higher the dispersion of the error around its
mean making the choice of the optimal k£ more important.

Figure 3 compares the theoretical holdout error obtained with the linear approximation written in Eq. (64) with a
Monte Carlo holdout error for k chosen as in Eq. (72), i.e. the optimal % for the linear shrinkage approximation of the
holdout error. We observe that the negative bias of estimation is higher for smaller values of k as well as for higher
gammas.

16
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Figure 3: The plots compare the theoretical error of equation (64) with a Monte Carlo estimates for a random uniform
selection of the parameters: n € [100, 1000], p € [0.1,9], ¢ € [0.1,0.9] and k chosen as the optimal value of Eq. (72).
For stability, the Monte Carlo estimates is averaged over 20000 simulations for different distributions of the norm of
the noise, namely Gaussian, Student and Laplace as defined in 4. The confidence intervals displayed are obtained by

a BCa bootstrap with a 95% confidence level.
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Figure 4: The plots compare the holdout errors obtained by approximating the oracle eigenvalues with a linear and a
quadratic polynomial of the sample eigenvalues to a Monte Carlo holdout error. The population covariance matrix is
inverse Wishart with n = 500 and p = 0.3. The data are generated with a rotationally invariant noise where the norm
follows a Gaussian, Student and Laplace distribution with ¢ = 0.4.
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In Figure 4, the plots compare the linear and quadratic shrinkage holdout errors to the realized holdout error. It seems
that the quadratic shrinkage corrects a significant part of this negative bias, especially for values of k around the
realized optimal one and seems to be a particularly good approximation when the norm of the noise vector follows
a gaussian distribution. Moreover, the optimal &k derived with the linear approximation written in Eq. (72) seems to
approximate well the realized optimal k, further strengthening the linear approximation.

Let us also mention that the Student distribution with parameter ¥ = 5 could not be considered for performing the
quadratic shrinkage as it does not have finite six and eight order moments. The lack of finite higher moments for
certain distributions may lead one to consider other functions of the sample eigenvalues to approximate the oracle
eigenvalues instead of using polynomial functions. One possibility would be to use rational functions.

5 Conclusion

In this work, we derive the expected Frobenius holdout error for rotationally invariant multiplicative noise models.
Hereby extending to non-Gaussian distributions for the noise vector. Our approach involved using Weingarten calculus
to link the moments of sample covariances to the moments of the population covariance matrix. This step enables us to
write the expected Frobenius holdout error as a function of the oracle eigenvalues which can then be explicitly derived,
in the high-dimension limit, using the Ledoit-Péché’s formula when its assumptions are satisfied.

For general population covariance matrices, approximations are necessary, for example, to estimate the limiting spec-
tral distribution of the sample covariance, and such work is left for further research. When the population covariance
matrix follows an inverse Wishart distribution, we approximate the oracle eigenvalues using a linear shrinkage con-
sidering that such an approximation becomes exact for Gaussian data and we obtain the expression of the optimal k,
the ratio between the number of data observations and the size of the out-of-sample set, finding it to be proportional
to the square root of the matrix dimension. Then, we approximate the oracle eigenvalues using a quadratic shrinkage
for which numerical methods could be of use to approximate an optimal k. The quadratic approximation yields a
better performance than the linear approximation, especially for values of %, the optimal train-test split ratio, around
the optimal realized one.

Finally, we were able to test different noise distributions for the norm of the noise vector, namely Gaussian, Student,
and Laplace for which + is larger than 1 to verify the validity of our approach using Monte Carlo simulations. We
observe that that our approximation yields a slightly larger theoretical error than the simulated one, and that the
quadratic shrinkage corrects a significant part of this negative bias of estimation, especially around the realized optimal
values of k. Moreover, we observe that the expected holdout error formula becomes sharper around the optimal £ as -,
the ratio between the fourth moment of the Euclidean norm of the noise vector and the square of the matrix dimension,
increases, thereby making the choice of the optimal k£ more important when running the holdout method in the large
but finite dimension setting.
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6 Appendix

6.1 Computation of E [7(E®)] and E [7(E*)]

List of moments for 3 an inverse Wishart matrix of parameters n and p and its sample covariance matrix E derived
from a rotationally invariant multiplicative noise

. E|Tr((¢¢7)?)
1+ p+ gy withy = E[Tr((ee™)™)] 2t ]

* E[7(E°S)] =E[1(Z%)] + 1 [r(Z?)]

Lemma 2. Let & € R” be a rotationally invariant noise vector such that

Efeg"] =1, (100)
and let E the sample covariance of ¥ generated over t obervations of the noise §. Then in the high dimension limit
v T2 v T3
E[7(E®)] =E[r(Z%)] + qWE [37(Z*)7(Z)] + q2mE [7(Z)?] (101)
and
v T2
B[ (8] =B 3] + o= o g far()r() + 2r(57)
o B [Tr((¢€7)%)] 2\ ye2 E [Tr((g€")")] 4
m@ [47(Z*)r(2?)] + q?’n(n T 6)E [(r(Z))"]. (102)

Let us assume that 3 is an inverse Wishart of parameters n and p such that p is negligible in front of n, then in the
limit of high dimension the third and fourth order moments of the sample covariance matrix equal

3] _ E [Tr((£€6")%)] E [Tr((6€7)°)]
E [T(Ea)] =1+3p+2p°+ QW(3(1 +p)) + q2n(n+2—)(n—|—4) (103)
and
E [r(BY)] = 1+ 6p + L1p? + 5p° + 24(3 + 6p + 4p*) [%l(ié;ﬁ)}
a1 EOEEDI] | o E[Tr((eED)Y] os

nn+2)(n+4) L nn+2)(n+a)nt6)

Proof. Let us first explain the main argument of the proof. Since £ € R" is rotationally invariant vector, it can be
decomposed as
£ = su, (105)

where s is a random variable independent from u a uniform random vector on the sphere S”~!. Let us now consider
i = (i1, ...,92x) a sequence of integers between 1 and n, then using the independence between s and u we obtain

E [57;157;2"'52]6] =E [SQk} E [u’h uiz"'ui%] : (106)

Then the difficult question is the computation of E [u;, u, ...u;,, |. To compute this quantity, let us consider y € R" a
centered Gaussian random vector with an identity covariance matrix. y is rotationally invariant and can therefore be
written y = sgv with s¢ a random variable independent from v a uniform random vector on the sphere S™~1.

Therefore Eq. (106) can be rewritten as

E [§i1§i2"'§i2k] = E [yu Yis "'yizk] (107)
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where the term E [y;, ¥, .-.¥i,, ] can be computed using Wick theorem [31].

Therefore, to compute the thirs and fourth order moments of E, i.e. E [7(%%)] and E [7(%*)], the first step is to write
them as a function of moments of elements & using the i.i.d. assumption on the columns of the noise matrix X.

1 . . . .
E [T(E?’)] = ﬁ ZE [EiilXiltlXi2t12i2j2ji3X’i3t2Xi4t2 Ei4kzki5Xi5t3Xi6tsziei}

= DO Do s

{2 350 X a1 X1 Sk Sk Xin1 X 531'51}

£t —1)
nt3
tt—1)
nt3

Z E [2211le1X121212]2]13X131Xi412i4k2ki5Xi51Xi622’51} (108)

_|_

]E |:iii1Xi1t1'Xi2t1 212] ijiki5Xi5t3X’i6t3 5:7,51]

]E {iiilXilthigtl 27.2] Ej13X23t2Xi4t2 214’@2161]

By writing the previous equation as a function of £ we obtain

tt—1)(t—2)
E [r(E%)] = —p & [7(=?)]
t(t—1) - e e =
R Z DR DIFDIFTIDIND DY 161} [IRINIMIN
i,k i3,04,05,i6=1
tt—1) " -
+ nt3 Z E Eillzlﬂzjkzkls 161] [511512515515]
i,9,k,i1,00,05,06=1
tt—1 - e~
+ (ntg ) o Z _ E _Eiilzizjzji32i4k2ki:| E [&, &3]
i,5,k,41,12,i3,14=1
1
= m Z E [2”1 E1232313 EMkzkzs Zel:| [511 512&3514515515] (109)
i.4.k

Then we link Eq. (109) with Gaussian moments using the argument written in Eq. (107) and after applying Wick
theorem, we obtain

B [r(29)] = e ()
n 3t(tt3— HE [:(r?i(ig)) ] E [Tr(Eg) + Tr(=%) + Tr(ZQ)Tr(E)}

1 E[T((&e")]
nt? n(n+2)(n +4)
and finally by taking the high dimensional limit in Eq. (110), i.e. n,t — oo with % = ¢ > 0, we finally obtain

E [8Tr(2?) + 6Tr(Z?) Tr(2) + Tr(2)?], (110)

E [Tr(¢€7)°]

E [Tr((€€7)%)]
n(n+2)(n+4)

n(n + 2)

Now let us focus on the fourth order moment

E [r(E®)] =E [7(Z*)] + 3¢ E [Tr(Z*)Tr(2)] + ¢ E [Tr(3?)] (111)

E[ ( = nt4 Z Z |:Eii1X’ilth’iQtlZinEjigXi3t2X1;4t2Zi4k2ki5X’isthigtgZiglzli7Xi7t4Xist4Eisi .
i,5,k,l,  t1,...,ta=1
il,...,ig:1
(112)
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The first step is to write the previous equation as a function of columns of the noise vector £ using the i.i.d. assumption
on the columns of X and the independence between 32 and X, we obtain

Ht—1)(t—2)(t — 3)

E [T(E‘l)] - —1 F [7(24)}
tt—1)(t—-2 n e . -
+ % Z 1E | Ziin Dz 2jia Diak D2 | B [TRINININ
21,12,13,14=
tt—1)(t—2) " e = .- .
ST R Z B i, 82521 Xnis Dot X0i | B (€01 iz s i
i1,%2,1i5,i6=1
tt—1)(t—2) = e = ST
Sy e Z B |0, Doy Xk B i, Bigi | B (€01 62 &ir i
i1,%2,i7,i8=1
tt—1)(t—2) - e e e = ;
+ ot o Z E _Eijzjiszukzkis Eiglzli_ E [513&4&5&6]
13,14,15,i6=1
tt—1)(t—-2 i A
+ # Z E E 8 is Lk S Sty Digi | B (€551, Eir i)
nt R |
13,14,1i7,i8=1
tt—1)(t—-2 i - L
* # > B S5k Skis Diet S Sisi | B G Siolir i)
nt .~ L ]
i5,16,i7,i8=1
t(t—1) - .
+ ’I’I,t4 Z E |:szEJ13214ka2)Eznglz7 zgz:| [523514515616517528]
13,14,15,16,i7,i8=1
tt—1 i L
+ (nt4 ) Z E [ Siiy Siag DnEbis Siat Stir Siss | B (€6 Eiaibiainis]

16,
tt—1) = -
+ 4 Z E {Eizl ng 2J’L3 Emkzklzlw zsz:| [521 51251367445747528]

tt—1 i e
+ (nt4 S E [Si6, St 8t Sk St Dot Sae] B (€6 €
i1,42,13,14,17,i8=1
1 n .
+ﬁ Z E|:anElzjzjlgzukzlmszzalzlw 1gz:| [le&2&3514525&5&7&8] (113)

11,%2,13,14,15,16,17,i8 =1

Then we link Eq. (113) with Gaussian moments using the argument written in Eq. (107) and after applying Wick
theorem, we obtain

#H(t —1)(t— 2)(t — 3)

E [T(E4)} = 4 E [7(24)]
U ng —22 [:Egiﬁ;)ﬂ] E [12Tr(S4) + 4Tr(2%) Tx () + 2Tx(3?)?]

|t —1) B[Tr(€€")*)]
nt* nn+2)(n+4)

1 E[m((&gh)Y
nt3 n(n +2)(n +4)(n + 6)

E [32Tr(Z%) + 16Tr(2%) Tr(2) + 8Tr(X?%)? + 4Tr(2?) Tr(X)?]

(114)

and be taking the high dimensional limit for n, ¢ — oo with % — ¢, we obtain

23

E [48Tr(2*) + 32Tr(2%) Tr(X) + 14Tr(2?)? + 13Tr(X?) Tr(X)? + Tr ()],
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r((£€T)2
E[r(EY)] =E [«(=9] + QW
+ QM
n(n +2)(n +4)

E [47(Z*)7(%) 4 27(2?)?]

E [Tr((6€7)"]
n(n+2)(n+4)(n+6)

E [47(Z*)7(2)%] + ¢° E [7(2)Y] (115)

Then to obtain the third and fourth order tracial moments of E when X is an inverse Wishart with parameters n and
p, we recover the cumulants of 3 by computing the Taylor expansion of the R-transform of 3 around 0. Indeed, the

R-transform of 3 equals [37]
1—+/1—4px
Rx(z) = o e (116)

which gives the following Taylor expansion around 0 up to order 3

Rx(x) = 1+ px + 2p%a? + 5p323 + o(2?) (117)

x

By identification, the four first cumulants are equal to

/<61:1
Rg =P
— 9,2
K3 = 2p
K4 = 5p°.

Then using the recursive formula linking moments and cumulants [41], we obtain

(%) = r1 T(X)=1
7(22) = kg — K3 T(X%)=1+p
7(23) = k3 + 3koK1 + K3 = 7(2%) =1+ 3p + 2p? (118)
7(24) = Ky + dK1k3 + 382 + 6KoK? + KT (%) =1+ 6p + 11p? + 5p3
and by re-injecting the list of moments of Eq. (118) in Eq. (112) and Eq. (115), we obtain the desired result.
O
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