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ABSTRACT

This paper is concerned with the problem of capital provision in a large particle system modeled by stochastic differential
equations involving hitting times, which arises from considerations of systemic risk in a financial network. Motivated by Tang
and Tsai, we focus on the number or proportion of surviving entities that never default to measure the systemic robustness. First
we show that the mean-field particle system and its limit McKean-Vlasov equation are both well-posed by virtue of the notion of
minimal solutions. We then establish a connection between the proportion of surviving entities in the large particle system and
the probability of default in the McKean-Vlasov equation as the size of the interacting particle system N tends to infinity. Finally,
we study the asymptotic efficiency of capital provision for different drift 8, which is linked to the economy regime: The expected
number of surviving entities has a uniform upper bound if § < 0; it is of order \/ﬁ if 8 = 0; and it is of order N if 8 > 0, where the

effect of capital provision is negligible.
JEL Classification: 60K35, 35K10, 60H30, 91G80

1 | Introduction

Systemic risk in financial markets has emerged as a major
research topic since the 2008 financial crisis, see, for example,
Fouque and Langsam (2013). It refers to the risk that small losses
and defaults can escalate to cause an event affecting large parts
of the financial industry. The existing literature on modeling
systemic risk relies on network models (Amini, Cont, and Minca
2016; Amini, Minca, and Sulem 2017; Battiston et al. 2012;
Chen, Liu, and Yao 2016; Glasserman and Young 2016; Lorenz,

Battiston, and Schweitzer 2009; May and Arinaminpathy 2010),
quantitative risk measures (Acharya et al. 2017; Chen, Iyengar,
and Moallemi 2013), and particle systems (Carmona, Fouque, and
Sun 2015; Cuchiero, Reisinger, and Rigger 2024; Cuchiero, Rigger,
and Svaluto-Ferro 2023; Delarue et al. 2015a; 2015b; Delarue,
Nadtochiy, and Shkolnikov 2022; Giesecke et al. 2015; Hambly,
Ledger, and Se jmark 2019; Nadtochiy and Shkolnikov 2019).

This paper aims to analyze systemic risk in a large banking
system! with cross-interactions among its members. We adopt a
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mean-field particle system approach that is intimately linked to
Stefan’s problem (and its variants), see Bayraktar et al. (2024),
Cuchiero, Reisinger, and Rigger (2024), Cuchiero, Rigger, and
Svaluto-Ferro (2023), Hambly, Ledger, and Se¢ jmark (2019), and
Nadtochiy and Shkolnikov (2019).

Consider an interconnected financial system of N homogeneous
banks, and let XtN 1o ,Xiv N be their respective capital levels at
time t > 0. A bank becomes insolvent if its capital drops below
some threshold, which is set to be zero without loss of generality.
In the absence of defaults, the capital processes (XtN > 0)
fori =1,...,N are supposed to follow the stochastic differential
equations (SDEs):

dx,"' = gdt+dBi, t>0, 6))

where the drift 8 € R stands for the economy impact on capital
growth rate (see, e.g., Hoover and Giarratani 2020), and B, ..., BV
are independent Brownian motions.

If k > 1 banks default simultaneously at some time, we assume
that the capital of each remaining bank suffers an immediate
loss equal to G(k/N), which may cause further defaults. Here
G : [-1,1] > R 2 is a continuous and nondecreasing function
such that G(0) = 0. After the default event, the remaining capital
processes continue to follow the SDEs (1) until one of them hits
zero, and so on. Rephrasing in mathematical language, the capital
levels evolve as follows: fori =1,...,N,

X\ =ZN 4 Bt + Bl — G(LY) and
1 N
LY := N Z Tvap €20, )
i=1

where ZN'1, ..., ZNN are the initial capital levels, modeled as i.i.d.
random variables that are independent of Brownian motions
B',..,BN,and ¥ :=inf{t >0 : va‘i < 0} is the default time of
bank i. Here LY denotes the fraction of insolvent banks up to
and including time ¢. We are interested in the evolution of XV
only until its default time ‘L'lN from the practical viewpoint, but
we let the process X" be defined after 7 by Equation (2) for
technical purposes.

Letting N — oo, we get formally the McKean-Vlasov limit as
follows:

X, =Z+Bt+B,—G(A,) and A, :=P(t <t), t>0, (3)
where Z is a random variable, distributed according to some
probability measure that will be specified in Assumption 3, B
is an independent Brownian motion, and 7 :=inf{t >0 : X, <
0}. It is known that the case G(x) = ax for a > 0 provides a
probabilistic interpretation of the supercooled Stefan problem
and has given rise to a rich body of literature, see Bayraktar et al.
(2024), Cuchiero, Reisinger, and Rigger (2024), Cuchiero, Rigger,
and Svaluto-Ferro (2023), Delarue et al. (2015a), Delarue et al.
(2015b), Delarue, Nadtochiy, and Shkolnikov (2022), and Hambly,
Ledger, and Se jmark (2019).

The system transitions between the following two regimes:

* the well-behaved regime, in which the system spends most of
its time, and during which the system evolves smoothly and
defaults are negligible;

* the systemic crisis regime, which occurs rarely, and which is
characterized by a large group of banks defaulting in a short
period of time.

In our setting, a systemic failure occurs at £y, :={t >0 : AA, :=
A, — A,_ > 0} when a non-negligible fraction of defaults occur
in a short period and the system passes abruptly from the well-
behaved regime to the systemic crisis regime. Systemic risk
has gained significant attention in the wake of the financial
crisis of 2007-2008 (see Delarue et al. 2015a; Nadtochiy and
Shkolnikov 2019), while we focus on systemic robustness, that is,
the proportion of banks surviving forever. For t > 0, we denote by
the following:

N
N .
Sy = 2 ]]{rl.N>t}’
i=1

the number of banks that survive until time ¢. Thus, SY (the
number of banks surviving forever) or 1 — LY (the proportion of
banks surviving forever) encodes the system’s robustness.

Our first goal is to study the expected surviving proportion
E[SY]/N, which boils down to showing that under suitable
conditions,

lim

N—-oo

%{:’] =P(r = ). (@)

For 8 < 0, the identity (4) follows from a simple observation. As
Brownian motion hits each level in finite time with probability 1,
we have forallt > 0,

XM <zZVi4+B and X, <Z +B,

which implies that 1 N =oo} < Tonviggisowsg =0 and Ty <
1iz18,50.vi0p = 0 With probability 1. Hence, E[SY]=0=P(r =
o), and Equation (4) holds. The case 8 > 0 is less obvious, and
will be treated in Section 3. Note that both the particle system
(2) and the McKean-Vlasov equation (3) may have more than
one solution (see Delarue et al. 2015b, Section 3.1), which renders
the statement of our desired result (4) more subtle. Among
the solutions to Equations (2) and (3), we need to choose a
suitable one. To this end, we adopt the minimal solution as in
Cuchiero, Rigger, and Svaluto-Ferro (2023), and more details will
be provided in Section 2.2.

The next problem is to find a feasible way to compute the
minimal solution to the McKean-Vlasov equation (3). The idea
is to approximate it by a sequence of regularized problems. Note

that
1 ! e—0
exp <_E/ (X§)‘ds> — Vo =
0

E [exp <—% / (X§)ds>] = 1-A,.
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For € > 0, we consider the e-regularized equation:

t
Xf=Z+ﬁt+B[—G<l—[E[exp(—%/(Xg)ds)]), t>0. (5
0

We show in Theorem 5 that Equation (5) has a unique solution
that converges to the minimal solution to the McKean-Vlasov
equation (3).

Finally, we consider how a central planner may stabilize the
banking system. In Amini, Minca, and Sulem (2017) and Chen,
Liu, and Yao (2016), equity injections® are applied to weaken the
propagation of defaults in a network setting.

Mathematically, their model is in discrete time, and the propaga-
tion of defaults must end in a finite number of steps. The planner
performs an intervention in the form of equity injection in each
step. Here we adopt a particle system approach in continuous
time. The intervention in our setting is carried out by gradual
capital provision. Our goal is to analyze how the gradual capital
provision may improve the number/proportion of banks in the
long term and study the significance of capital provision as
N — oo. During the preparation of this paper, we learned that
Cuchiero, Reisinger, and Rigger (2024) considered an optimal
control problem in the same underlying framework. Our paper
aims at maximizing the expected number/proportion of banks
that never default over all gradual capital provision strategies,
while their focus is to find out the minimal capital provision
subject to given resources up to some finite time T, and assuming
that all the banks have the same gradual capital provision strategy.

Assume that the planner is granted one unit capital per unit of
time, and the goal is to divide and allocate it among all surviving
banks in order to maximize the expected number/proportion
of banks that survive forever. An F-progressively measurable
process ¢ = ((¢;,...,¢;), t > 0) taking values in [0, 1]" is called
a strategy if

N
Y ¢i<1, t>0,
i=1

where F = (F, :=o(B},...,BY, s €[0,t]), t > 0). Here ¢! stands
for the capital provision rate to bank i at time ¢, and let @ be the
collection of all strategies*. So the capital processes subject to the
strategy ¢ € ®y evolve as follows: fori =1,...,N

t
xPV = ZNi 4 / (B + ¢\)ds + B — G(LI™) and
0

N
o . _ 1
LY = 5 Dl 120, ©)
i=1

with T? No=inf{t >0 X?’N’i < 0}. Accordingly, the number of
banks surviving up to time ¢ is

N
éN . _
S5 = Z H{T?,N>l}.
i=1

We want to examine the significance of capital provision in the
large N limit. To be more precise, we show in Theorem 6 that

SUDP,cg, E[S%V] has different scaling in N depending on whether
B <0,8=0,0rp>0.

A word on notations For ease of presentation, we drop the
superscript N when the context is clear, that is,

Zi=2zNi X' = XN, 7, =1V, and so forth.

Furthermore, we write when there is no confusion:

N

X=Xl = XN T, , L = LN, and so forth.

— ¢ _ ¢
P = Ti = T?b
The rest of the paper is organized as follows. We state the main
results in Section 2, and the proofs are given in Sections 3-5.

2 | Preliminaries and Main Results

We provide measure-theoretic background in Section 2.1, and
then present the main results in Section 2.2.

2.1 | Preliminaries

Given a generic Polish space E, let P(E) (resp. P-(E)) be the set of
probability (subprobability) measures on E. We set P := P(R,)
and P, := P_(R,). C (resp. D) stands for the space of continuous
(resp. cadlag) functions on [—1, o). Let C be endowed with the
compact convergence induced by the metric d,,, that is,

a,(f.f) 1= ¥, 5 (If = £/l A1) with
If = Flh 5= sup 1= £l

As for D, we use the Skorokhod M, topology, which turns
out to be more convenient for our purpose. Denote by d,, the
corresponding metric (see Whitt 2002, Chapter 12, for a complete
overview). Moreover, we introduce the set

M := {¢ € D is nondecreasing:
[limft =:¢,<land?¢, =0, Vt € [-1,0)}
and the Lévy distance d defined by
A, t") ==inf{e>0: €, +e>€,>2¢,_.—¢ Vt 20}, ¢,¢'€M.

For each t > 0, define d, : MxM — R, by d,(¢,¢") :=d(¢,,,
¢!.), and further d by

dee, ¢’ = /w e t(d,(¢,¢") A 1)dt,

where ¢, € Mis the function stopped at ¢, thatis, €, := € nin.s)
forall s > —1. Lemma 1 summarizes the properties of d and d, and
its proof can be read from Whitt (2002).

Lemma 1. Forevery ¢ € M, there exists a unique 8, € P, such
thatt, = 0,((—oo,t]) forallt > 0. Forany (£"),», C Mand¢ € M,
we have (1) <= (2) = (3) < (4), where
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1 lim,_d(¢",¢)=0;

2. O;n converges weakly to 6, in P_;
3. lim,_ d(¢",¢)=0;
4

. lim, ., €} = ¢, for all points of continuity t > 0 of €.

We have (M,d) and (M, d), which are Polish spaces. Moreover,
(M, d) is compact.

2.2 | Main Results

We start with some terminology. Given independent random
variables ZN1,..,Z¥N and independent Brownian motions
B, ...,BN, (XN, ..., XNN LN)is said to be a solution to Equation
(2) if LV is F-adapted and takes values in M, and the equations of
Equation (2) are satisfied with probability 1. Similarly, for a
random variable Z and an independent Brownian motion B, the
pair (X, A) is said to be a solution to Equation (3) if A € M and the
equations of Equation (3) hold. Note that (X1, ..., XN-V) (resp. X)
is fully determined if LN (resp. A) is fixed. Hence, we also say that
LN (resp. A) is a solution to Equation (2) (resp. (3)) for the sake
of simplicity.

As previously mentioned, uniqueness of their solution cannot
be guaranteed for Equation (2) or (3). Thus, we introduce the
minimal solution as follows. A solution (X N X NN LN ) (resp.
(X, A)) to Equation (2) (resp. (3)) is called minimal if

I:f' <LV (resp. A < At>, t>0,

holds for any solution (XN, ..., XN:N LN) (resp. (X, A)) to Equa-
tion (2) (resp. (3)). The minimal solutions, if it exists, must be
unique. Theorem 2 ensures the existence of minimal solutions,
which yields the well-posedness of Equations (2) and (3). Its proof
is given in Section 3.

Theorem 2. Both Equations (2) and (3) have a unique minimal
solution. If B> 0, we have A _ < A, for any solution (X,A) to
Equation (3) that is different from the minimal solution.

From a financial perspective, all banks will default in finite time
when 8 <0.If >0, then 1 - A_ is the largest proportion of
banks surviving forever in our setting (3).

Next we turn to the asymptotic proportion of banks that survive
forever. As G is continuous, it is uniformly continuous restricted
on any compact subset. Let a : [0,1] - R, be the modulus of
continuity of G, that is, |G(z) - G(z')| < a(|z —Z'|) forall z,Z" €
[0,1]. We also need the following technical assumption on the
initial distributions.

Assumption 3. ZM1 .. ZNN are iid. random variables
whose probability distribution 6 € P is such that (6N, N > 1)
converges weakly to 6 as N — .

For any b € R, denote by Q, : R — R the translation, that is,
Q,(2) := z + b. Theorem 4 relates the expected surviving propor-
tion E[SY]/N to the minimal solution A to the McKean-Vlasov
equation (3). Its proof is given in Section 4.1.

Theorem 4. Assume that there exists (yy, N > 1) C R, such
that

. 1 .
—3 — — >
Allgr.}o N 1315}0 N2 0 and 6 Qup®©), N 21,

where Q,(0) is the image measure of 6 by Q,. Taking the minimal
solution (XN-1,..., XNN [Ny = ()_(N‘l, ,)_{N‘N,LN), it holds that

SN

= -a-a)|| =0

lim [E[
N-co

Theorem 5 shows that the unique solution to the e-regularized
problem (5) converges to the minimal solution A to Equation (3).
Its proof is given in Section 4.2.

Theorem 5. Let the assumptions in Theorem 4 hold, and
assume further that G is Lipschitz. For every ¢ > 0, Equation (5)
has a unique solution X* such that X¢ has continuous paths and
lim,_,X; =X forallt >0.

Finally, we consider the effect of capital provision in the long
term. Similar to Equation (2), the equations (6) do not ensure
the uniqueness of their solution in general. Hence, we adopt the
minimal solution as follows. (X#N:1, ..., X$NN L#N) is said to be
a solution to Equation (6) if L#" is F-adapted and takes values in
M, and the equations of Equation (6) are satisfied with probability
1. We say that ()_(¢’N‘1,... ,)_(¢‘N’N,£¢‘N) is a minimal solution to
Equation (6) if

LN <1, >0

s

holds for any solution (X#N'!, ..., X$N:N L#N) to Equation (6).

Theorem 6. For all N > 1 and ¢ € @, Equation (6) has a
unique minimal solution. Assume further that G(x) = ax for some
aeR,.

i. If 8 <0, then the number of banks surviving forever is finite,
that is,

sup E[S%"] < -2/8, forallN > 1.
pedy

Here we emphasize that Si;N corresponds to any solution to
Equation (6).

ii. If =0 and 6 is compactly supported, then the capital
provision allows to maintain the number of banks surviving
forever of order \/ﬁ, that is,

SN soN
0 < liminf | sup E| == <limsup( sup E| == | < 0.
<¢p [WD "(¢p [WD

iii. If > 0 and a = 0, then the effect of capital provision is neg-
ligible and the proportion of banks surviving forever remains
unchanged, that is,

Sq&,N SO,N
wm\ sup BN | )= M E | > 0
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where 0 € ®y stands for the strategy ((¢; =0, ...,¢" =0),
t>0).

The proof of Theorem 6 is given in Section 5. The theorem
indicates that the number of surviving banks scales differently
with 8 < 0 (negative economy), 8 =0 (neutral economy), and
B > 0 (positive economy). Part (i) implies that the number of
surviving banks is of constant order (bounded by —2/8) in a
negative economy, so capital provision as economic intervention
is far from efficient. Part (ii) shows that in a neutral economy,
the number of surviving banks scales as \/ﬁ , which is of the
same order as the “Up the River” model (Aldous 2002; Tang
and Tsai 2018). Lower and upper bounds will also be derived in
Section 5.2. Part (iii) indicates that in a positive economy, the
capital provision does not change the proportion of surviving
banks asymptotically. The general case where o # 0 seems to be
challenging, and we conjecture that the effect of capital provision
is also negligible. Finally, we remark that, by slightly modifying
the proofs in Sections 5.1 and 5.3, (i) and (iii) remain true if we
replace the unit capital provision by any finite capital provision
c>0:

* iff <0,

supE[SZ"] < —2¢/B, forallN > 1;
¢

* iff<0anda =0,

) SiN ) SgoN
;an;<sng[7]) —1552,5[7 ,

where the above maximization problems are overall ¢ satisfying

N
Y ¢i<e, >0
i=1

3 | Proofof Theorem 2
The idea of the proof is similar to Cuchiero, Rigger, and Svaluto-
Ferro (2023), which relies on a fixed point argument. Here we

provide more details specific to our problem.

Let us introduce the operator I’ : D — M as follows. For ¢ € D,
letT'[¢] € Mbe defined by I'[¢], := P(z¢ < t)forallt > 0,where

X[ :=Z+Bt+B,-G(t,)and 7’ :=inf {t >0 : X/ <0}.
We define similarly Ty, : S(D) - S(M), where S(D) (resp. S(M))

denotes the set of F-adapted processes taking values in D (resp.
M). For L € S(D), define the following:

N
1
Iy[L], := N 2 ﬂ{riLSl}’
i=1

wherefor1 <i <N,

X' :=Z'+pt+B -G(IL)and t' :=inf {t >0: X" <0}.

Forany¢,¢’ € D (resp. L,L’ € S(D)), we write ¢ < ¢’ (resp. L <
LYif ¢, <¢) for all t > —1 (resp. L, < L] for all ¢t > —1 almost
surely). It is easy to verify that ', 'y are monotone with respect
to <, thatis, ¢ < ¢’ = T[¢] <T[¢’'] (resp. L< L' = Ty[L] <
T'y[L']). In particular, for any £ € M (resp. L € S(M)), (X?,¢)
(resp. (X1, ..., X%N L)) is a solution to Equation (3) (resp. (2)) if
and only if I'[¢] = € (resp. Ty[L] = L).

Our goal is to prove that I (resp. I'y) has a fixed point correspond-
ing to the minimal solution. To this end, we need the following
lemma.

Lemma 7. For any (", n>1)CM and ¢ € M satisfying
lim,_, d(¢", ¢) = 0, we have

limsupI'[¢"], <T[¢],, forallt > 0.

n—oco

Proof. Denote g" :=G(¢") and g := G(¢) for all n> 1. By
Lemma 1, there exist 6",8 € P_ such that ¢} = 6"([0,¢])and ¢, =
6([0,¢t]) for all ¢t > 0. By the Portmanteau theorem, we get the
following:

limsup ¢} = limsup 6"([0,¢]) < 6([0,t]) =¢,,

n—oo n—oo

whichyieldsT[¢], = P(z¢ <t) > P(C),whereC :={3s € [0,¢] :

Z+Bs+B;<h}and h, :=G(limsup,  _ ¢})=limsup, _ g
Then it suffices to prove the following:

limsupT[£"], = limsup P(z?" < t) < P(C).

n—oo n—oo

Foreacht > 0,seth} :=sup,., gFsothatg! <h!' | hyasn — co.
Hence,

limsup P(z?" <t) < lim P(3s € [0,t] : Z + Bs + B, < h") = P(A),

n—oo

where

A:={Vn,Ise€[0,t] : Z+Ps+B; <hi}={Vn>m,

ds e [0,t] : Z+ Bs+ By < hy}.

Here m can be any positive integer. Note that h" and h are
nondecreasing by definition, but may not be right-continuous.
It is enough to show P(A \ C) = 0. Introducing an equivalent
probability measure Q defined by the following:

dQ
(ﬁ)t := exp(—fB, — f°t/2).
Then P(A\C)=0<= Q(A\C)=0, and (Bs+ B,)ys<; is a
Brownian motion under Q. Thus, it suffices to prove for the case
B = 0. Define
" :=inf{s € [0,t] : Z+B,<h!}, Vn>1,

where we adopt the convention inf @ := co. Clearly, 7" € [0, t]
on A. By definition h" | h as n — o0, n — 7" is nondecreasing,
which implies the existence of 7 := lim,,_,, t". In particular, 7 €
[0,¢] also holds on A. In the following, we let the event A occur
and distinguish four cases.
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i. Suppose 7" < 7 for all n > 1. By definition, there is some
t, € [t",7) such that x + B, < h{ < h{. Hence, x + B, =
lim,_ . (x + B,) < lim,,_, hY = h.. Thus, we get the follow-
ing:

An{t"<t,Vn>1}CC. 7

ii. If t* =7 =t for some n, then we have x + B, < h', and
further x + B, < h,. Therefore,

An{3n:t"=1=t} CC. ®)

iii. If " =t <t for some n, and 7 is a point of discontinuity of
h,thenwe have x + B, = x + B;» < h,, = h},.Define h =
lim, ., hy,, then x + B, < h.. Namely,

x+B, <hy, (9)

at some point d € D, where D is the countable subset
of points of discontinuity of h. For all 0 <u <s<t, we
have h, = lim,_, h" > lim,_,  h", = h,. Now suppose that
C does not occur, which implies that x + B, > h, for all s €
[0,¢] and hence x + B, > h, for all d € D and s € (d, t]. As
Brownian paths oscillate almost surely infinitely often in
every interval, for every d € [0, t), the set {x + B; < Ftd, X+
B, > hy, Vs € (d, t]} is negligible. We conclude by Equation
(9) that

PAN{3n : 7:"=T<t,1'ED}\C)52

deD

PAN{En :t"=t=d<t}\C)=0. (10)

iv. Finally, suppose " =t < t for some n*, and 7 is a point of
continuity of h. For any ¢ > 0, there exists § > 0 such that
h..s < h. +¢. Hence, forall n > n* large enough, " = 1" =
7 and

X+B,=x+Bnx <h! h! s—h.s<h +e

T™+§ =My
As ¢ is arbitrary, we get x + B, < h.. Therefore,
An{3dn:"=1<t, t¢D}CC. (11)

Combining Equations (7), (8), (10), and (11), we conclude that
P(A\C) =0andlimsup __ P’ <t) <P(r’ <t). O

n—oo

Next we show that T : (M, d) — (M, d) is continuous.

Proposition 8. For any (¢",n>1)CM and ¢ €M,
lim,,_, d(T[¢"],T[£]) = 0 holds when lim,,_, , d(£",¢) = 0.

Proof. For simplicity, we write X" = X", X! = X, /" = 1", and
¢ = 1. We first show that lim,_ ., ['[¢"], = T'[¢], for all t €J,
where J C R, denotes the collection of the points of continuity
of I'[¢]. By Lemma 7, we have limsup,  T[¢"], < T[¢], for all
t >0, and it remains to prove lim,_ . (T[], — r[¢"])" = o for
t € J. Write

T[e], -Te")" <PE" > t,t<1) = / P(z" > t|r = s)dI[¢],.
[0,¢]

As in the proof of Lemma 7, we denote g" := G(¢") and g :=
G(¢). We split the integrand in its continuous and jump part,
writing T[¢]¢ for the continuous part, which we estimate in the
following.

/ P(t" > t|t = s)dI[€]§

[0.t]

= / PX} > 0,Vu < t|lt = 8)dI'[¢]§
[0,¢]

< [ POU+B@-9+B, B -G -g)>0
[o.]
Vs <u <tlt =s5)dT[C]§
< / PX! +Bu—s)+B,—B,>0,Vs <u < t|t =s)dl'[7];.
(0]
On the event {r = s}, we have X; <0, so X{ < XJ — X, = g, — g/.

We conclude, using the reflection principle (see, e.g., Karatzas
and Shreve 1991, Section 2.8A),

/ P(t" > t|t = s)dT[£]S
[0,t]

< / PB(u—s)+B, — B, > gl —g,Vs <u < t|lt =s)dIl[{]§
[0,¢]

s<u<t

= [ ®(inf G-+ 5, ~B)> g - g, )drieE
[0.¢]

0<u<t-s

— J\/ gs_g;l+:8(t_s)>
/[o,z]< < Vt—s

— 2Bl -8 NS & —8+pl=9) dar[els,
< Vt—s

where N denotes the cumulative distribution function of stan-
dard normal. Since lim,,_, ., g/ = g, holds in a co-countable set,
the integrand above converges I'[¢]°— almost everywhere to
0. Consequently, the integral above vanishes as n — oo by the
dominated convergence theorem.

=AJ]P< inf (ﬁu+Bu)>g§‘—gs>dF[f]§

For the integral with respect to the jump part, we get the
following:

/ P(t" > t|z = s)d(T[¢], - T[¢]9) = )\ P(z" > t|r = $)AL[¢],
[0,¢]

S<t

= Z P(" > t|r = s)P(r = 5)

s<t

= ZP(‘L’” >t,T=25),

s<t

where we may take the sum over s < ¢ because ¢ € J. For any s >
0, we have by the Portmanteau theorem

liminf ¢} > ¢, = liminfg! >g, .

n—oo n—
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For s<t, we have P(r">t,t=5)<PNMee€(0,t—5):Z+
B(s+¢€)+ By, > g(”s o T= s). Taking the limsup yields, by
Fatou’s lemma,

limsupP(z" > t,7=5) < PMVe € (0,t —3) : Z+pB(s+¢)

n—oo

+ Byie 2 8540, T = S)
<P(Z+fs+B,>g,T=5)

<P(Z+Bs+B,=g)=0.

Again by the dominated convergence theorem, we get that the
sum converges to zero as n — oo, which proves lim,,_, ., I[¢"], =
I[¢], for every t € J. Hence, lim,,_ ., d(T[¢"],T[¢]) = 0.

To show lim,_ d(T[¢"],T[€])=0, it remains to show
lim,_ . I'[¢"], =T[f],. This is straightforward when § <0,
and we assume f > 0 in the remaining of proof. For each z € R,
denote by p(z) the probability that z + St + B, never hits (—o0, 0].

We have p(z) = 1 — e~%?", and further lim,_, p(z) = 1. For each
t > 0, we get the following:

r[en)., - F[t’]m‘ = |P(T" = 00)— P(r = oo)|
<|Pa" > ) -P@E" = o)
+ |P(T" > 1) - P(r > t)(
+ |u:>(r >1)-P(r = oo))
= |P(T" > 1) - P(r" = oo)|
+ |r[f"][ - F[f]t|
+(P(r >1)—P(r = oo)|.
Let us estimate the first and third terms.
P > 1) = P(" = )| = E[Vznsg] = E[Versg Tjpim]
= E[1gsg] = E[PE" = 00|t > D) 1jrusy]-
On the event {t" > t}, we have the following:

{t" =0} ={X!"+B(s— 1)+ (B, —B,) — (g —&/) > 0,Vs > t}
D{X!—c+p(s—t)+ (B, —B,)>0,Vs >t}, with

c:=GQ),

which yields by the Markov property P(t" = oco|7" > t) > p(X] —
¢) and thus

P > t) - P(" = oo)( = E[1ny(1 = P(z" = oo|z" > 1))
< E[Tgnsy (1 - pX2 = )]

Now we couple the process X, by Y, :=Z + gt + B, forallt > 0,
soX!'>Y,—c.Leto :=inf{t >0 : Y, <0},and we have t" < o.

Hence,
P > )= P(" = 00)| < E[ljng (1 - pOX7 — )]

< ‘[E[“{m}(l - p(Y, —20))].

Similarly, we can establish )P(T >t)—P(r = oo)‘ < )[E[]]{Dl}
(1 = p(Y; — 2¢))], and thus

P(x" = 00) = P(r = 00)| < 2E[1 (1 = p(Y, - 2¢))]
+ [rrem, - el .

As lim,_, Y, = oo holds almost surely, we get by the dominated
convergence theorem,

fim E {151 = p(Y, = 20))] =0.

For any ¢ > 0, there exists t, such that E [1] w1 = pY, = 20))] <
eforallt > t.. Fixan arbitrary t € J with ¢t > ¢.. Then we have the
following:

lim |0[¢"], - T1¢].| < 26+ lim |F[€"]t —1[¢],| = 2e,

which yields the desired result. O
Now we prove Theorem 2.

Proof of Theorem 2. i. We start with the particle system (2).
For each n > 0, denote by FE\’;) the nth iterate of the operator
I'y. First we show LN = F%V)[O] is the minimal solution to
Equation (2), where 0 € M is the function that is identically equal
to zero. The monotonicity of I'y, combined with the fact 0 <
ry[0] = TV[0], yields T"[0] < Ty [rﬁj’[o]] = r'2[0], and thus by
induction FE\',H) [0] < Fj(\?) [0] for all n > 1. Note that QN € M only
takes values in {k/N : k=0,...,N}. For 0 < n <N, define the
stopping times

o, :=inf{t >0: IY[o], > %} € [0, co].

We claim that Equation (12) holds forall1 <n < N:

Il = 1[0, forallt <o, 2

Clearly, Ff\?) denotes the identity operator. For n = 1, observe that
the first jump time o, of I‘gg) [0] coincides with the first time at
which any of the drifted Brownian motions Z' + ¢ + B! hits zero,
and 1“5\})[0] is equal to zero prior to the time o, regardless of o, <
o0 and 0; = oo. This means that I‘ES)[O] =0= I‘E)[O] holds for all
t < o,. For the inductive step, assume that Equation (12) is true for
all positive integers up to n. Applying I'y to both sides, we obtain
the following:

r{[o], = 7*V[0],, forallt < g,

We are done if 0, = o0, and it suffices to deal with the case
0, < oo. We distinguish two cases. In the first case, we suppose
rg“’[o] > n/N. Therefore, we have F(;)[O]Un > (n+1)/N, and

n
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hence o, = 0,,,, completing the inductive step. For the second
case, we have l“g') [0],, = n/N,and for ¢ € (0,041,

n+1

< =T l0l,, <ol < T™jo0), < 2=,

N

which implies that F,(\',Z)[O] and Fgl“) [0] agree on (0,0,,,), com-
pleting the inductive step. Next we prove that I:N = Ff\j;')[O] solves
the particle system. For n > 0, repeatedly applying I'y, we get the
following:

rPol, =157[0), =+ =L =Ty[L ], forallt <o,

t
Choosing n = N, we obtain LN =Ty [L J,on[0,0y). If oy =
thenI: =Ty[L ] Otherwise, recall thatL <Ty[L N1. So we see
that1l < I:UN = FN[L loy < 1,and thus L" = T'y[L"]. To prove the
minimality of LN , We pick an arbitrary solution L. By definition,
we have 0 < L, and thus by iteration,

N _ @) (N) —
LY =13"[0] < T3[L] = L,
which implies that L" is indeed the minimal solution.

ii. Next we turn to the McKean-Vlasov equation (3). Define the
sequence (I'™[0], n > 1) ¢ M, where I'” denotes the nth iterate
of I'. By construction, we see that the sequence is nondecreasing

with respect to <. We show in the following that I'™[0] 4
A € M exists, and A is the minimal solution to Equation (3).
By definition, we have 0 < I'[0]. For each t > 0, the sequence
(T™[0],, n > 1) is nondecreasing and lying in [0,1], which

implies that we can define A to be its pointwise limit

A, := lim I™J[o],,

n—oo

forall t > 0.

Clearly, A is nondecreasing with 0 < A, < 1, so its modification

~ d
A :=A,, lies in M. This implies that T"”[0] — A, and further by

—t
Proposition 8,

FA] = T lim T)[0]] = lim T*+V[0] = A,
So A solves Equation (3). Suppose A is another solution. By
definition, it holds that 0 < A, and using the monotonicity of T,
this leads to I'[0] < T'[A] = A. A straightforward induction shows
that T™[0] < A for all n > 1. If ¢ is a point of continuity of A,
then A = lim,_ r'[0] < A,, and further A < A by the right
continuity of A. This proves that A is the minimal solution.

iii. For any solution (X, A) of Equation (3) that is different to
(X,A), there exist v>u >0 and b > a > 0 such that A, > b >
a>A for all ¢t € [u,v]. Recall that 7 :=inf{t >0 : X < 0} and
T :=inf{t > 0 : X, < 0}, and we want to show

A <A, <= Pr=0)<Plt=x) < P@I=0w)
—P(t =) =P(t < 00,7 =00) > 0.

Namely, denote by Y, :=Z + 8t + B, for t > 0, then
{T<oo,z=oo}2_>{Y,>At:Vte[O,u]}n

(Y, €la,b] : Vt € [u,u]}n{Y, > A, :VtZU},

which yields the desired result by the Markov property. [

4 | Proof of Theorems 4 and 5
4.1 | Proof of Theorem 4

Recall that C (resp. M) is endowed with the metric d,, (resp. d).
Let E := C X M be endowed with the product topology, and we
denote the corresponding metric by d, ® d. Then Z is Polish.
Define accordingly the map ¢ : E - D by «(f,¢) := f — G(¢).
For every t > —1, denote by 4, the path functionals on D:

A(X) 1= <y With 7(x) :=inf{s > 0 : x; < O}.
Set A(x) :=(4,(x), t > -1) e M. We say that x satisfies the
crossing property if

inf x.,,—x, <0, forallh >0,

0<s<h

where we abbreviate 7(x) by 7. The lemma below summarizes the
properties of t and 4, which is an adaptation from Nadtochiy and
Shkolnikov (2019). We provide its proof for completeness.

Lemma 9.

i. Theembeddingt : (8,d, ® d) — (D, d,,) is continuous.

ii. Let x € (E) satisfy the crossing property. Then for any
sequence (x", n > 1) C «(E) converging to x under d,,,, we have
lim,,_, o, 4,(x") = 4,(x) forall t > 0 in a co-countable set.

iii. Assume that (n"),s, C P(E) is a convergent sequence with
limit 7. Define v" :=1(n") and v := «(n). If v— almost every
path satisfies the crossing property, that is,

v({x eD: Olgrslghxfﬂ—x, <0, Vh>0}> =1,

then

(/ A,(0)dv"(x), t > —1> " /1) (v A)
D

= </ A,(0)dv(x), t > —1).

Proof. i. Let (f",¢") — (f,¢) in E and T be any point of
continuity of ¢. Then we have f* — f in C([-1,T]), and thus
in D([-1,T]). Moreover, as G(¢") and G(¢) are nondecreasing
and lim,_, G(¢}) = G(¢,) for each point of continuity ¢ of
G(¢), Whitt (2002, Corollary 12.5.1) shows that G(¢"*) — G(¢) in
D([-1,T]). The conclusion follows from Whitt (2002, Theorem
12.7.3).

ii. Let J be a co-countable set consisting of all points of con-
tinuity of x. Recall that Whitt (2002, Theorem 13.4.1) ensures
lim,_ inf_ ., x{ =inf_ ., x,forallt € J. Hence, forany ¢t €
J such thatinf_,_ ., x; # 0, we have

lim A (xn) - hm ﬂ{mf 1<s<t X§ <0} = ]]{inf,lﬂg Xs<0} = At(x)-

n—oco
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Now let ¢t € J with inf_,;, x; = 0. Then ¢ > 7(x) by definition.
If t > 7(x), then the crossing property implies that inf_,_ ., x; <
0, which leads to a contraction. It follows that the only point in
J where the convergence may fail is 7(x), so J \ {r(x)} is still a
co-countable set on which we have the desired convergence.

iii. For ease of presentation, denote (v",4,) =: ¢} and ¢" :=
(€})is0 € M. By the compactness of M, we may assume that ¢} —
¢, for some ¢ € M at every point of continuity ¢ of ¢. Then
it suffices to prove £ = (v,1). Let T >0 and g : [0,T] - R be
bounded and measurable. The dominated convergence theorem
implies

T

T
lim t’?g,dt=/ ¢.g.dt.
0

n—oco

By the Skorokhod representation theorem (see, e.g., Kallenberg
2002, Theorem 4.30), we can write

T
/ffgtdtz[E/
0 0

where Y" converges almost surely in D to Y with £(Y") = v" and
L(Y) = v. By (ii), it holds with probability 1 that

T
/L(Y”)gtdt] ,

T T
lim / A,(Y"g,dt = / A(Y)g.dt.
n—oo 0 0

Using the dominated convergence theorem again, we get the
following:

T T T
/ ¢,gdt = limE [/ /L(Y")g,dt] =E [/ A[(Y)g[dt]
0 n—oo 0 0

T
= / (v,4,)g.dt.
0

It follows from the right-continuity of ¢ that ¢ = (v, 1) forall t <
T. Since T > 0 is arbitrary, the claim follows. O

Let (X™1,...,XNN LN) be a solution to Equation (2). We define
the empirical measures (§N¥, N >1) and (¥, N >1) taking
values in P(E) and P(D) by the following:

1

N
1
g:N = ﬁ Zl 5<FN,i’LN> and ,LLN = N 5XN,i, (13)

|M2

i=1

where FNi :=(ZNi4 Bt + Bl t > 0). By definition, we have
uN = (&N) for all N > 1. We need a few preliminary results on
the sequence of random measures (¢V, N > 1).

Lemma 10. The sequence (§N)ys, is tight under Assumption 3.

Proof. The assumption yields the tightness of (ZN'! + Bt +
B}, t >0), N > 1, and thus that of (ZM! + Bt + B}, t > 0), LV),
N>1 as (M,d) is compact. By Sznitman’s theorem (see, e.g.,
Sznitman 1991, Proposition 2.2), (§¥, N > 1) is tight. O

Proposition 11. Let & be any limit point of (§)ys, and p 1=
«(8).

i. For almost every realization w, if L((F,L)) = &(w), then (F, —
F,—pt,t >0) is a Brownian motion with respect to the
filtration generated by (F, L) In particular, (F, — Fy — §t, t >
0) is independent of F,,.

ii. u satisfies the crossing property with probability 1.
Proof. i.Foranyt>s>0,ne€N,0<s < <s, <sand con-

tinuous and bounded functions ¢, : R> - R, denote ®(f,¢) :=
I_ ¢ (fs,» €s) forall (f,€) € E. We have

E {( / (Fr = fs = Bt = $)B(F, O)AEV (S, f)) ]

2

1 < i i N, TN
E (ﬁ Z(Bt—BS)<I>(W iL ))

i=1

%[E [((B} - B§)<1>(WNJ,LN))2]

+ Nz]\]_Z al E [(Btl - B})(Btz - B?)':I)(WNJ, LN)Q)(WN,Z,LN)]
= %E[((B? — BHeWN,IM)| < ”q’”m}vﬂ o,

where WY = (W, t > 0) with W' := Z¥4 + Bt + Bl. Thus,
for almost every realization w, if (F,L) ~ &(w), then (F, — F, —
Bt, t > 0) is a martingale with respect to the filtration generated
by (F,L). Furthermore, repeating the same arguments to the
process ((F, — F, — t)*> —t, t > 0), we obtain that

2
E[([[(f[—fo—ﬁt)—(fs—fo—ﬁS)—(t—S)]CD(f,f’)déy(f,f)) ] =0,

which implies that (W, — W, — Bt)*> —t, t > 0) is also a mar-
tingale with respect to the filtration generated by (W,L). We
conclude by Lévy’s characterization (see, e.g., Kallenberg 2002,
Theorem 18.3).

ii. For simplicity, we assume that £(u") converges to £(u). Note
that £(u) = L((§)). For any fixed h > 0, we have the following:

u({x eD: Oisrghxrﬂ -Xx, = 0})]

=E §<{(f,t’)eE . Oisrslghffﬂ_fr_(G(€r+s)_G(€r))=0})]

M

<E g({(f,f)GE : Oi;slghfrﬂ_fr:()})]-

As for almost every realization w, if L((F,L)) = &(w), then 7 =
7(F — G(L)) is a stopping time with respect to the filtration
generated by (F,L). Since F — F, is a Brownian motion with
respect to the same filtration, the strong Markov property yields
the following:

[E|:§<{(f’f) SROM Oiglslghffo-'—x_ffo =0}>] = P(OlsrslghFA =0> =0.
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Hence,

u({x €ED: Oisrgsfhx,w - X, =0}> =0,

holds almost surely. Repeating this reasoning for h = h,, for a
sequence (h,, n > 1) C R, such that lim,_ h, = 0 yields the
result. O

Following the arguments in Delarue et al. (2015b), we have
the following proposition, which establishes the convergence of
random measures (see also Cuchiero, Rigger, and Svaluto-Ferro
2023; Nadtochiy and Shkolnikov 2019).

Proposition 12. The sequence (£, N > 1) is tight under
Assumption 3. Moreover, let £ be any limit point. Then for almost
every realization w, &(w) coincides with the law of (F,A), where
(F = G(A), A) is a solution to Equation (3).

Proof. The tightness of (¢, N > 1) follows from Lemma 10.
Without loss of generality, we may assume the convergence of
(&N, N > 1) for ease of presentation. Then we get uV — u 1= 1(§)
by the continuity of t. Consider the maps

t > E[(u,4,)] and t — [E[[ f,dg(f,f)],

that are nondecreasing and thus have at most countably dis-
continuities. Denote by J the co-countable set of their points of
continuity. Combining Lemma 9 (iii) and Proposition 11 (iii), we
deduce that (uV,1) — (u, 1) in M almost surely. Forany t € J, we
have E[{(u,4,)] = E[{u,A,_)], and thus (u, 4,) = (u,4,_) almost
surely. Therefore, (uN, 1) — (u, A) in M, which yields as follows:

I\l]l_r}n (N, ) = (s Ap)- (14)

Let 7, : E - R be the projection defined by 7 (f,¢) = f,. By
definition, 7, is continuous, and hence

lim el
N-oo N :

M=

O ni = 1\1/1330 7f0(§N) = 7o(£),

1
which implies that for almost every realization w, L£(7,(§(w))) =
limy_,, 6N = 6. By Lemma 11 (i), for almost every realization w,

if £L(F,L) = £(w), then (F, — Bt, t > 0) is Brownian motion with
L(F,) = 6. Hence, it remains to prove the following:

A, = P(r(F — G(L)) < t) = (u(w), 1,), forallt>o0.

To this end, note for every t € J,

fEM)w,—<M>|—|ft—<uN,At>||d§N(f,f)]
<E[I(r ) = )]

which vanishes as N — oo by Equation (14) and the dominated
convergence theorem. As t € J, we have ¢,_ = ¢, for {— almost
every ¢, and thus the map M > ¢ — ¢, € R, is continuous £—

almost surely. It follows that
| 16~ wanas. 0| = fime| [16, - wanaz.o)
< A%%E[/E|£[ —<MN,/1,>|d§N(f,é’)] =0,

where the last equality holds since (u~,1) = ¢ holds for &V—
almost every ¢ € M, almost surely. The conclusion follows by
letting ¢ range over a countable dense subset of J and using the
right-continuity of ¢. O

Now we prove Theorem 4.
Proof of Theorem 4. First, we show that any limit point & is
equal to £(X,A) almost surely. Consider the perturbed system:
fori=1,...,N,

XM =7ZN1 4 Bt + B - G(L,), forallt>0

and

- 1
Ly[L], = N
i

M=

Tpiey and ) 1= inf{t >0 : X <0},

Il
—

where £(ZN) =06 for 1 <i<N. Taking L = A, we have the
following:

Xté-i =ZN 4 Bt + B - G(a), forallt >0,

and f% are i.i.d. random variables that are identical inlaw to 7 :=
inf{r >0 : X <0} It follows from the inequality of Dvoretzky-
Kiefer-Wolfowitz (Massart 1990) that

P(ITyIA] - All > 7v) <2¢7%,  forall N > 1.

For each N > 1, define Ay :={||I'y[A] - All, <7y} and the
operator Iy by

N

A 1

Iy[L], := N Z ﬂ{fl."g[},
i=1

where fori =1,...,N,
X' =2ZN +ayy) + Bt + Bl - G(L,) and £ = inf {t >0 : X' <0}.

In particular, L(ZN' + a(yy)) = 6N = £(ZV4) for 1 <i < N. On
the set Ay, we have

A >Ty[Al —yy, forallt>o0.

—t

Hence, I'y[0]—yy < Ty[-¥y]—7y <A holds as —G(-yy) -
a(yy) £ —G(0) = 0. Using the monotonicity again, we get the
following:

Y101 = yy = EyIEN[0]] = yy < Ty[Ly[0] - yy]

—¥n = fN[é] —Yn A,
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where the second inequality still follows from the uniform
continuity of G, that is,

—-G(T'y[0], —yx) < alyy) — G(F'y[0],), forallt > o0.
Repeating this arguments, we obtain f;’?[o] —yy <Aforalln >
1, and finally LN — ¥~ = A.Hence, it holds with probability 1 that

limsupL" < A. 15)

Take an arbitrary limit point £ of a convergent subsequence, still
denoted by (§~, N > 1)y, for simplicity. It follows that for almost
every realization w,

1

N 20N @ @) ~ §@) in P(E).

I

On the other hand, there exists a solution (F, A) to Equation (3)
d
such that £(w) = L(F, A). Therefore, QN (w) - A and

Az ,\I,im I:iv(w) =AZA, forallt € J,

where J C R, is the set of all points of continuity of L. Conse-
quently, A = A and é(w) = £(X, A). In particular, the dominated
convergence theorem yields the following:

lim [E[I_Jiv] =A, foralltel.

N—oo

Set ¢ 1= G(1). By symmetry, we get P() = o0) = P(z} = o0) for
alll1 <i < N.Thus,

M=

E[sY] = <

=N [F"(‘[lN =)= [F"(Tiv = ).

I
—

Consider the two coupled processes below: for all t > 0,
X" = ZN' + Bt + B! - G(L") and
X, = (@ —a(yy) + Bt + Bl — G(A)).
Set £ :=inf{t > 0 : X, < 0}. It suffices to show limy_, P(zY =
00) =P(f = 00) =P(t = ). For z € R, let p(z) :=P(z+ft +

B} >0, Vt > 0). Then we have lim,_, p(z) = 1. For each t > 0,
we get the following:

P} = 00) = P(2 = o)
< |uﬂ>(rflV > 1) - P = oo)j
+ [PaY > n-pE > 0|
+ [P > ) - P = )|
= |u:>(fflV >0 -PE) = oo)) + |[E[£iv] —/_\l(

¥ |IP’(f > 1) -P(t = oo)j,

where [F"(ri" >t)=1- [E[I_Jfl] is by symmetry. Furthermore,

P(lev >t)— P(Tll\] = °°)| = [E[ﬂ{ff’>t}] - [E[ﬂ{rf’»}]]{r{”:w}]
= [E[“{rf’»}]

- [E[I]J’(rf’ = oo|t > t)ﬂ{,zlv>,}].
On the event {t}’ > t}, we have

TV = oo} = X" + (s — ) + (B} = B)) - (GUY) - GAN)) > 0,Vs > 1}

> XM —c4+B(s—1)+ (B -B)>0,Vs > 1},

which yields by the Markov property P(r) = oo|z) > ) >
p(X™" —¢), and thus

P@y > 1) - P = )| = [E[ﬂ{fllv>t}(1 P = |tV > t))]
< [E[ﬂ{,fx>t}(l — O™t - c))].

SetY, :=ZN!'+Br+ B/ forallt >0and o :=inf{r >0 :Y, <
0}. Then X' > Y, — c and 7V < 0. Hence,

PGY > )= P} = 00)| < E[1ia0(1- pX = 0))]
< |E[1oi(1 = (¥, = 20))]-

Similarly, we can establish )[P’(f' >t)—-P(t = oo)‘ < )[E[]]{[m}
(1 - p(Y, — alyy) — 2¢))], and thus

P(z, = 0) = P(2 = 00)| < 2E[10ny(1 = (Y, — (1) - 20))]
+[ELT-A,|

Aslim,_, . Y, = oo holds almost surely, we have by the dominated
convergence theorem,

For any ¢ > 0, there exists f, such that E[14.,4(1— p(Y(£) -
a(l) —2c))] < ¢ for all ¢ > ¢t,. Fix an arbitrary t € J with t > ¢,.
Then we get

. N . N
lim |P(z)’ = 00) = P(2 = o) 525+D1]1£1;|[E[£t]—ét‘=25,

which yields limy_, ., [E[§Z] =1-A_.Takeasequence (t)ms1 C
J satistying lim,,_, , t,, = 0. Then,

S =1-L" <1-L" = limsupS" <1-A
h - —m Now % —m

Letting m — co, we deduce that limsup,_ §z <1-A .

On the other hand, we get by Fatou’s lemma that
1-A =limy_, [E[EZ] < E[limsup,,_ EZ], which implies

limsup,,_ §Z =1-A_. We conclude by applying Fatou’s
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lemma,

limsup[E[|§]:o -1 +ém|] < E|limsup |§Z -1+A_|| =0,

N—-oo N-oo

which yields the desired result. O

4.2 | Proof of Theorem 5
We aim to show that the regularized problem (5) is well-posed.

Define the operatorsI* : D — Dasfollows: for f € D,letT*[f] €
D be defined by the following:

e[ f], :=1—[E[exp <—%/(Xsf)‘ds>],
0

where

X' :=Z+Bt+W,-G(f)and ¢/ :=inf{t>0: X/ <o}
It is easy to see that I takes values in C N M. By definition, ¢¢ €
C N M is a solution to Equation (5) if and only if £* is a fixed point

of I'*. We start with a few technical results.

Lemma 13. Let f € D be nondecreasing and set
A o= o, 0%, = £ =0},
Then A, is negligible for all t > 0.

Proof. Denote by 7 :=inf{s > 0 : W, < f,} the hitting time.
Then it holds that

A=@Anft<pJAnft=h=:B,uC,.
Clearly, C, C {W, = f,}. As for B,, we have the following:

B, Cc{t<tand W, = f,and W, > f, fors € [z, ]}

Cc{r<tandW, = f and Wy > f_ fors € [,t]} :=B],

where the second inclusion holds as f is nondecreasing. We
conclude by the fact that there are infinite times u € [z, ¢] so that
Wu < WT = f‘l" D

Lemma14. Let(f"),., C D N M bea sequencesuchthatn — f}
is nondecreasing for all t > 0. Denote by f its pointwise limit. For
every x > 0,

lim P(inf (x + W, - f1) <0) =P( inf (x+ W, - ) <0),

n—oco

holds forall t > 0.

Proof. Denote by 7,, (resp. ) the first hitting time of W — f" (resp.
W — f)at —x. Then,

IP’< inf (W, — f7) < —x> = P(r, <t)and P<Oi<n£t(WS -fo < —x)

0<s<t

= P(r <©).

By assumption, we have t < 7,,, and thus
0<P(r<t)-P(r, <t)=P(t <t,T,>1)

= / P(t, > t|t = s)P(r € ds),
0.t]

where the last equality holds as 7 > 0. Restricted on the set {T = s}
for s € (0, t], we get

{tn >t C{W, = fi > =x}n{W, - f; < —x}.
This implies the following:
P, >tlt=85) <P(fy—x<W,< ff—x) >0 asn — oo,
and we conclude by the dominated convergence theorem. O
Now we prove Theorem 5.

Proof of Theorem 5. i. If the existence holds, then any solution
is a strong solution. Let X*,Y* be two arbitrary solutions of
Equation (5). Observe that | X7 — Y| is deterministic and satisfies
the following:

t t
X - Yi| < CE [% / |(X§)-—(Y§)-|ds] << / X5 = Yilds,
0 0
forallt > 0,

where C > 0 denotes the Lipschitz constant of G. This yields the
uniqueness by Gronwall’s inequality. To show the existence, we
adopt the proof of the fixed-point theorem. Note that the operator
I preserves the monotonicity, that is, f < g = I'[f] < I*[g].
Denote ¢° = 0 and set for n > 1, ¢" :=T°[¢"!] € CnM. Then
we get by induction ¢"~' < ¢" for all n > 1. Hence, n - ¢/ is
nonincreasing for all t > 0, and the pointwise ¢, :=lim,_ ¢} €
[0, 1] exists. Finally, rewriting the equality

£t = G(l -E [exp <—%/0 (Z+Bs+W,— ocf?fds)] ),

forallt > 0,

we conclude the desired existence by the dominated conver-
gence theorem.

ii. Fix arbitrary § < . We claim that £° < ¢¢. Indeed, it is known
from the proof above that

¢° = lim T%"[¢°] and ¢¢ = lim I'*"n[¢°],
where I'®" (resp. T®") is the n-composition of I'® (resp. I®).
By definition, we have I*(f) < T°(f) for all f € D. In partic-
ular, I'*(¢°) < T°(¢°). Similar to the argument in the proof of
Theorem 5 (ii), we deduce the following:

Fz,n+1 [50] =T [FE’"[fO]] < Te [ré,n [570]] < Fs [Fé,n [50]] = Fé,n+1[€0],

where the second inequality follows from the induction and
the monotonicity of I'*. Therefore, we get I*"[¢°] < T°"[¢°] for
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every n > 1, and ¢¢ < ¢°. Namely, for each t >0, [0,1] D ¢~
¢; €[0,1] is nonincreasing, and we can define the pointwise
limit 2, :=lim,_, + ¢5. Thanks to Proposition 15, ¢ is a solution
to Equation (3).

Proposition 15. 7 is a solution to the McKean-Vlasov equa-
tion (3).

Proof. SetX, :=Z+ pt+ W, —af, for t > 0. By definition, we
have

Xf=Z+,6’t+W[—G<1—[E[exp<—%/(X§)ds)])

and
P (Z R, — G(P(Oiggxg < 0)))’
1 t
= G<1 —E [exp <—E / (X§)ds>] > - G([E[“{infogg,XESO}])
0

1 t

<Cl1-E [exp <_E / (Xﬁ)‘ds)] = B[ Vnoe,e xe<ot]
0

=C

t
1
E |:H{inf05SstX§>0} —exp <_E / (Xj)‘ds)] |
0
1 t
=CE [EXP <_E / (Xﬁ)_d3>“{inf0<s<[x§<o}] )
0

where the last equality follows from Lemma 13. Applying the
dominated convergence theorem, we get the following:

t
. 1 o
ElirgifE[eXp (—g /0 X9 ds>11{mfwxg<0}] =0

and thus X, = Z + Bt + W, — alim,_,, P[inf .., X¢ < 0], which
yields the desired result by Lemma 14. O

Recall that A is the minimal solution to Equation (3). Then
it suffices to show ¢° <A for every ¢ > 0. Recall that A =
lim,_ T,[€°]. Again, we prove T*[f] <T[f] for all f € D.
Indeed, we rewrite as follows:

* On{inf . X sf > 0}, it holds the following:

t
1 o
1—exp <—; /0 &) dS) =0=Ty 0 xl <oy

This yields in particular T¢[¢°] < T[¢°]. Then we have the
following:

rentl [f()] =T [FE’"[fO]] <T* [F”[fo]] < F[Fn[fou = [+l [50],

where the second inequality follows from the induction and the
monotonicity of I'*. Letting n — oo and then § — 0, we obtain ¢ <
A, which implies that £ = A is the minimal solution of Equation

3. (]

5 | Proof of Theorem 6

In this section, we analyze the effect of capital provision. Follow-
ing the same lines as in the proof of Theorem 2, we can show that
Equation (6) has a unique minimal solution, which yields its well-
posedness. In what follows, we distinguish the cases 8 < 0,8 = 0,
and 3 > 0.

51 | Caseof3<0

Proof of Theorem 6. (i) For each ¢ € ®y, let (XN, ...,
X$NN 1#NY be an arbitrary solution to Equation (6). For each
t > 0,wehavefori=1,...,N,

{T?>t}={7?>[’/¢§ds>_%}U{Tf>t,/¢§ds5—’%},
0 0

Hence,

N

N
> < 2 H{T?”’fo[ ¢§d5>‘%} + Z ]]{r?>l,/0[ ¢§dss—%}
i=1 i=1

-

Il
—

M=

IA

2 + 1
g & >, ) ghdss-Ey

L

On the event {‘r;’5 > t, fot plds < —pt/2}, we get the following:

i : t .
. Xf"gZ'+%+B;, forallt >0,
[ f]; = G<[E [1 —exp <—%/ (X{)‘ds)] > and
0 and thus
ML = G(El g, xrao) :
{info<s<r X5 <0} . t . . t
’ {Tf’>t,/ ¢§ds§—%}c{2‘+3§>—%}.
and then compare the two random variables by distinguishing the ’
following cases: Consequently,
* On{inf ., X I < 0}, it holds the following: N ) )
E[s®N] = lim E [2 ﬂ{f¢>[}] < 3 +lim NP(Z + B, > —pt/2) = 5
. = e
1 Y- _ .
1—exp <_E /) &) ds) <1l= “{infosssrX{SO}’ =
739
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52 | Caseoff=0

Theorem 6 (ii) asserts that at criticality where § = 0, the number
of surviving banks scales as \/ZTI if the initial capital levels Xf)v i
are i.i.d. according to 6V, provided that 6 is compactly supported.
For simplicity, we assume that 6 = §, without loss of generality.
Since the model (6) is stochastically bounded from above by
the up-the-river model via a natural coupling, the upper bound
in Equation (31) follows easily from Tang and Tsai (2018). The
main task is to establish the lower bound, which boils down to
a few lemmas.

Let Tf}i) be the first time that k entities go bankrupt, that is, k
members of XM, .. XNV entering (— o0, 0]. The following lemma
implies that a significant fraction of banks being ruined cannot

occur in too short time.

Lemma 16. Let ¢ > 0 such that ac < 1, and

1—ae
Ty = , (16)

F*(%s(l - s)%)

where N (x) :=P(B, > x) is the tail distribution of standard
normal. Then forT < T, thereis C > 0 such that

P(ré\E’N) < T) <CN*, 17)

foranyk >0,as N - oo.

Proof. LetX)" := (1 — ac) + B! be driven by the same Brownian

motion as XN, and ?é\[{) be the k'* hitting time of {X"!, ..., XN}

to 0. By the coupling of XN and XV, we get for 0 < t < rg oy

N

NY, . a ~N,.

Ly <€ and X" =1+B/ - < Dl =X
k=1

Z|=
M=

=1
Consequently,
N =N
Py, <T) <P(Z, <T). (18)
We proceed to bounding P (?g Ny < T). Let S, be the set of (eN)-
tuples of {1,..., N}, so #S. = (t\]]) We have the following:
~N _ =N
[P’(r(gN) < T) = [P’< U { I?%X% < T})
SES;
N N _ N N eN
< ()P(mae <7) = (R <1,

19)

where the second inequality is by the union bound, and the third
equality follows from the fact that XV are i.i.d. Note that

P <T) = P( inf Bl < ae— 1) = P(IBy| > 1 - ae)

0<t<T

()

where the second equality is by the reflection principle

od .
inf,.,.r B; = —|B;| (see Karatzas and Shreve 1991, Section 2.8A).
As a result,

P(TY < T)EN =exp <N£log <2ﬁ<1\_/;£>>>. (20)

Moreover,

(zjlv\l> ~exp (N(—eloge — (1 —¢)log(1 —¢))), asN — oo,
(21
where we only focus on the exponential, and neglect the polyno-
mial factor of N in Equation (21). Combining Equations (19)-(21)
yields

p(ifm < T) S exp (Nh, (1)), (22)
where
~[ 1—ac
heo(T) 1= elog <2N< >> —cloge — (1 —¢)log(1 —¢).
T
v (23)

Observe that T — h, (T) is increasing on (0, o0), and
%im0 hy o (T) = —o0, Tlim hy(T) = —eloge — (1 —¢)log(l —¢) > 0,

so the unique root of h, (T) = 0 on (0, ) is T = T, . defined by
Equation (16). Therefore, h, (T) < 0 for T < T, ., and the bound
(17) follows from Equations (18) and (22). O

The next lemma shows that many (most) of the banks surviving
up to time T, . have suitably large capital levels.

Lemma 17. Letd > 0, and let
Zoos i= #{k L X)E > a+Sand XV > 0 fort < T} (24)

be the number of surviving banks whose final capital levels are
abovea + 6 attime T, . Let

Dacs :=Xf((1°‘_+oi _1>F_1<%€(1_£)1;>>_ (25)

Then we have the following:

IEZoc,z,d > (1 - E)pa,z.éN’ (26)
andfor A < (1 —€)p,.s
P(Z,.5 > AN) > 1-CNk, 27)

foranyk > 0,as N — oo.
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Proof. LetQ,, := {Tgn) >T,. } By Lemma 16, we get P(Q5 ;) S

N~2. Then we have the following:

IEZa,s,cS = [E(Za,s,slgm) + |E<Za,6’519215>

=E(Zy 5] Q0.) (1 - P(QS +[E(z“ 1o )
( 5| ) ( a,s)) ,E,0 Qg e (28)
=[E( a55|Qae)+0(N Nz)
IE( a55|Qae)+0(N 1)
where we use the fact that Z_, s < N and P(Q5,) S N2 in the

third equation. On the event Q. there are at least (1 —¢)N
surviving banks, the capital levels of which are stochastically
larger than Brownian motion starting at 1 — ae (see Day 1983).
By an obvious coupling (to Brownian particles without control
$), (Z,.5 | Q) is stochastically larger than Bin((1 — €)N, p, . 5),
where

a(l+e)+6-1

V To(,s
(29)

Recall the definition of T, . from Equation (16), and the expression
(29) simplifies to the right side of Equation (25). Combining with
Equation (28) yields the lower bound (26). The bound (27) follows
from the stochastic comparison and the Chernorff bound. O

Pacs 0= P(BTM Za(l+e)+6- 1) = ]\7(

Now we prove Theorem 6 (ii) .

Proof of Theorem 6. (ii) The difference between Equation (6)
and the up-the-river model is that there is an additional term
—% 21::1 LNy which drags the capital level down. Under the
natural coupling of the model (6) and the up-the-river model, if a
bank survives using a control in the model (6), it will also survive
using the same control in the up-the-river model. This implies the
following:

S¢N SUR
limsup —— < limsup ——
N-oco N N-oo \/ﬁ

where S},JR denotes the maximum number of surviving banks
in the up-the-river model. By Tang and Tsai (2018, Theorem 1.2),
JUR

N—N =4/ \/E, and hence the upper bound in

Equation (31). Now we prove the lower bound. Fix m > 0. We use
the following control strategy:

we have limy_,

* For each bank, exercise no control until it reaches the capital
level N /m.

* Ifthe bank does reach the capital level N /m, and is the one of
the first m banks achieving so, then exercise the control 1/m
thereafter.

We write §¢’N = Sy without any danger of confusion. For 1 <
(A —€)paecs, let Q, 5, :=1Z,.s > AN}. By Lemma 17, we have
P(Qu.52) =1 —N72 On the event Q. ;,, there are (at least)
AN banks whose capital levels are above a + & at time T, .. The
capital levels of these banks after T, . are stochastically larger
than Brownian motion starting at §. Recall from Durrett (2019,

Theorem 7.5.3) the following:

P(d + B, hits al before 0) = 5_m
m N

As a result, the number of banks whose capital levels reach K /m
is bounded from below by the following:

min (m,Bin(/lN, 5_m)>
N
Also note the following (Durrett 2019, Exercise 7.5.2):
[P’(ﬂ -a+B, + L doesnothitO) =1-exp <—£<Ii —oc>>.
m m m\m
Therefore,

ESy >

(30
o o)

miﬁ min(1,18) 6 <1 —exp <—£) ) \/N +o(1).

+O(N)

By taking A T (1 — €)p, 5, We get the following:

ESy 2
lim inf ﬁ >min (1,(1 —€)8p,.5) sup {6(1 —exp <—§>> }
(30)
Note that sup, {9 (1 —exp (—i )) } ~ 0.9, which is attained at
62

0 ~ 1.26. Further by taking ¢ = min ( , 2i> and & = a yields the

!
2
following:

ESy ESy
¢, <liminf — <limsup — < — (31

R

where ¢, ~ 0.9 min(1, p, ) with

. (a——)N<(4oc—1)./\f 1<1 (1—;)2%1)) for a>1

Pem -ocj\/(sa 2N 1(1/8)) for a<1.

(32)
|

Note that the lower and upper bounds appearing in the proof
above may not be optimal. It is easy to see from the proof that the
lower bound can be numerically improved to ¢/, ~ 0.9 min(1, p},)
with

oy 1= sup {(1=€)8p.cs}-

But it does not seem that o/, is easily simplified, and has a
closed-form expression. It is also possible to refine the stochastic
comparisons in Lemmas 16 and 17 to further improve the bounds
in Equation (31).

741

85UB017 SUOWILIOD BAIFER1D) 3|qedl|dde auj Aq peusenob ae ssjo e YO ‘8sn JO S3IN 10y Afeiq1T 8UIUO /8|1 UO (SUOIPUCD-PUR-SLLBY /WD A3 IMAfe.q 1 )BU1 UO//:SANY) SUORIPUOD pUe SWwie 1 8L} 88S *[5202/2T/9T] uo Ariqiauliuo A8 |1 ‘R pdnseenued Ag 6Gy2T Ifew/TTTT 0T/I0p/Wod A8 M Aiq1eul|uo//Sdiy Woiy papeo|umoq ‘¥ ‘G202 ‘S966.9%T



53 | Caseoff >0

Finally, we consider the positive economy where the capital level
of each bank has a positive drift § > 0:

N
X =X+ pt+Bl - = Z Ly <y (33)
k=

The question is whether the capital provision is helpful, and
what is the optimal allocation to maximize the number of
surviving banks. As previously mentioned, this problem is
challenging.

To provide insights, we focus on the setting without interaction,
that is, « = 0. In this case, the equations

t
XN = X0+ B+ B+ / ¢, ds, (34)
0

have a unique solution, and we look for

_ N . _
Sy = m;.XS = mfx Z 1{{’”:00}
where Ti’N i=inf{t >0 : Xf"N’i < 0}. For ¢ = 0, we have X" =
ng Ty Bt + Bf, which are i.i.d. Brownian motion with drift 8 > 0.
By Durrett (2019, Exercise 7.5.2),

P(X," + Bt + B! does not hit 0) =1 — E [e‘zﬁxg”] ] (35)

Thus, ES*N = (1 -E e #%y"

supercritical case where 8 > 0, the number of surviving banks
scales as N, and moreover, the unit control does not help. That
is, for any ¢ € @y,

)N . We aim to prove that in the

o.N 0N
lim 25 _ Jim [Efv =1- [E[e’zﬁxg’ ’1].

N-oo N-oo

To this end, we need the following lemma.

Lemma 18.
YY > 0). Then

Let Y =x+ft+B,, and ¥(t,x) :=P(inf,

1. W(t, x) solves the PDE

oV W  10°W

3 = Pax Ty Y0 =0 ¥0,x) =1y (36)
2. We have
t
W x) = o 2P
Vi
- t
—e 28X x_—i_ﬁ , (37)
Vi
1 X é

where ®(x) = 7= /700 e 2 dz is the cumulative distribution

function of standard normal.

Proof.

1. Let T, :=inf{t > 0 : Y] = 0} be the first time at which Y*
hits 0. By duality, we have the following:

W, x) 1= P(isritf Yr > o) =BT, > 1),

which is the Green function of Y* absorbed at 0. It follows
from the classical Feynman-Kac formula (see Gardiner 2004,
Section 5.4) that ¥ solves the initial-boundary problem (36).

2. Itiseasy to check that the formula (37) satisfies the PDE (36).
It can also be read from Buckholtz and Wasan (1976) and Cox
and Miller (1965, Example 5.5).

O

Proof of Theorem 6. (iii) First by the natural coupling, we have
for any control ¢ € &y,

ES#N > ESON = (1 —E [e-zﬁXéV 'l] )N.

This implies that liminfy . ESy/N >1—-E [e*ZﬁXo” ’l]. Recall

the definition of ¥(¢,x) in Lemma 18. Let Z; = le Yt —
s,Xf’N’i), s < t. Applying Itd’s formula, we get the following:

i 190 i
Z, = N‘I’(tXN)+Z/< zax2>LP(t—sX¢N)ds

/ Z PN ’(S) Y-, x#Nds + martingale

0 =1

= NlI—'(t,Xg]’i) +/ Z ¢N’(s) ‘I’(t s, Xd’N )ds + martingale,
0

(38)
where the second equality follows from Equation (36). Next by
Equation (37), we get the following:

%I:(t, x) = p(t,x + Bt) + e *p(t,x — ft) + Zﬁe‘zﬁxd)(_thﬁt),
(39)

where p(t,x) := \/% exp <—§> is the heat kernel. Observe that

for x > 0,

1
e p(t,x - Br) S £ e,

e—26xq><—‘x\}m> <1 (40)
t

1
plt,x +pt) St 2e ",

By Equations (39) and (40), we get the following:

L o Ft=s)

ds + 2Bt < C' +2pt.

/ Z¢N‘(s) Ly -s,xtds < /
0

i=1 0 t—s
(41)
Combining Equations (38) and (41) yields ESy <EZ <
NE(t,X)"") + 2Bt + C’ for any t > 0. Fixing ¢ > 0 and taking
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t= iN , we get the following:

ES .
limsupTN < I\l]im [E‘I’(ﬂ,Xév‘l) +e=1- [E[e'mxgl] +e.

N—oco 26
(42)
Since Equation (42) holds for any € > 0, we conclude that
limsup,_ ESy/N<1-E [e—mx{j*]]. O
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Endnotes

'In this paper, we do not distinguish between the “banks” and the

“particles,” if there is no confusion. Note that the word “particle”
may have various interpretations under different models, for example,
“component,” “agent,” “cell,” and so forth.

» <

2The existing research focuses on the case g = 0 and G(x) = ax for a >
0, while Nadtochiy and Shkolnikov (2019) consider the alternative case
G(x) = —alog(1l — x) for a > 0.

3In these papers, the central planner refers to the government. It is
worth noting that equity injection in banks by the government is a very
exceptional situation.

“In practice, the capital provision is added in discrete time, that
is, the planner is provided a budget of 1xdt during the periods
[0, dt], [dt,2dt], [2dt, 3dt], and so forth. Here we take dt — 0, and the
constraint is on the capital provision rate. In a finite time horizon T, the
unit capital provision rate yields a total budget of T'.
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