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Abstract

We introduce a two-layer Hawkes model for the autonomous “core” order flow and the
market’s endogenous reaction. This model has a natural scaling limit, which reconciles a
number of salient but apparently contradictory empirical facts. To wit, the aggregate unsigned
order flow increments are rough (like price volatilities), whereas the signed order flow is the sum
of a martingale and a process with long-range dependence. Under no-arbitrage constraints, the
order flow also pins down a corresponding price model, where volatility is rough and the price
impact of each trade decays according to a power law. All the quantities are determined by
a single parameter (measuring the persistence of core and reaction flow in the micro-model),
but nevertheless turn out to be remarkably consistent with empirical estimates.
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1 Introduction

Prices and the corresponding traded quantities are the fundamental observables in any financial
market. Yet, “although most models of asset markets have focused on the behavior of returns [.. .|
their implications for trading volume have received far less attention” [28].

Indeed, over reasonably short time horizons, the natural baseline model for prices are martingales,
for which systematic trading profits are difficult to attain. In contrast, trading volume is well
known to exhibit strong persistence, but no canonical model has emerged yet. The challenge here
is to consistently model a number robust empirical properties that appear almost contradictory.
On the one hand, the long-range dependence of order flow [4] 26H28] naturally motivates models
based on fractional Brownian motion with Hurst index H » 0.5. On the other hand, (unsigned)
daily traded amounts are almost synonymous with volatility [10} 29 B2], which is better modeled
by rough fractional Brownian motions with Hurst index H « 0.5 [I5].

Evolution of Hurst exponent with bin sizes under a single fBm model
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Figure 1: Average Hurst exponent estimations over the 40 stocks of the CAC40 index (2021-2024)
using a single fractional Brownian motion specification.

This ambiguity is further compounded by the fact that such measurements for trading volume are
not scale invariant. This is illustrated in Figure |1} which displays a standard roughness estimator
computed from (signed) trading volume sampled at different frequencies. We observe that at high
frequencies the estimates are close to H = 0.5 in line with diffusion models as in [5} [0} [I7]. However,
as observation frequencies become coarser, the estimates increase steadily and reach values near
H = 0.75 at daily frequencies.

In addition to this multiscale behavior, the corresponding unsigned trading volume displays a
completely different behavior. Indeed, as illustrated in Fig. [2] the time series of traded amounts is
very rough, with roughness estimates well below 0.5 at all timescales just like for price volatilities.



600000 1

500000

400000

300000 7

Cumulative volume

200000 4 1 ‘ Iy I

100000 +

~

3 N\ IS
o
0y

)
v v v ¥l
4 4 2 S

o & D

Time (days)

Figure 2: Daily increments of the unsigned trading volume for LVMH.

In the present study, we reconcile these apparently conflicting stylized facts. To this end, we start
from a micro-model for the order flow based on two different types of Hawkes processes. The first
models the “core flow”, i.e., trades submitted for autonomous reasonsEI The second describes the
“reaction flow”, i.e., the strong reaction of the market to core and reaction orders in the spirit of
([111 19} 20, 23H25], where the core flow is constant). We show that this micro-model has a natural
scaling limit with the following properties, determined by a single statistic Hy of the micro model
(a measure of the persistence of the core and reaction flow):

e The (cumulative) unsigned order flow converges to a (integral) of a rough process with Hurst
exponent Hy — 1/2, paralleling results for (integrated) volatility of asset prices.

e The cumulative signed order flow is the sum of a fractional component with Hurst index
Hj e (1/2,1) and an independent martingale.

Thereby, the model reconciles the rough estimates for unsigned order flow with the strong per-
sistence of the signed flow. What is more, such a mixed fractional model (as studied by [7] as a
model for asset prices) also matches the multiscale behavior of signed trading volume observed in
Figure [I}

But that is not all: via the future expected flow, the present model also naturally leads to a
consistent price model as in [25]. To ensure prices are martingales, the price impact of trades in
turn needs to decay according to a power law kernel with exponent 2 — 2H,. The corresponding
price volatility then pinned down as another fractional process with Hurst exponent 2Hy — 3/2.

Whence, all of these quantities are determined by the single parameter Hy. Despite this extreme
parsimony, the model’s testable predictions turn out to be remarkably consistent with empirical
estimates. Indeed, for Hy = 3/4, the signed order flow has this Hurst index, which closely matches
the empirical estimates one obtains from estimating a mixed fractional Brownian motion model.
As displayed in Figure [3] these estimates are now very stable across a wide range of aggregation
time scales.

1The key role of such “fundamental” trading practices in the overall behavior of the market is also underlined in
[301 1], who develop a detailed model of metaorders, characterizing their size, duration, and mutual correlations. In
contrast, our approach is more reduced-form but its natural scaling limit turns out to have very precise implications.
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Figure 3: Average Hurst exponent estimations over 40 stocks on the period 2021-2024 using a
mixed fractional Brownian motion.

The corresponding unsigned order flow in turn has Hurst index 1/4, which closely resembles the
properties of time series data as displayed in Figure [2} Moreover, for Hy = 3/4, we obtain a very
rough volatility process with Hurst index & 0 in line with, e.g., [3, [0, 13} [15]. Finally, price impact
then decays with a square root kernel. For orders with constant participation rate, this leads to the
celebrated “square-root law” linking the price impact of metaorders to the quantity executed. In
previous studies, reconciling this feature with diffusive prices requires much more autocorrelated
order flow in the data. In contrast, the interplay of core and reaction flow in our model achieves
this while remaining consistent with the empirical properties of the flow.

In summary, the scaling limit of our Hawkes model suggests an extremely parsimonious limiting
model that consistently matches a wide range of empirical properties for trading volume, price
impact dynamics, and the corresponding price volatilities.

The remainder of the paper is organized as follows. Section [2] introduces the two-layer branching
Hawkes framework. Section [3]derives the scaling limits for core, reaction, and total flows. Section [4]
connects the core order flow dynamics to volatility and impact.

2 A two-layer Hawkes model for order flow

This section introduces a model that will reconcile the apparently contrasting properties of unsigned
and signed order flows and establish a unified framework connecting it to rough volatility and the
decay of market impact according to a power law kernel.

To this end, we decompose the aggregate order flow into two conceptually distinct building blocks:

e Core order flow: The “core order flow” arises from a heterogeneous mixture of trading



motives and horizons. In particular, it comprises medium and low frequency strategies,
often grounded in fundamental information, long term valuation views, or trend following
dynamics. Such strategies explain part of the empirically observed persistence in order flow,
where the signs of trades exhibit long-range dependence. This is complemented by metaorder
splitting: large institutional trades are executed incrementally over time to minimize market
impact.

¢ Reaction orders: unlike the core flow, “reaction orders” are not initiated for autonomous
reasons but arise endogenously as a response to other trades. This applies both to the core
flow (which contains both informed trades and trading opportunities) and to other reaction
orders. Such reaction orders reflect the dynamic interplay among liquidity providers, high
frequency market makers and quantitative strategies that continuously adjust their positions
and inventories. The resulting feedback mechanisms generate additional layers of correlation
within the order flow, that in turn amplify the persistence of the core order flow.

2.1 Core order flow

We model the core buy and sell orders by two independent univariate Hawkes processes, denoted by
F* and F~, respectively. This is a very natural modeling tool for the splitting of a metaorder or a
trend following strategy, for example: once a child order is submitted, the probability of observing
further orders of the same sign increases, reflecting the continuation of an execution program.

Formally, both F'* and F~ have the same baseline intensity v > 0 and the same excitation kernel
wo: Ry — R, that governs the temporal dependence between tradesﬂ Hence, the intensities of
core buy and sell orders are given by

t— t—
/\f:V+J- oot — s)dF;, ;:V+J wo(t —s)dF; .
0 0

When the kernel g decays rapidly, the process approximates a memoryless sequence of orders,
with limited interaction between successive trades. Conversely, a slowly decaying (g implies that
each trade continues to elevate the probability of subsequent trades in the same direction over an
extended horizon. This allows to capture that large metaorders or trend-following strategies, once
initiated, generate persistent streams of transactions.

The signed and unsigned core order flow are in turn given by
Ft:Ft+*Ft_a WZFt++Ft_;

which measure the directional and overall trading volumes due to core trading activity.

2.2 Reaction orders

We now turn to the market’s endogenous reaction to incoming orders. As discussed above, it is
difficult to discriminate autonomous baseline orders from other trades, so we model this reaction
flow via Hawkes process driven by baseline and other reaction trades in the same manner. More
specifically, we consider a two-dimensional Hawkes process

N; = (NtJr’Nti)v

2This symmetry is required to obtain a finite svaling limit below.



where N T describes reaction buys and N~ models reaction sells.

The baseline intensity of N is driven by the reaction to core orders through a symmetric kernel
matrix
_ (P11 ¥2
¢ (@2 901) ’

t
ut:fcb(t—s)-dFs where  Fy = (F, Fy).
0

so that

The global intensity of N is given by

At:ut+L¢(t—s)- st:L¢(t—s)-d(Fs+Ns).

This structure of Hawkes process branching on Hawkes processes captures the asymmetry of reac-
tions. More precisely:

e Following a baseline buy order at ¢y, a wave of reaction buy orders (with intensity 1) is
triggered on the ask side, reflecting for instance momentum strategies, while a smaller wave
of reaction sell orders (with intensity o) may appear on the bid side, reflecting inventory
rebalancing or contrarian liquidity provision;

e The situation is symmetric for core sell orders, with ¢, and ¢o swapping roles (again, to
obtain a finite scaling limit below).

e Non-core orders are digested by the market through the same mechanism. This is represented
by the integral term in the intensity of N. The market uses the very same kernel to process
core and non-core orders as there is no way to distinguish between them.

2.3 Aggregate Order Flow

The aggregate order flow combines both baseline and reaction flow:
U =F'+F +N;/+N,, Sy =F"—F~ +N—-N_,

where U, is the unsigned aggregate order flow and S; is its signed counterpart.

This decomposition underscores that long memory in the signed order flow S; need not arise solely
from persistence in the core component. Instead, the observed persistence of the aggregate flow
is generated by the interaction between exogenous persistence in the core flow and its endogenous
amplification by reaction trades. We now formalize this intuition by studying the scaling limit of
the Hawkes model introduced in this section as the observation scale goes to infinity.

3 Scaling limits of the order flows

In this section, we are interested in the macroscopic behaviour of the different order flows introduced
above. We first addresses the scaling limits of baseline orders and then turn to ones for reaction
orders. Subsequently, we examine the scaling limits of the aggregate unsigned and signed order
flow, respectively.



3.1 Scaling limit of the baseline flow

We consider the same model as in Section [2] with the additional exponent T, and assume that
the processes are observed on a finite time horizon [0,7] with T > 0. The goal of this section is
to establish scaling limits for the core order flow process as T goes to infinity , thus capturing its
macroscopic behavior. Following [24], we work in a nearly unstable, heavy—tailed Hawkes regime
that captures both the high level of clustering of the core flow and the long memory of trading
activity. We formalize this through the following assumptions.

Assumption A. There exists a nonnegative sequence (ad )r=o converging to one such that al <1

and
T

Yo = ag@(%
for some completely monotone kernel o (see [1] for definition) such that |¢o| ;. = 1. Furthermore,
there exists 0 < ag < 1 and a positive constant K such that as t tends to infinity,

0
Ozotao f gDo(t) dt — Ko.
t

From a probabilistic perspective, a Hawkes process can be viewed as a population process and the
norm of the corresponding self-exciting kernel, in this case yg, can be interpreted as the proportion
of descendants in the whole population. In the financial setting, the norm [¢o| ;1 can be seen as
the proportion of endogenous orders in the market. In fact, markets are highly endogenous, in the
sense that a large fraction of orders are not driven by exogenous economic information but are
instead generated algorithmically in reaction to past order flow. In our model, this translates into
the assumption that the norm of the self-exciting kernel converges to one, while remaining strictly
less than one. In particular, the condition [¢o|| ;1 < 1 ensures the existence of a stationary solution
for the intensity. The second part of Assumption [A]imposes a heavy-tailed kernel, which captures
strong clustering in order arrivals induced, e.g., by the splitting of metaorders.

To obtain non-degenerate limits for our signed and unsigned core flows, the parameters al , g and
the baseline intensity 7 of the baseline flow have to be scaled appropriately:

Assumption B. There exists two constants \g, po > 0 such that

) I'(1 - ap) . _ ag
1 T (] — Ty _ Ko—— =0 1 Tl a0, T _ &
Jim T0(1 —ag ) = Aoko p” and  lim V= MO~ ao)

where I' represents the Gamma function.

Under these assumptions, the long-term average intensity of the Hawkes process F*&7 is (1 —
al)~tvT. Therefore the average number of trades from F*7 on [0,T] scales as TvT (1 — al) 7t
Thus it is natural to scale each of the Hawkes processes by (1 —al)~'»?T and consider the scaled
processes
po _1=af e

t TyT tT

Let us define for ap > 0 and Ao > 0 the function f@o-*o by

fom’)\o (x) = /\Oxa()ilanﬂo (7}\0‘%8)’



where E, g is the (a, 5)-Mittag-Leffler function

k

& T
Fes®) = 2 Wk By

see [18]. The following theorem is proved in Appendix [B]

+,

Theorem 3.1. Under Assumptzonsl and@ the process (F ,Ft ’ )te[o,l] is tight for the Sko-
rohod topology. Furthermore, any limit point (F,", F;") of (F, ", F,

. ! ) satisfies

¢
Ftir =f sfa"”\o(t—s)ds—l- J- fo“’”\" —8)ZF ds,
0

v 0)\0

where Z+ and Z~ are two continuous martingales with quadratic variations respectively F+ and
F-.

When ag > 1/2, then the limiting processes in Theorem are differentiable and their derivatives
belong to the class of rough Heston models developed in [12] 24]. However, the empirically relevant
case will turn out to be ag < 1/2, where the core flow is highly persistent and the limiting processes
become non-differentiable. This corresponds to the hyper-rough Heston models introduced in
[25]. We give in the following proposition an accurate statement regarding the regularity of such
processes. This notion is of particular interest since, in the high-frequency regime and for the
class of processes in our framework, the Holder regularity coincides with the Hurst exponent. As
a consequence, characterizing the Holder regularity provides direct information on the roughness
of the sample paths and on the associated Hurst parameter.

Proposition 3.2. For any € > 0, the processes F* and F~ are almost surely Holder continuous
with exponent (1 A 2ap) — e on [0,1]. In the case ap < 1/2, they are moreover exactly 2cg-Hoélder
continuous in L?, that is, there exists a constant C' > 0 such that for any t € [0,1], as h tends to
zero:

_ 2 1/2 _ 20(0 2&0
(E|Ft+h A ) = Ch2e0 4 o(h2).

As T goes to infinity, the scaled signed and unsigned core processes satisfy

F:7T+F;7T—’Ft++Ft_ and F:7T_F;7T_’Ft+_Ft_'

From Theorem [3:1] we obtain the following proposition.

Proposition 3.3. Let
F,=F" + F and V,=F' - F

denote the scaling limits of the unsigned and signed core flows, respectively, where ™ and F~ are
gwen in Theorem[3.1, We have

t
F, =2f 5 foRr0(t — §)ds + ——— J faodo(t zF ds
' 0 ( ) \/Mo)\o =)

and

Vv, = —5) 2V ds, (1)

J foéo,)\o
V1o Mo



where Z¥ and ZV are two continuous martingales with quadratic variation F and quadratic co-
variation V' such that

ZF =zt + 7~ and ZV =2t -7,
where Z and Z~ are given in Theorem |3. 1|

When ag < 1/2, F and V are exactly 2ao-Hélder continuous in L2. Thus, the signed and unsigned
core processes have the same regularity as a fractional Brownian motion with Hurst exponent

HU = 20&0.

3.2 Scaling limit of the reaction orders

As for the baseline flows, we augment the notations for the reaction flow from Section [2] with the
additional exponent T for the time horizon. We write

t
AT = f Alds
0

for the compensator of our Hawkes process and the associated martingale is denoted by
T T T
M; =N; —A;.

We are again interested in the macroscopic scaling behavior of the reaction orders. Therefore, in
the same spirit as in [I1], we make the following assumption that again reflects the high degree of
endogeneity of financial markets.

Assumption C. There exists a nonnegative sequence (al )r=o converging to one such that al < 1
and

¢" =alo

for some matriz ¢ such that its spectral radius satisfies

S(lpllzr) = llpallpr + o2l = 1.

From [25], we also know that Assumption |C| is necessary in order to obtain non-trivial market
impact on the market. We write ki (t) = ka(t) for the eigenvalues of ¢ (), i.e.,

ki(t) = p1(t) + pa(t), ka(t) = @1(t) — pa(t)

and denote by v1, v their associated eigenvectors

=)o oo (8)

The following assumption relates to the slowly decreasing behavior of the kernel matrix, that is
also necessary to obtain non-trivial market impact, see [25].

Assumption D. There exists 1/2 < oy < 1 and Ky > 0 such that

ve}
lim ayz™* J ki(s)ds — K.
t—00 t



We finally need to specify an asymptotic framework similar to that in Assumption [B] to ensure
our limiting processes are not degenerate. In [I1] there is a constant baseline u” and two positive
constants A\; and p; such that

T (1 —al) - Ay, and T

However, in our setting the baseline intensity u” is itself stochastic and time-dependent. In [I1],
1’ behaves like 711 as T — o0, so that the expected number of baseline-driven jumps on
[0,T], namely T u”', grows like T%'. In our case, the number of baseline event between 0 and
T is Fi7" + Fp°", that is of order (1 — af)~'Tv”. Therefore, it is natural to replace T u” by
TvT(1 — al’)~! and to make the following assumption.

Assumption E. There exist A1, 1 > 0 such that

N Tl—alyT
T 1(1—61’{)—>)\1 and ﬁ—)ﬂzl
0

By Assumption the product TvT is of order 7%, which implies from Assumption [Efthat 1 —af

must be of order 7%=, However, we already have that 1 — al scales as T~%°. Hence, to

accommodate both of these scalings, we necessarily need
a1 = 20[0.

Also note that from Assumption [D] we have 1/4 < ag < 1/2. As a consequence, the existence of a
nontrivial scaling limit imposes strong structural constraints on the underlying Hawkes model.

In summary, we consider the scaled processes

NiVT _ (1 — a’g)(l — a/{) Ni,T Ki!T _ (1 _ ag)(l — a,{)Ai,T
t - TZ/T tT > t - TI/T tT >

5T (1_a0T)(1_a1T) 1/2 +.T
M, =( TvT ) Mz

We are now ready to state the convergence in distribution of these processes.

Theorem 3.4. Under Assumptions[4] [B, [0 [0} and [E:

e The process (WJr’T,Nf’T,X+’T,K7’T,M+’T,M7’T) is C-tight for the Skorokhod topology.

Moreover, each of its limit points (X, X, X, X, Z%,Z~) satisfies the rough Heston-type dy-

namics

1t t
X, = §J ferA(t — s)Fyds + J- forM(t — ) Zy ds,
0 0

1
2V

where Z = ZY+7Z~, with Z* and Z~ two continuous martingales with quadratic variation X
and zero quadratic covariation, and F is gien in Proposition]3.3 Furthermore, X behaves
as an integrated rough process, and its derivative has Holder reqularity of order (Hy — €) for
any e >0 on [0,1], where Hy = oy — 1/2 = Hy — 1/2,

. . ~+t1T 7T . .
o The scaled signed reaction flow NN converges in probability to zero.

10



The first part of Theorem [3.4]suggests that the roughness in the unsigned order flow originates from
reaction orders. The second statement shows that under the natural rescaling for the unsigned
reaction flow, the signed reaction flow actually vanishes. This means unsigned and signed flows
have a different order of magnitude, which will play a crucial role in the study of the asymptotic
behaviors of the global flows in the next section.

3.3 Scaling limits for the global order flow

We now turn to the scaling limits of the aggregate order flow processes
uf =5+ BT 4 NPT NS
St =l —F T 4 NPT N

We start with the unsigned order flow, which is the easiest case as all the terms have already been
fully investigated in Sections [3.1] and We define

—r (1-al)(1 —adl)
U, = Uit

We have the following theorem.

Theorem 3.5. Under Assumptions @ @ @ and@ the scaled unsigned order flow T’ s C-tight
in the Skorohod topology. Furthermore if U is a limit point of U, then U satisfies

t t
Up = 2X; = f FON(t —s)Fods + 4| ! J fOM(t — 8)Z, ds, (2)
0 A1p Jo

where X is defined in Theorem [3.4)

We see that the contribution of the baseline flow vanishes in the limit of the aggregate unsigned
trading volume, which is instead fully determined by the reaction ﬂowEI As a consequence, just
like the unsigned reaction flow, the aggregate unsigned flow is an integrated rough process and for
any € > 0, its derivative has Holder regularity of order H; — e with Hy =y — 1/2 = Hy — 1/2.

We now turn to the signed order flow. As already observed in Theorem [3.4] for the reaction flow,
the same scaling as for the unsigned order flow leads to a trivial limit here:
(1—ag)(1 —af)
TvT

Sk —o.

The intuition for this is provided by Theorem [3.4} in the reaction flow, the buy and sell order flows
have the same asymptotic scaling limits, which implies a vanishing difference. Therefore, we need
to adapt the scaling for the signed order flow similarly as in [11]:

57 ((1 —ag)(1 - alT))l/2ST

¢ TuT tT+

In this regime, we then obtain the following nontrivial limiting result:

3The only trace of the baseline flow is through the term Fj in the first integral in Uy, coming from the baseline
intensity of the reaction orders.

11



Theorem 3.6. Under Assumptions @ @ @ and@ the scaled signed order flow §T converges
in the sense of finite dimensional laws to

VA (leally, = ||<P2H1)Vt N 1
L= (lleally = lle2lly) 1= (lerlly = llpzl)

St = (ZtJr - Z;)v

where V' is given by Proposition and ZT and Z~ are given by Theorem .

Theorem [3.6] shows that the aggregate signed order flow can be decomposed into two distinct
components. The first is the contribution of the core order flow. It has the same regularity as
a fractional Brownian motion with Hurst exponent Hy = 2aq and therefore induces persistence
in aggregate signed flow. The second component is a martingale term, which originates from the
reaction orders.

As discussed in the introduction, this decomposition is crucial to resolving the apparent lack of
scale invariance in empirical order flow data. To this end, we replace the complex model from
Theorem with the simplest process with the same local behavior: a mixed fractional Brownian
motion, that is, the sum of a fractional Brownian motion and an independent Brownian motion.
Put differently, we use S; = W; + BtHO, where W is a standard Brownian motion, used as a proxy
for the reaction driven martingale component, and BHo is a fractional Brownian motion with Hurst
exponent Hy = 2ag = o, mirroring the regularity of the fractional component in the scaling limit
of the aggregate signed flow.

We can now apply standard roughness estimators under this mixed fractional Brownian motion
approximation. Figure [l shows that when the aggregate signed order flow is approximated by a
single fractional Brownian motion, the estimated Hurst exponent depends strongly on the bin size.
For very fine sampling the estimate is close to 0.5, reflecting the dominance of the martingale term
originating from reaction orders, while at larger bin sizes the estimate increases steadily as the
persistent influence of core orders becomes more pronounced. In contrast, Figure [3| demonstrates
that when the flow is modeled as a mixture of a fractional Brownian motion and a Brownian
motion, the estimated Hurst exponent stabilizes around 0.77 across all bin sizes. Therefore, the
testable implication of Theorem [3.6] are confirmed by the data.

4 From order flow to market impact and rough volatility

By adapting the arguments of [25], we now demonstrate that the order flow model discussed so
far also allows to deduce the shape of the corresponding market impact decay kernel. The latter
in turn pins down the corresponding prices, and it will turn out that the single parameter Hy not
only pins down the trading volume but also impact dynamics and the roughness of the volatility
process.

The starting point of [25] is to assume no statistical arbitrage opportunities exist, which is tan-
tamount to a martingale price. If the permanent price impact is linear (to rule out profitable
roundstrips, cf. [I4} 21]), it is show in [25] that the price P; needs to equal

P = Py + lim kE[QF — Q7 | 8], (3)

where k is the permanent impact coefficient, @ and @~ represent the cumulative buy and sell
volumes up to time ¢, respectively, and (G¢):>o is the natural filtration generated by the order flows

12



(Q*, Q7). Price movements thus correspond to the market’s anticipation of future order flow. This
relationship provides a general and model-independent link between order flow dynamics and price
evolution, reconciling the strong persistence of order flow with the (approximate) martingale nature
of prices (over reasonably short horizons).

If Q% and Q° are two independent Hawkes processes, then takes the explicit propagator form

P=P+ “fo £(t — ) (dQF — dQ7),

where ¢ is a decay kernel compensating the memory of the flow that can be computed from the
Hawkes excitation kernel. In this setting, [25] show that there necessarily exists some 3 € (0, 1) such
that the temporal market impact MI(t) of a regularly scheduled metaorder over a renormalized
time interval [0, 1], that is the average price deviation at a given time ¢ due to the execution of the
metaorder satisfies

MI(t) ~t'7P, fort <1,

MI(t) ~t" P — (¢ —1)""" fort > 1.

The parameter § also is linked to the tail of the kernel of the Hawkes processes driving the flow:
o(t) ~ t~(1+8) as t tends to infinity, see [25] for details. The celebrated square-root law in time (and
in turn also in quantities, for metaorders executed with a constant participation rate) corresponds
to the case 8 = 1/2 in the above formulasﬂ

Another important implication of this framework is the fact that the scaling limit of the price is
a rough volatility model. Indeed, the volatility of the price is driven by a rough fractional process
with roughness exponent 5 — 1/2, see again [25].

For more general order flow processes as in the present study, we see from Equation that
the key part of the flow for the link with price dynamics is its predictable component. If the
limiting signed flow is approximated by a mixed fractional Brownian motion (Y;); whose fractional
component has Hurst exponent Hy = 2ay, then we know from [7] that, provided that Hy > 3/4, Y
is a semimartingale in its natural filtration. Empirically, we find that Hy is greater than 3/4, see
Figure [3] We therefore assume Y to be a semimartingale and decompose it into an unpredictable
(local) martingale component M and a second component with finite variation A:

Y, = M; + A;.

To proceed, the key idea now is to approximate the finite variation process A with a difference
of two independent Hawkes processes N® and N® with the same baseline intensity and similar
self-exciting kernel. More precisely, if this kernel decays as t~(1*®) with a € (1/2,1), then the
scaling limit of N® — N? is continuous with a derivative that has regularity of order (o — 1/2 — )
for any € > 0. In addition, we know from [§] that A; is (2Hy — 1/2 — ) Hoélder continuous for
any € > 0. Since Hy > 3/4, A; is differentiable and its derivative has a Holder regularity of order
(2Hy — 3/2 —¢) for any € > 0. Hence the natural choice for the Hawkes approximation is to take

Oé=2H0—]..

We therefore obtain the following link between the core order flow, the market impact exponent
and the roughness of the price volatility.

4Note, however, that the exact shape of the relaxation phase is less agreed upon than that of the increasing phase
of the impact, see [30].
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Theorem 4.1. Under the previous approximations, we have

MI(t) ~ t?>72Ho fort <1,

MI(t) ~ t272Ho — (4 — 127250 for ¢ > 1.

Furthermore, the volatility of the price exhibits a rough behavior with a Hurst parameter H,, =

2H, — 3/2.

Theorem [£.1] provides a structural relation between core order flow memory, market impact shape,
and rough volatility. Intuitively, stronger persistence in the order flow (larger Hy) implies a faster-
decaying propagator kernel (to compensate the memory), a more concave impact function (smaller
B), and simultaneously rougher volatility at macroscopic scales. The obtained empirical value
Hy =0.77 yields 1 — § = 0.46 and Hy, = 0.04. The square-root law (1 - 5 = 0.5) corresponds to
Hy = 3/4, implying Hyo = 0.
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A Useful results about Hawkes processes

In this section, we summarize some useful results about Hawkes processes with time-varying base-
line. The proofs are omitted for conciseness. They can however be easily adapted from the constant
baseline case, see for instance [12].

Definition A.1. A Hawkes process with baseline (or background rate) p : [0,00) — [0,00) and
self-exciting kernel ¢ : [0,00) — R is a process N adapted to some filtration (Fy); such that the

compensator A of N has the form Ay = Sé As ds where

t7
Ae = g +J p(t — s) dNs.
0

Lemma A.2. Define M = N —A and ¢ =3}, -, ©** where p** stands for the k-fold convolution
of p. Then for any 0 <t < T, we have

t t—
A=t f Wt — sy ds + f Wt — s)dM,,
0 0

Jt Asds = Lt fsds + Lt Pt —s) Js oy duds + Lt P(t — s)Ms ds.

0 0

Lemma A.3. For any 0 <t < T, we have
t

E[A:] = pe + L Pt — 8)us ds.
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B Proof of the results of Section [3
B.1 Proof of Theorem 3.1

Consider a standard Hawkes process N7 with same baseline intensity v and kernel ¢l as F&7.
We then define

—r 1—al

Ny = TVTO Nir,

—r 1—al

At = TVTO A?T’

—T 1—al'\1/2

My = ( TI/TO ) MEF

The proof is then split into five parts:
e Step 1: We show that the sequence (KT) is C-tight.

e Step 2: We show that the sequences of martingales (YT — KT) tends to zero in probability,
uniformly on [0, 1].

e Step 3: Under Assumptionsand the sequence (MT,YT) is tight. Furthermore, if (Z, X)
is a limit point of (MT,YT), then Z is a continuous martingale and [Z, Z] = X.

e Step 4: We conclude the convergence of the process (N, , A, , M, ) in distribution for the
Skorohod topology towards (X, X, Z) where X and Z are given in Theorem

e Step 5: We prove the Holder property for X.

In this paper, we only prove that A s tight; the remaining steps can be found in the proof of
Theorem 3.1 in [24]. Let us now prove the following lemma.

Lemma B.1. The sequence (AT) is C-tight.

Proof. Let ¢§ = Y},-,(¢g)**. We know from Lemma [A.3 and Assumption [A that

! T
v
E[A]=v" + J o (t = sl ds <V (L4 165 ) < 17
0 — a4
and from Assumption [A|that [, = (1 —ad)~'al". This implies

T
% supE[N] <1
t

T

and therefore .
E[X;]=E[A;] < 1.

Moreover, since

—T —T

(M, ,M,)=A,
the Burkholder-Davis-Gundy inequality then ensures

Efsup [, ] < C
t<1
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for a constant C' > 0. We now prove the tightness of A We write

<7 _1-af /7 o T T - T T
A, = T (1/ tT + Yo (BT — s)sdsv” + Yo (T — s)M, ds)
Tv 0 0
T T o T l1—aj (", 7 T
= (@ —afy+ 70~} )L YE T~ s5))sds) + 12 L Tl (T(t — 5)) ML, ds.

The authors in [24] prove the uniform convergence of the first term towards the process

¢
J sfe0o(t — 5)ds,

0

and therefore is tight. We then focus on the second one and we set

T 1- aoT ! T T
Ap-1oe L TYT(T(t — 5))ME, ds
1—al\v2 (", - T
- ( — ) JO TYT(T(t — s))M . ds

1 1/2 (t T
= (W> L pl(t —s)M, ds

with
po (t) = (1= ag)Tg (Tt).

To prove the tightness of [N\T, we use Theorem 7.3. in [2] which states that AT is tight provided
the following two conditions hold:

e For each n > 0, there exist a > 0 such that

limsup]P’(|K0T\ >a) <.
T

e For each € > 0, we have

lim lim sup P(w(A7;6) =€) = 0
6—0 T

where we use the notation

w(z;d) = sup |z(t) — x(s)].

[t—s]<0,0<s<t<1

for § > 0. The first condition clearly holds. We prove that AT verifies the second condition. We
first write for 0 < s <t<s+d<1

1 1

- - 1/2 [t 7 1/2 s 7
T T T T
A —As‘:\(m) Jof)o“—“)Mud“‘(u_aW) L%(S—“)Mud“)

~ (=) 1] =0T du [ (=)~ s = )W

1/2
< (=) ()

S

t S
—T
p§<t—u>du+j 198 (¢ —u) — g5 (s — w)| du) sup [3|
0 u<l
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Under Assumption [A] the kernel ¢q is completely monotone and it follows from Theorem 5.4 in
[T6] that pT is decreasing. Since |t — s| < J, we get

BT -R7) < () ([ du+ [ 1 s+ 0 - o @] ) sup A7)
t s 1S (1 — al)TvT OPOU u 0 Po ST U)— pol\u)au i‘g{ u

) (M%)Tﬂ)l/z(f: P (u) du + JO pf () du — f

-5
1 12 (0 —T
<2(7) J T(u)d M,|.
A=) Tor L P (u) uiir;\ ul

—T
Pl (u) du ) sup [T,
u<l

Using Markov’s inequality, we deduce that

AT. -1 1 12 0 T 77 / ’ T
PT0)>0) <2 (o) | A Bl T < € |l ) du

for some positive constant C’ and we conclude using

1
0—0 7,0

s
im lim supj oo (u)du =0
0

Furthermore, since the maximum jump size of KT, that is (1 — az)(TvT)™1, goes to zero, we
conclude that A" is C-tight using Proposition VI-3.26 in [22]. The rest of the proof can be found

in [24).
B.2 Proof of Proposition (3.2

Suppose ag < 1/2 with the convention f®0:*0(u) = 0 for u < 0. We define the forward increment
operator Ap, f(t) := f(t+ h) — f(t) for t,h > 0 and (X, Z) to denote either (F*,Z%) or (F~,Z7).
We set

V(t,h) == E[(Xern — X¢)?].

Proving Proposition [3.2]is equivalent to proving that
V(t,h) = O(h*™).
We first decompose X; = g(t) + X; where

g(t) :=E[X:] = fo s fooRo(t — s)ds,

and
t

)A(t = J fa"’)‘“(t —8)Zsds.
0

With these notations, we obtain

V(th) = E[ (Ang(t) + 2n%0)°| = (Ang(H)* + E[(AnR0)?]
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since E[A,X;] = ALE[X{] = 0. Note that

. t+h t
ApX; = J feoro(t 4 h—s)Zyds — J feoro(t — ) Z,ds
0 0

t+h
= f (fooro(t +h—s)— fror(t —s))Zsds

0

t+h
:J ApfeoN(t — 5) Zyds.
0

Thus, we write

t+h pt+h
E[(ArX,)?] f Ap feR(t — 5) Ay oo (t — ) E[Z,Z,] dsdv

O S
We introduce z
an,ko (z) = J fo‘o’)‘o (y) dy, z = 0.

so that we have S "A nfeoN(t —v)dv = App* o (t — s), and thus

R t+h
E[(ArX:)?] = QJ g(8) Apfooro(t — s) Ape®0 0 (t — s)ds.
0
Hence,
9 t+h
V(th) = (Ang(t)* + 2f 9(5) Anf20(t = 5) Apg™ ™ (t — 5) ds
0

t

— (Ang(0)* + 2f0 gt — 3) A S22 (s) Ay g™ (5) ds

t+h
+2f g(s) Apfoo2o(t — 8) Ap o™ 0 (t — 5)ds.
¢

We would like to bound g. We have for 0 <t <land 0 <h <1—t¢,

901 = | [ szt - syas| < oo <

and

|Ang(t)] = ”Hh SfRON(t 4 b — 8)ds — f

sfo0do(t — s)ds‘
0

- | j ) s)ds — | (£ 5) £ ()
< hUO fao”\o(s)ds‘ + ‘£t+h(t +h—g) oot (s)ds)

20

h h
= 2Jt+ g(s) Apfooto(t —s) ( v A feoro(t — )dv) ds.



NN

he™(E) + hlg™ ™ (¢ + ) — 0 1)
h

In particular,

(Ang(1)* = O(h?).
Furthermore, for s € [t,t + h],
ApfooRo(t —5) = foor(t 4+ h — s) and AR 0 (t — 5) = g® (¢t + h — s).

By the mean-value theorem, for each t < s, we can write g(s) = g(t) + ¢'(£:(s))(s — t) for some
t < &(s) < s. Therefore, the last term of becomes

t+h t+h
f g(s) Apfeoro(t —s) Apg®(t —s)ds :g(t)J feoro(t 4 b — 5)p® 0 (t + h —s)ds
t ¢

t+h
+ J g (&(5))(s —t) o2 (t + h — 5)p* 0 (t + h — s5) ds.

A change of variables gives

t+h h
| e hm e s = | o) ) do = b (),
t

Because Apg is bounded, ¢’ is also bounded on [0, 1]. We obtain
t+h
[ d@nE - i s h— e h- s
t

t+h
< C’hf fo‘o”\o(t+h—s)go‘o’)‘o(t—kh—s)ds
t

_ch

2 an ,)\0 (h)Q

for some constant C’ > 0. Consequently,

t+h
1
J g(8) Apfooro(t — s) Ay (t — s)ds = ig‘x"’)“)(h)2 (1+O(h)).
t
We now explicit the behavior of p**(h) as h — 0

Lemma B.2. As h goes to 0, we have

A
¢ (h) = (a0°+ ke + O(h?*0).

Proof. We recall that the Mittag—LefHler density satisfies

O (t) = At By 0 (—A0t™0), 0“0 (1) = Aot Eng.ovg+1(—A0t™®).
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Using the series expansion of the Mittag—Leffler function

© "
Eao.p 7;0 T(agn + B)’
we obtain
Agt0)"  (—Aot™)"
ao,)\n =X too 0 _ =1—-F —\ot0).
¢ () = ZFaon+ao+1 ;1 T(agn + 1) 0.1 (=20t™)

From the power series expansion of E,, ; around 0,

)\0 /\(2) 2 3
a )\hOéo =1 hOto haﬂ Ohaﬂ 5
0,1(—=A0h™?) I'(ag + 1) + I'(2a0 + 1) + O )
we obtain Ao
ooy = 9 pao 4 (p20 h — 0.
) = Fae 1 1) =,

We are interested now in the second term of (). Let
H(t) := Egy1(—A0t™).
Then H € C'(R,), H is continuous on (0,0) and decreasing, and
frN) = —H(D), M) = 1 H(),

Consider

I(th) = L gt — 8) Apfo020(s) Ap g™ (5) ds — L ot — ) (AnH')(s) (ApH)(s) ds,

Integrating by parts, we have

s 2s8=t t
1t = [t =) SO s () s

2 2 J,
t

- ég(t) (AnH(0))* — % f( 0™ (t = s) (AnH(s))? ds,

)

where we used g(0) = 0 and ¢’ = p®0*0. Since (A, H(0))? = (A0 (0))2 = g*0*o(h)?] the first
term equals —31g(t)0®0*°(h)?. Moreover, for all § > 0, we have

J 02020 (¢ — 5) (ApH(s))2 ds < g0 (t)f (ApH(s))*ds

0 0

1 t
< oMo (1) { J (Ant(s)?ds + |

0

(ALH(5))? ds} .
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Using that H is bounded and for u,h > 0

(AnH f H' (v dv :( JSM fao»%(v)dv)Q<h2(fao»*o(s))2.

S

Moreoever, since ag < 1/2, Eq, o, (—$) < 1 for any positive s, and we have that
(froto(s))? < As?0 2,

Therefore, we write

t
J gao,/\o(t — u) (AhH( )) du < QaO’AO 05 + h2 fOto AO( ))2 du}
0

00 (¢ {camz famo(u)ﬁdu}
oo (t {Ca+h2 Aju?*o™ 2du}

A\ 219 52&071
= Y070t O+ h\§——
o {co i Lot
which is finite since ag < 1/2. Choosing ¢ = h/(1=a0) halances the two terms, giving

t
f 0% (t —w) (ApH(u))? du < 70?0 () b/ (1=20),
0

Using ag(1 — ap) < 1/4 we have 171040 > 4oy, hence for h € (0,1],

hl/(l—(xo) < h4a0.

Therefore,

1
I(t,h) = ig(t)gao’Ao(h)z +O(o™ 0 (t) k).
Using Lemma (B.2)), we obtain
2

h2a0 10 h4a0/\1 )
2r(a0 Ty Ol )

Hence, going back to , we write

t+h
V(t,h) = (Ahg(t))2 +2I(t,h) + QJ- g(u) Ap foor(t —u) Ap o™ (t —u) du

t

=0(h?) +2- _IBN a0 +2-5 %Ao(h)? (14 O(h)) + O(h*)

2T (g + 1)2
_ 2>\3 1 hzOé(] O h40£0A1 O h2
_W( +9(t)) +0( ) +O(h?).

Since 2 < 1, the remainder O(h?) is negligible with respect to h?° as h goes to 0.
In summary, for ag € (0, %) the following holds uniformly for ¢,h > 0, as h tends to 0,
22

V(t,h) = E[(Xipn — X4)?] = T(ag + 1)2

(14 g(t)) K> + O(h*0r1).

We conclude that F* and F~ are exactly 2a9-Holder continuous in L2.
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B.3 Proof of Proposition |3.3

From Theorem [3.1] we can see that

¢
1
F,=F"+F~ =2J0 5 fo0Ro(t — s)ds + NN

where ZF = Z* + Z~. Notice that Z¥ is a continuous martingale with quadratic variation F. On
the other hand, the process V satisfies

t
J feo-do (t—s) Zfds
0

1
Vo Ao

where ZV = Z+ — Z~. Note also that ZV is a continuous martingale with quadratic variation F.
We can compute the quadratic covariance of the two resulting martingales

17
Vi = F —F; J feoro(t — ) zVds
0

<zZVZ¥>—<zt -7 2"+ Z >=F*—F =V.

B.4 Proof of Theorem [3.4]

The proof relies on replicating the findings of [I1] with the stochastic time-varying baseline u7 .
We start by providing multiple elements needed for the proof.
First, note that we have

t t t s t
J)\STds:J u?ds—&-f wT(t—s)-J ufduds+J YTt —s5) - ML ds.
0 0

0 0 0

Now, u?" = ¢T % dFT and since FI = 0 we have

t
J uzds:qST*F%F.
0

Using also the identity 17 * ¢7 = T — ¢T, we obtain

t t t
J AsTds=f wT(t—s)-FSTds+J YT (t —s)-MT ds.
0 0 0

In this setting, it is more suitable to work with the 2-dimensional rescaled processes

—r (1—-al)(1—ab)

Nt = %VT ! N;FTv

~r _ (1—af)1—af) 7

At = TZ/T AtT?

1 ((L—af)A —al)\12 7
M, = ( TvT ) Mz

The scaled unsigned reaction flow is then given by

T
)

—T — T  ——
by, N =NTT AN

24



and the scaled signed reaction flow by

We can then write

LEIIEL TN

Note that

and from Section we know that E[FsiT] < 1, then

T

t ©

‘o1 -E[A;, ] < T(1 —al) oy - (f (Tt - s))ds) v < (1—al)o (f wT(s)ds) <1

0 0
Therefore, using the Burkholder-Davis-Gundy inequality from ??, we get that
7.2
E[sup HMt H2] <C
t<1

for some constant C' > 0.

For i = 1,2, v; is the eigenvector associated with the eigenvalue k; so we have

¢T U = k?vz

By induction,
(6 = G

and we define scalar kernels

t

W) = Ry 6@, @) =T =)l (o). el = [ (s ds
n=1

Consequently, we have b - YT =T “v; and

¢ t
tvi.XtT:J piT(t—s)tvi~Ffds+ch piT(t—s)tvi.MsTds
0 0

1
7 =\ )T (L~ aD) =y [

We are interested in studying the convergence of this process for i € {1, 2}.

where
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t =T t —T
Convergence of v; - N, — "v; - A, . We have

—T 1—al)1—af)\1/2y —r
( TvT ) vi - M,

Using Doob’s inequality, we get

_ T T
efsup| o7 = oA o=y
(1= ad)(1 = a)\ ;2
< (Rl = o PRl
’ (1—aT)(1—aT)
<C( e — )

Since (1 —ad)(1 —aT)(Tv")~! is of the order of T~2%, we obtain the convergence to zero in L?

—T T
and in probability of ‘v; - N, — ‘v; - A, .
Convergence of "vy NtT We know from [I1] that o2 converges uniformly to zero and we write

t
| [ 5= 'en B ] < ol sup B a0
0 !

Using the fact that E[HF;T”] is bounded, which has been proven in Section we conclude the first

integral of "o N, converges to zero in L. For the second integral, we write using an integration
by part

K —T K —T
CTJ pL(t —s) vy - M, ds = CTJ oF (t — s)(‘vg - M, ).
0 0

Thus, there exists a constant ¢’ such that
t T 2 , t
E[(CTJ pL(t — s) ‘vy - M, ds) ] <C J (0¥ (s))%ds
0 0

T
and therefore the second integral converges to 0 in L2. Therefore we obtain that b - A, goes to
zero in L'. Consequently, vy - NT converges to 0 in probability and in L'.
t ~ 7 .
Convergence of "v; - N, . We write

—T K —T K —T
‘o - A, =J pl(t—s) v, - F, ds—i—cTJ pF(t —s) vy - M, ds
0 0

Using the same arguments and methodology as in Section we get that ‘o1 A" is C-tight and
we conclude that (tvl -NT, ‘o1 -KT, ‘o1 ~MT) is C-tight. Furthermore, if (X, X, Z) is a limit point
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of (*vy ‘NT, ‘o ‘XT, ‘o ~MT), then Z is a continuous martingale with [Z, Z] = X.

Moreover, we know from [24] that the sequence of measures with density p? (z) converges weakly
towards the measure with density \iz®' ' Eq, o, (—A12¢). In particular, over [0,1],

) = [ At

aly)\l f f@h)\l

Therefore, using the same approach as in [24] yields

converges uniformly towards

t t
J ol (t—s)'v FST ds — J ferA(t — s)Fyds

t
CTJ t—s M ds — f al’/\l $)Zsds
T(t—s) " \ o f

where F is the scaling limit of ‘v; F' from Proposition

T — T —+T — T —+,T —— T
Convergence of( AR N 7 ,A+’ A ,M+’ ,M ). We use the fact that the sum process

( vl.N , vl.A , 1.MT) is C-tight, which implies the C-tightness of the process
+T ——T —+T —,T

(NN ", A A" M~ ,Mi’T). Furthermore, using the same arguments as in Section
the previous result, and the fact that

_ 1 . . . 1 . .

Nt = §(tv1.NT + ' NT) and N T = i(tvl.NT —ty N7,
if (X,X,X,X,Z%,Z7) is an accumulation point of (N+’T,N_’T,K+’T,K_’T,M+’T,M_’T), then

1 f N _
—— | fN(t—8)Zsds and Zy =27 +Z
2\/m o ( ) s t t
where Z* and Z~ are two continuous martingales with quadratic variation X and zero quadratic
covariation. Seeing that F' is smoother than Z, the regularity of X is determined by that the
second integral, which is (H; — €)-Holder continuous for every € > 0 on [0, 1], with H; = a; —1/2.

1 t
X, = 5[ FON(t— §)Fyds +
0

B.5 Proof of Holder regularity in Theorem

From the previous section, we know that:

X is Lipschitz continuous,

Z is (1/2 — e)-Holder continuous for all e > 0, since its quadratic variation, which is X, is
continuous,

e Fis (2ap — €)-Holder continuous for all € > 0,

o Z is (g — ¢)-Hélder continuous for all & > 0.
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Then for 0 < v < 1, we know from Proposition A.1 in [24] that
e X admits a fractional derivative of order v and DX is (1 — ~)-Holder regular,

e If v < 2ag = ay, then F admits a fractional derivative of order v and D7F is (2a9 — v — €)-
Holder regular for all € > 0,

o If v < 1/2, then Z admits a fractional derivative of order v and D?Z is (1/2 — v — €)-Holder
regular for all € > 0.

Let 1/2 < v < ;. From Proposition 3.1 and Corollary A.2 in [24], we have

1
24/ A1
1

t
1
— DY forM(p _ g I"F,ds + ———
Qfo ForN(t - s) Nere

Furthermore, F' and Z are fractionally differentiable and we have

1 t t
X, = ij forM(t — s)Fyds + J fOM(t —s5)Zy ds
0 0

t
J DY ferA(t — §)I[V Z, ds
0

IF, =J D' E,du and 1z, =J D'™Z,du.
0 0

We rewrite the expression of X as follows
(e A 1 1 ‘e A 1
X = ff J DY ferr(t — s)D TV F,duds + 7J J DY ferr(t — s)D "7 Z, duds 5
200 o ( ) 2vA1 Jo Jo ( ) (5)
We use Fubini’s theorem and we write
t s t ot
J J DY ferA(t — §)DYV Z, duds = f J DY o1 (t — §) DY 7, dsdu
0 Jo 0 Ju
t ot
=J J DY ferM (s —u)DY TV Z, dsdu
0 Ju
t S
= J J DY ferA (s — u)DYV Z, duds.
0 Jo

Applying the same computations to the first integral in , we get

t
Xt :J Y;ds
0

with
1

AVONIT

Since 2 > 1/2, we know that F is smoother than Z, and thus the regularity of Y is that of its
second term. From Propositions 3.1 and A.3 in [24], we have that the second integral has Holder
regularity (a3 — ) for 1/2 < v < 1. Thus, for every € > 0, the second integral, and therefore Y,
has Holder regularity (a3 — 1/2 —¢).

1 S S
Yo=3 J DY forA (s —u)D' "V Fdu + J DY frA (s —u) D' Z, du.
0 0
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B.6 Proof of Theorem [3.5|

First, note that F;T’Jr + F;’T scales as TvT (1 — al')~!. Seeing that (1 — al) is of the same order
as T~*1, we conclude that (1 — af)(1 — aF)(Tv") "V (Fip" + Fz") converges to zero.
Moreover, Theorem ensures that the process

(1-af)(1 —af
T

+T  ——T

T
+ N =% N

) (BT L ATy N

(Nyp™ + Npp' ) =N
is C-tight and it converges in distribution in the Skorohod topology. Therefore, the same applies
to UT, and if U is a limit of "vy ~NT, then it is also a limit of UT and it satisfies Equation .
B.7 Proof of Theorem (3.6

Notice that on one hand, (1 — al)(Tv")~! is of the same order as T~2% = T-%1. But we also
know that (1 —al’) grows like T~%1. Therefore, we can see that

(1= ad)(1 — )12 - al
( TvT ) and TvT

are of the same order. Thus, Theorem [3.I] guarantees that

(L—ag)(L—af)\V2 1 -7
( %"VT : ) (FtTJr_FtT )_’Vt

where V' is given by . We just need to compute the limit of

(L= af)0 D)\ V2 oy
TI/T tT tT .
We write
Nf’+ - Nti’T = Mg’+ - Mti’T + A?+ - A;’Tv
and

t t
AT AT = e AT = f VI (t—s) 'y - FT ds + J It —s)(MPT — M7 ds
0 0
t t t—s
= J VE(t —s) vy - FL ds +J f VI () dud(MFT — MT)
0 0 JO
t 0
=i[¢g@—SVWTF€dS+J W () du(M;T = M)
0 0
t 0
|| wFeaudony T - g,
0 Jt—s
Therefore we get
t 00
N?+fAvf:1Lw§u—sww-FZ@+wl+£)w?wwmeTTAJMﬁ%

t (oo
| v dudony T -,
0 Jt—s
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t
1
= J VI (t—s) vy - FT ds + . M — Mt
0 1—ai (Jer]r = llg2ll1)

t oo
[ | s duaesT - arpm
0 Jt—s
After rescaling, we obtain

(1—ag)(X—af)\V2 ¢ ) (1—al)(1—aF)\ 12 (17
() T T vt = (S E) e e # s

(6)

1 — 4T ——T 7
+ ar;" -3, — R
1—al(Jeil = 2f1) ! ‘

where

T

t o e
RE= [ | wfwda(ir; " -32,7),
0 JT'(t—s)

Following the same argument as in the proof of Theorem 3.2 in [11]], we conclude the convergence
of RT to zero in the sense of finite dimensional laws.
Furthermore, from Theorem [3.4) we know that the second term in @ converges to

1

ZF — 7).
1= (Jerl = llp2l) " k

It remains to study the first term

(1_‘10T)(1_G1T) 1/2JtT T t T
Tt — -F .
( ToT ) . Yy (Tt —8) vy - F ds

After proper rescaling, we obtain

1— T 1_ T 1/2 tT t -
(( a%)jT = )) J ¢3 (tT — s) "vy - Ff ds = CT_[ TyJ (T(t — ) "oz - Fy ds
0 0

where

¢ =@ (1= aD)/(1 - af) > g,

To understand its asymptotic behavior as T' goes to infinity, one can compute the Fourier transform

—_—

»I(T.) of Y2 (T.). We have

~

As T goes to infinity, k;(z/T) tends to |kz||; and recall that ||kz|; < 1. Therefore, we see that

||k2|| ||<P1H - H‘Pz“
TY(T)(2) > i = L
? L—=llk2ll; 1= (lelly = llezll,)

and consequently, if we define
xaldt) i= ToE (Tt
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then we have

il — ezl
xr(dt) — So(dt
@) = T (oaly = Tl 2@

Thus, we have shown that

1— T 1— T 1/2 tT p o
(U= eb )y (T o, e g Vil ol
Tv 0 L= (leally = lle2lly)

Eventually, we obtain

((1—@5)(1—@{))1/253}_) V>\1H1(||<P1H1*||<P2||1)Vt+ 1 (Z+ = 7))
Tv? 1= (llerlly = llally) 1= (lerll = llpzlr)

in the sense of finite dimensional laws.
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