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Abstract

In this study, we delve into the application and extension of the queue-reactive model for
the simulation of limit order books. Our approach emphasizes the importance of order
sizes, in conjunction with their type and arrival rate, by integrating the current state of the
order book to determine, not only the intensity of order arrivals and their type, but also
their sizes. These extensions generate simulated markets that are in line with numerous
stylized facts of the market. Our empirical calibration, using futures on German bonds,
reveals that the extended queue-reactive model significantly improves the description of
order flow properties and the shape of queue distributions. Moreover, our findings demon-
strate that the extended model produces simulated markets with a volatility comparable
to historical real data, utilizing only endogenous information from the limit order book.
This research underscores the potential of the queue-reactive model and its extensions in
accurately simulating market dynamics and providing valuable insights into the complex
nature of limit order book modeling.
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1. Introduction

Limit order book (LOB) simulation is a critical area of study with far-reaching impli-
cations in the field of finance. It serves as the backbone for understanding and predicting
market dynamics, thereby aiding in the development of effective trading strategies (Cartea
et al., 2015). The primary utility of LOB simulation is manifested in its application to the
development and assessment of algorithmic trading strategies. By simulating various mar-
ket scenarios and order book dynamics, LOB models provide crucial insights that enable
traders to formulate strategies that are responsive to different market conditions. This
not only aids in understanding emerging market trends but also plays a significant role
in enhancing the decision-making processes in algorithmic trading (Cohen and Szpruch,
2012; Balch et al., 2019). Additionally, it plays a pivotal role in risk management, where
understanding the LOB can help mitigate potential losses due to market volatility (Byrd
et al., 2019). The goal of LOB simulation is to accurately replicate the complex dynamics
of financial markets. This involves capturing the intricate interactions between different
market participants, the impact of external events on market behavior, and the inherent
uncertainty and randomness in market movements. However, achieving a high degree of
accuracy in LOB simulation is a complex task. The intrinsic complexity of financial mar-
kets, coupled with the vast amount of data involved and the need for high computational
efficiency, makes this a challenging problem.

Alternatively, agent-based methods model the limit order book as a system of interact-
ing agents, each following a set of rules or strategies. These methods can capture the het-
erogeneity of market participants and the strategic interactions between them. ABIDES
Byrd et al. (2019), an interactive agent-based discrete event simulation environment, has
encouraged multiple works on agent-based limit order book generation (Vyetrenko et al.,
2020; Amrouni et al., 2021). More recently, Lussange et al. (2021) propose an agent com-
posed of two parts: one part predicts the asset price based on the state of the order book,
and the second component uses this prediction to decide on the action to take. They
demonstrate that a configuration with agents of this type, along with Zero Intelligence
(ZI) agents, allows for the production of a simulated market faithful to multiple stylized
facts of the equity market.

Recently, machine learning techniques, particularly Generative Adversarial Networks
(GANs), have also been applied to limit order book simulation (Sirignano and Cont, 2019;
Zhang et al., 2019; Coletta et al., 2023). These methods can learn complex patterns from
data and generate realistic order book dynamics. They have shown promising results and
good capability of taking into account different aspects of the limit order book.

2. Methodology

2.1. Queue-Reactive Model
The Queue-Reactive (QR) model of Huang et al. (2015) has gained significant attention

from numerous researchers due to its simple yet effective simulation framework for the
limit order book. This model verifies multiple stylized facts and addresses various issues
that other basic simulators may encounter (Mariotti et al., 2023).
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In Huang et al. (2015), the limit order book is viewed as a 2K-dimensional vector,
where K represents the depth of the LOB. The reference price, often1 the mid-price,
divides the LOB into two halves: the bid side and the ask side. Each side is populated
with an aggregation of limit orders, represented by Q±i, where i denotes the distance from
the reference price in terms of ticks.

The quantities at each limit are subject to changes due to three types of orders: Limit
(L) orders, which increase the size of the queue; Cancel (C) orders, which remove an
existing order; and Market (M) orders, which immediately match with an existing limit
quantity, resulting in trades (hence, this type may also be referred to as Trade orders).

In the queue-reactive model, the arrival of order flow at a given price level is modeled
as a heterogeneous Poisson process. The intensity of this process depends solely on the
current state of the order book, particularly the queue sizes. The intensities of limit,
cancel, and market order arrivals are denoted by λL, λC , and λM respectively, and these
intensities are functions of the queue size at each limit.

 

Time

Figure 1: Example of queue updates scenario.

Figure 1 shows how the queue size of a given level is updated. where event k − 1
decreases the size of the queue from qk−1 to qk after ∆tk−1. Similarly, the size of the
queue increases to qk+1 after ∆tk when event k occurs.

While this explains how the queue sizes evolve under the queue-reactive model, it’s
also important to understand how the price changes under this model. In fact, Figure 2
displays a scenario of price change under the QR model where this occurs when the best
bid or the best ask price is totally consumed (either after a cancel or a market order).
When this happens and the spread value is an even multiplier of the tick size, the reference
price pref will now have two possible values: pmid + 0.5 tick or pmid− 0.5 tick. The model
postulates then that with probability θ, the reference price changes value, allowing the

1The reference price typically matches the mid-price when the spread is an even multiple of the tick
size. Otherwise, it is adjusted to either half a tick above or below the mid-price, depending on the specific
market conditions. For more details on this mechanism and its implications on market dynamics, see
subsequent paragraph.
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opposite side to fill the new price. Otherwise, the reference price stays at its value, and
the levels don’t change. The parameter θ is calibrated in order to reproduce the mean
reversion ratio, as discussed in (Huang et al., 2015).
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Figure 2: Example of price update scenario.

For a set E of events at a given queue i, E = (ek = (ηk, qk,∆tk))k, the likelihood of the
QR model can be expressed as:

L(λ|E) =
∏
k

e−λ
global(qk)∆tkληk(qk) (1)

where:

• ηk is the type of the k− th event, η ∈ T , T = {L,C,M} is the set of possible event
types.

• qk is the size of the queue just before the k − th event.

• ∆tk is the time difference between events k − 1 and k.

• λglobal(qk) =
∑

η∈T λ
η(qk), the intensity of arrival of an order when the size of the

queue is qk.
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For a given size of the queue n measured in Average Event Size2 (AES), the model
admits closed-form solutions:

Λ̂(n) =
(
mean(∆tk | qk = n)

)−1

λ̂L(n) = Λ̂(n)
#{ek ∈ E | ηk = L, qk = n}

#{ek ∈ E | qk = n}

λ̂C(n) = Λ̂(n)
#{ek ∈ E | ηk = C, qk = n}

#{ek ∈ E | qk = n}

λ̂M(n) = Λ̂(n)
#{ek ∈ E | ηk = M, qk = n}

#{ek ∈ E | qk = n}

In our study, we base our experimental results on Bund futures data. Bund futures
are well-known for their high liquidity and the abundance of data they provide, making
them ideal for detailed analysis. The Bund is a large tick asset, for which the spread is
usually of unitary tick, which helps reduce the impact of large spreads on model behavior.
This is quite different from the assets used in Huang et al. (2015), allowing us to test the
model in a market setting with different characteristics.
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Figure 3: Results of queue-reactive model on Bund futures - Intensities as functions of queue size (best
levels).

Figure 3 shows the calibrated intensities on our data, one can conclude that:

• Intensities vary significantly with the size of the queue, which justifies the choice of
this model over a simple Poisson model.

• The limit intensity generally decreases, except when queue sizes are tiny. This
phenomenon can be understood by considering the behavior of Market Participants

2This is the average of all events sizes occurring regardless of their type. Huang et al. (2015) propose
also the usage of Average Trade Size (ATS) as a normalizing factor, which accounts only for the size of
trade events.
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(MPs). MPs may perceive it as risky to enter a level with an extremely low volume,
up until a certain threshold (typically between 7 AES to 10 AES) is reached. At
this threshold, there is a noticeable spike in limit orders, which can be attributed to
the MPs’ pursuit of priority. However, as the size of the queue grows, this pursuit
diminishes.

• The same behavior is observed for cancel orders. However, it has the opposite inter-
pretation; this may be because MPs who do not want to be executed retire when the
size of the queue is around 10 AES. After that, market participants generally prefer
to be executed rather than cancel and move to a deeper level. This contradiction
in behavior with the limit intensity may indicate that there are two major types of
market participants: one type always seeks to be executed as quickly as possible
without paying the spread (without being aggressive), and others who prefer to seek
priority without being executed, possibly waiting for better opportunities. This hy-
pothesis of a fragmented market has also been adopted by other research works such
as De Grauwe et al. (1995) or Lux and Marchesi (1998).

• The trading rate decays with the available volume at the best level. This phe-
nomenon is easily explained by market participants rushing for liquidity when it is
scarce, and waiting for a better price when liquidity is abundant, similar results are
noticed on the equity markets in the Huang et al. (2015) study.

Now that we have the intensity of arrival of orders, and their types, the last and only
missing information about the order is its size. We explore two methods of orders sizing:

• Each order is assigned a uniform size, determined by rounding up the average event
size (dAESie) for each level i. This approach, referred to as QRU (QR model with
Unitary order sizes), aligns with the model used in (Huang et al., 2015).

• The size of each order is sampled from the stationary distribution of order sizes for
its respective level, denoted as QR.

2.2. Queue-Reactive Model Extensions
In addition to these two variants of the QR model, we propose two other extensions

heavily inspired by it. The goal is to examine the impact of incorporating a more sophis-
ticated model for order sizes on the simulator performances. The first extension involves
a modified QR model that includes five possible event types, by adding two additional
types, cancel_all and market_all, that model the complete consumption of the queue.
This aims to simulate instances where the size of the consumption order precisely matches
the queue size. The other extension involves incorporating the order size as a variable in
determining the nature of order arrival, similar to its influence by event type.
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2.2.1. Five-Type Queue-Reactive model (FTQR)
As mentioned earlier, and as will be discussed in the results section later, one of the

main limitations of the queue-reactive model is its inability to reproduce historical market
volatility. This is primarily due to a slower progression of the LOB when the size of one
of the best queues is small, compared to historical progression. In fact, as the sizes of the
orders are drawn from the stationary distribution of sizes, which is very skewed towards
small sizes, it leads to a very slow decrease of the queue consumption, hence, fewer price
changes and low volatility.

In fact, Figure 4 presents the stationary distribution of order sizes truncated at 30
lots (≈ 5AES)3 (stationary), and the conditional distribution of order sizes when the
size of the queue is 30 lots (conditional). It is an example of the state of order sizes
when the queue size is relatively low. This illustration highlights the disparity between
the two distributions, with the conditional distribution leaning towards larger values and,
correspondingly, greater queue consumption.

In particular, there is a pronounced surge of orders that deplete 100% of the queue,
predominantly for market orders. The frequency of such orders is more than 40 times
higher than that in the stationary queue size consumption ratio. This significant dis-
crepancy provides an explanation as to why queue consumption is markedly slower when
stationary sizes are utilized. Especially after showing the link between queue consumption
and price dynamics in Figure 2. This, in turn, elucidates why the simulated price exhibits
considerably less volatility compared to actual prices.
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Figure 4: Comparison of stationary distribution of order sizes up to 30 (in gray) with conditional distri-
bution when queue size equals 30 (in red), presented on a logarithmic scale.

These insights motivate a first extension of the QR model that take into account the
phenomenon of complete queue consumption when the size of the queue is small. In such
situations, two specific events tend to occur:

• Market participants seize the available quantity and aggressively execute it (using

3In the context of BUND Futures, a queue comprises multiple contracts, each valued at 100,000 Euros.
The distribution of order sizes truncated at 30 lots corresponds to a financial value of approximately 3
million Euros, which is about five times the Average Event Size (AES).
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market orders).

• Market participants who possess these scarce quantities feel uncomfortable being
alone in the queue and cancel all their orders. Another way of seeing it is that when
market participants are alone in the queue, it is free to cancel their order without
worrying about losing priority in the queue.

In this context, we propose adding two additional events that correspond to the com-
plete consumption of available quantity, either through trades or cancellations. The likeli-
hood of this new model is similar to that presented in Equation 1 by including market_all
and cancel_all events in T , the set of possible event types.
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Figure 5: Comparison of QR and FTQR intensities on Bund future data.
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Figure 6: Calibrated intensity functions for additional types of the FTQR model applied to Bund future
data, truncated at values less than 25 lots. Intensities for larger queue sizes are negligible.

Figures 5 and 6 above show the obtained intensities of the five types queue-reactive
model and compare them with the vanilla QR model intensities, revealing the following
observations:

• Limit orders: The limit order intensities are identical in both models, as the
adjustment does not affect limit orders.
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• Cancel orders: The cancel order intensities are also the same, except for smaller
queue sizes where the intensities of the adjusted model are lower. This difference
originates from the additional cancel type that consumes the entire level. Neverthe-
less, the impact of such cancel orders on overall liquidity is negligible compared to
other cancel orders.

• Market orders: This order type is the most influenced by the adjustment. We
notice that the new intensities are lower than the original ones, particularly for
smaller queue sizes, as these situations provide more opportunities for rarity chasing.

• Market_all orders: The new intensities compensate for the earlier ones, partic-
ularly for small queue values, reflecting a significant value. This finding indicates
that many orders consume liquidity at a high rate when this liquidity is scarce. The
intensity of market_all orders decays with the queue size.

• Cancel_all orders: This order type exhibits a behavior similar to the previous
one. It is mainly interpreted as the intensity of arrival of events where a market
participant, who is alone in the queue, completely withdraws from the market.

2.2.2. Size-Aware Queue-Reactive model (SAQR)
In this section, we aim to explore the impact of order sizes on the simulation of limit

order books. In fact, research interest in the field of limit order book simulation has been
particularly focused on determining the rate of arrival of events and their types. However,
the size of orders has received less attention.

In this section, we propose an adaptation of the QR model that takes into account the
size of orders. We achieve this by changing the possible values of T in Equation 1 to a
2-dimensional order type, T = {L,C, T} × N∗. This means that the intensity nature not
only specifies the type of the order but also its size. This adjustment does not change the
formulation of the likelihood. And the solution, for (η, s) and a queue size n, is:

λ̂(η,s)(n) = Λ̂(n)
#{ek ∈ E | ηk = η, sk = s, qk = n}

#{ek ∈ E | qk = n}
where sk is an additional model variable and represents the size of the k − th order.

Figure 7 presents the intensity matrix for the three types of orders: limit, cancel, and
market orders (averaged for each queue size). It is evident from the figure that while the
distribution of limit order sizes remains relatively consistent with respect to the queue
size, the same cannot be said for cancel and market orders.

In particular, the diagonal values in the intensity matrix, which represent orders that
consume the entire available liquidity, are noticeably dominant. This dominance is espe-
cially pronounced for market orders, confirming the tendency of these orders to consume
the entire quantity available at the best levels.

Interestingly, this phenomenon is more prevalent when the available quantity is rel-
atively low. This observation highlights the fact that the distribution of order sizes is
not uniform, but rather, it varies significantly depending on the size of the queue. This
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Figure 7: Matrix heatmap of normalized calibrated intensities On Bund future data (logarithmic scale).
Normalization is done such that intensities sum to one for each row.
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nuanced understanding of order size distribution is crucial for accurately simulating and
analyzing the dynamics of the limit order book.

Furthermore, one can notice in the conditional market intensities some particularly
salient intensities at 9 AES, 17 AES and 26 AES. These are buckets including orders of
sizes 50 lots, 100 lots and 150 lots, respectively. These round numbers are generally more
occurrent in historical data than other order sizes, hence the high intensity of arrival of
orders of these sizes.

2.3. Hawkes Models
Hawkes processes, named after Alan Hawkes (Hawkes, 1971), are a class of self-exciting

and mutually-exciting point processes. Unlike Poisson processes, they dispense with the
independence-of-increments property, allowing past events to influence the likelihood of
future events. This characteristic makes them particularly adapted for modeling clustering
and contagion phenomena, which are prevalent in social media networks, seismology, and
financial markets.

Mathematically, a Hawkes process is defined by its intensity function, λ(t), which
depends on the entire history of the process. The intensity function is often formulated
as:

λ(t) = µ+

∫ t

−∞
h(t− s)dN(s)

where µ is the baseline intensity, h(t− s) is a memory kernel describing the influence
of past events, and N(s) is the count of events up to time s.

The complexity of financial markets, with multiple interacting variables, necessitates
a more comprehensive approach to capture these dynamics accurately. This leads us to
the multivariate Hawkes process, which extends the basic concept to encompass multiple
types of interdependent events.

Mathematically, a multivariate Hawkes process is defined by a set of intensity func-
tions, λi(t), each depending on the entire history of the process. The intensity function
for the i-th component of the process at time t can be expressed as:

λi(t) = µi +
n∑
j=1

∫ t

−∞
hij(t− s)dNj(s)

where µi is the baseline intensity for the i-th component, hij(t − s) is a memory kernel
describing the influence of past events of type j on the current rate of type i, and Nj(s) is
the count of type j events up to time s. This model captures not only the self-excitations
(j = i) of events, but also the cross-excitation (j 6= i) between events.

In the context of limit order book (LOB) modeling, Hawkes processes have been in-
strumental in describing the flow of orders. These models view different order types as
distinct events in a multivariate point process, capturing the dynamics of market reac-
tions to these orders and their interrelations. Significant developments in LOB modeling
include contributions from Zhao (2010) and Toke (2011), who have expanded upon the
Cont et al. (2010) framework. Zhao’s empirical analysis of crude oil futures led to the
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rejection of the assumption that market event inter-arrival times were independent and
identically distributed, challenging the conventional use of independent Poisson processes.
Instead, Zhao (2010) introduced a Hawkes process, as suggested by Bauwens and Hautsch
(2009), to model the arrival rate of market events as a function of recent order arrival
rates and quantities. This approach better represented periods of clustered high and low
arrival rates, aligning more closely with empirical observations (Ellul et al., 2003; Hall
and Hautsch, 2006). Similarly, Toke (2011) replaced the Poisson processes in the Cont
et al. (2010) model with multivariate mutually-exciting Hawkes processes, tailoring them
for each type of market event.

However, there remains a need for models that also account for the state of the LOB,
incorporating variables such as prices and bid-ask spreads. This has led to the develop-
ment of more complex models that blend the strengths of Hawkes processes with other
modeling approaches, offering a more comprehensive view of the dynamics within financial
markets.

In our study, we follow a methodology akin to that of Zhao (2010) and Toke (2011),
aiming to compare it to the various versions of the queue-reactive model. To this end, we
calibrate a Hawkes process to develop our simulation framework. Our parametrization
strategy is detailed as follows:

• We treat all events occurring at the best limits as a single, six-dimensional multi-
variate process. This approach accounts for three events at each best price, allowing
us to capture not only the excitation between events within the same queue but also
the interdependencies between the bid and ask sides of the market.

• Exponential kernels are employed to model the time-dependent influence of past
events on future occurrences. Which means, the memory kernel functions are of the
form hij(t) = αije

βijt.

• We adhere to the same price change paradigm as established in the queue-reactive
model, ensuring consistency and comparability in our analyses.

For the calibration of this model, we utilized the tick package of Bacry et al. (2017).
Once calibrated, the same package facilitated the simulation of event sequences and inter-
arrival times. These simulations were integral in constructing the order flow, which was
subsequently incorporated into our matching engine to generate the final simulated order
book.

In parallel with the queue-reactive model, we examine two variants of the Hawkes-
based model in relation to order sizes. The first variant, referred to as Hawkes_U, oper-
ates on the assumption of unitary order sizes. The second variant, dubbed Hawkes_S,
utilizes the stationary distribution of order sizes. This bifurcation allows for a nuanced
examination of the models’ performance under different assumptions about market order
size models.
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3. Results

3.1. Data & Calibration Paradigm
The data used for calibration is from Euro-Bund Futures (FGBL)4 covering active

trading days on the year 2021. Data is filtered into periods from 9 AM to 6 PM. The
maximum depth considered is five levels on each side.

Level #L
(×106)

#C
(×106)

#M
(×104)

AES AIT
(ms)

1 119.6 115.6 756 24.92 56
2 24.09 23.84 2.88 5.15 272
3 15.76 15.29 0 4.87 370
4 10.72 10.45 0 5.98 468
5 11.12 10.76 0 4.11 523

Table 1: Descriptive statistics about events for each level.

Table 1 provides statistics about the data utilized for model calibration. It displays
the number of observations for each event type, the Average Event Size (AES), and the
Average Inter-event Time (AIT) for each queue. Notably, the table underscores the high
frequency of events impacting queues close to the mid-price, especially the best prices.

Additionally, our dataset includes updates to the limit order book and the daily trade
history. However, the models necessitate training with order flow, representing the se-
quence of events in the limit order book. To obtain this order flow, we carefully constructed
it by discerning whether each update indicates liquidity provision (via a limit order) or
liquidity consumption (through cancel and market orders). Further details on order flow
construction are available in Bodor and Carlier (2023). Additionally, a matching engine
was developed to pair orders produced by each model, subsequently reflecting them in a
simulated order book.

This data is further pre-processed following the methodology in Huang et al. (2015).
Specifically:

• Queue sizes are quantized based on the average event size. If the size of queue i
is denoted as qi and its average event size is AESi, then the updated queue size is
given by qi ← d qi

AESi
e.

• The data is divided into periods with a constant reference price. The interarrival
time counter for events is reset to 0 for all queues when there’s a change in the
reference price.

4Euro-Bund Futures are derivative contracts based on 10-year German government bonds (Bund) and
traded on the Eurex Exchange. Each futures contract, with a notional coupon rate of 6%, has a remaining
term to maturity of 8.5 to 10.5 years on the delivery day.
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• The parameter that controls the reference price movements is θ = 0.7. This proba-
bility has been calibrated to reproduce the observed ratio of price continuations to
price alternations.

For model intensity calibration and subsequent LOB simulations, we:

• Utilize the calibrated intensities to determine both the time of arrival and the type
of new orders.

• For modeling price changes, we adhere to the aforementioned paradigm. However,
we refrain from redrawing the LOB from its stationary distribution to exclusively
replicate the endogenous market behavior.

• Upon a change in the reference price, the size of the queue for newly appearing
prices is sampled from their respective stationary distributions.

3.2. Stylized Facts
In our quest to assess the efficiency of different market simulators, we advocate for

their comparison against a set of established stylized facts from the market. These facts
span micro to macro-level empirical findings, particularly tailored for the Bund futures
market. As detailed in Bodor and Carlier (2023), we delve into an intricate analysis of
stylized facts pertinent to German bond futures, spotlighting Schatz, Bobl, Bund, and
Buxl, grounded on exhaustive limit order book data. This exploration discerns both
commonalities and unique traits across these futures, shedding light on market dynamics
and pointing towards the refinement of market simulation tools. Our primary focus is
to benchmark our models against the stylized facts observed in the Bund futures market
(Bodor and Carlier, 2023), as detailed in the following sections.

3.2.1. Price dynamics and volatility
A fundamental feature of an effective simulator is its ability to simulate realistic price

dynamics and replicate the volatility inherent to the target market. Figure 8 illustrates
the price dynamics of both historical data and simulations generated using the different
models.

It becomes apparent that the queue-reactive model, particularly the unitary sized
variant, exhibits slower dynamics than the actual market, coupled with reduced volatility.
Conversely, the FTQR model seems to engender a markedly noisier market environment.
Meanwhile, the SAQR model’s performance closely aligns with real price patterns. Re-
garding the Hawkes-based simulation models, they display characteristics similar to those
of the standard queue-reactive model. Notably, these simulators also tend to mirror
the slower market dynamics observed in the queue-reactive model, contrasting with the
quicker pace of real-world markets.
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(b) Annualized volatility over windows of size 10 minutes

Figure 8: Mid-price dynamics and annualized volatility plots (1 second sampling frequency).

More generally, Table 2 presents a comprehensive comparison of price volatility across
different days of data and distinct periods of the day. This comparison employs two
metrics:

• Relative difference: mean
(

100%× σs−σr
σr

)
• Quadratic error: mean ((σs − σr)2)

Here, σs and σr denote the annualized volatility of the simulated and real markets,
respectively.
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The subsequent table delineates the comparative volatility of simulated markets vis-
à-vis the real market. Notably, the SAQR model persistently outperforms other mod-
els across all periods of the day, reflecting the smallest average relative difference and
quadratic error. This sharply contrasts the QRU model, which exhibits considerably
diminished volatility relative to the real market.

The performance trajectories of the QR and FTQR models warrant special attention,
as they fluctuate based on the time of day. The QR model exhibits closer adherence
to real market dynamics during the 10 AM to 2 PM bracket, generally perceived as the
“calm” periods of the day. Conversely, the FTQR model manifests superior performance
from 3 PM to 6 PM, periods known for high market activity driven by events like closing
auctions and options expiry.

9-18 10-14 15-18
Relative
Difference

(%)

Quadratic
Error

Relative
Difference

(%)

Quadratic
Error

Relative
Difference

(%)

Quadratic
Error

QRU -91 18.37 -90 14.97 -91 21.50
QR -52 7.34 -48 5.17 -54 9.56
FTQR 69 8.88 82 10.71 49 8.12
SAQR 1 1.35 8 0.82 -3 2.33
Hawkes_U -72 12.46 -70 9.64 -73 15.16
Hawkes_S -69 11.70 -67 8.96 -71 14.33

Table 2: Statistics about volatility of simulated markets compared with real market on different periods
of the day.

3.2.2. Transactions magnitude and market activity
An essential aspect of limit order book simulators is their ability to accurately capture

the magnitude of transactions and orders. This entails the capability of the simulator
to replicate a similar order of magnitude of traded volumes within a given time window.
As illustrated in Figure 9, which shows that the SAQR model exhibits the highest pro-
ficiency in replicating traded volumes during typical trading periods of the day. Both
the QR and QRU models demonstrate a relatively low transactions volume. However, the
FTQR model exhibits a significantly higher rate. The Hawkes-based models are also quite
accurate at reproducing a relatively similar market activity, showcasing the importance
of excitation between events for the verification of this stylized fact.
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Figure 9: Traded volumes on windows of size 10 minutes.

9-18 10-14 15-18
Relative
Difference

(%)

Quadratic
Error
(×109)

Relative
Difference

(%)

Quadratic
Error
(×109)

Relative
Difference

(%)

Quadratic
Error
(×109)

QRU -80 2.02 -76 1.32 -82 2.81
QR -70 1.55 -65 0.95 -74 2.26
FTQR 49 0.85 76 1.38 30 0.63
SAQR -26 0.36 -13 0.14 -36 0.62
Hawkes_U -40 0.60 -28 0.33 -48 0.97
Hawkes_S -32 0.41 -19 0.21 -41 0.80

Table 3: Statistics about traded volumes of simulated during different periods of the day.

Table 3 provides a comprehensive comparison between the traded volumes of the sim-
ulated market and the real market. Consistently, the SAQR model emerges as the closest
to real data, exhibiting the smallest quadratic error across all day periods, followed by
the Hawkes-based model, that show also quite good results, with a notable improvement
of the Hawkes_S model over Hawkes_U. Interestingly, the QR model outperforms the
FTQR model during the periods from 10 AM to 2 PM, while the FTQR model appears
to be better suited for replicating the high market activity observed from 3 PM to 6 PM.

3.2.3. Order book queue size distribution
An additional noteworthy empirical observation pertains to the distribution of avail-

able liquidity in the market. Numerous studies have not only acknowledged the consis-
tency of this distribution but also reported the successful fit of the Gamma distribution
to it (Abergel et al., 2016; Vyetrenko et al., 2020; Bodor and Carlier, 2023).

In Figure 10, the empirical distribution of queue sizes at the most favorable levels is
effectively captured. All models show fit accurately the Gamma distribution, highlighting
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their capability in modeling queue dynamics. Notably, the SAQR and FTQR models
demonstrate a particularly strong alignment with actual market data, underscoring their
accuracy in reflecting real market conditions. In contrast, the Hawkes-based models do
not mimic the queue size distribution as accurately. They tend to simulate many limit
orders, regardless of the queue’s actual size. This results in an unrealistic pile-up of orders,
which does not match what we usually see in real markets. These observations highlight
the strengths of the queue-reactive model. It adjusts the flow of orders – both incoming
and outgoing – based on the size of the queue. This method leads to a more accurate
representation of market behavior, especially in terms of queue size distribution.

0.2 0.0 0.2 0.4 0.6 0.8 1.0
Volume 1e3

0

1

2

3

4

5

6

7

D
en

si
ty

1e 3

Real
QRU
QR
FTQR
SAQR

0 2 4 6 8
Volume 1e3

0

1

2

3

4

5

6

D
en

si
ty

1e 3

Real
Hawkes_U
Hawkes_S

Figure 10: Distribution of order book volumes and Gamma law fit.

In order to compare these distributions across multiple days of data, we adopt the
Kolmogorov-Smirnov statistic as a distance between distributions. The Kolmogorov-
Smirnov (KS) test is a nonparametric test used to determine the similarity between two
probability distributions. The test statistic of the KS test is defined as:

Dn = sup
x
|Fn(x)− F (x)|

where Fn(x) is the empirical cumulative distribution function (CDF) of the observed data
and F (x) is the CDF of the reference distribution or theoretical model. The value of Dn

lies between 0 and 1. The smaller the value of Dn, the more similar the observed data
distribution is to the reference distribution. Therefore, the KS statistic can be used to
measure the similarity between two distributions.

Table 4 presents the descriptive statistics of the Kolmogorov-Smirnov statistic, com-
paring the real and simulated queue size distributions from different days of calibration
data. The table indicates that both the SAQR and QR models perform well on aver-
age, despite the fact that the volume distributions generated by these two models are
quite distinct. This discrepancy can be attributed to the variability in market behavior,
which aligns more closely with the QR distribution on some days and the SAQR distri-
bution on others. Regardless, both models can be considered to validate the stylized fact.
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In contrast, Hawkes-based models exhibit very wide distribution distances from the real
distribution, further confirming that these models suffer from the queue size divergence
problem, where, intrinsically, there is no guarantee of a return to equilibrium, unlike the
queue reactive model.

QRU QR FTQR SAQR Hawkes_U Hawkes_S
mean 0.32 0.22 0.28 0.20 0.63 0.69
std 0.09 0.11 0.08 0.06 0.05 0.04
min 0.23 0.14 0.05 0.08 0.57 0.64
25% 0.27 0.15 0.26 0.15 0.60 0.66
50% 0.30 0.18 0.30 0.21 0.62 0.68
75% 0.31 0.22 0.33 0.26 0.65 0.71
max 0.68 0.61 0.37 0.28 0.78 0.81

Table 4: Kolmogorov-Smirnov statistic of the distribution of queue sizes in simulated markets compared
to the real market, description over multiple days of calibration data.

3.2.4. Signature plot
The signature plot of a price is defined as the variance of price increments at a given

lag value h, divided by h. In other words, it is defined as σ2
h = V(P (t+h)−P (t))

h
, P (t) being

the mid-price of the asset at time t. It is interesting to observe the evolution of this metric
with the value of h, as this highlights the transition of price movements at different time
scales. Figure 11 shows this transition for an example of one real day and simulated
markets. While all the markets seem to exhibit the same shape of decrease in volatility as
the time lag value increases, the SAQR model is the best at capturing the real signature
plot at different time scales.
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Figure 11: Signature plot.

More generally, the following table provides more statistics about comparing the sig-
nature plot of real data from different days to the signature plot of simulated data, the
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distance between curves is defined as the sum of difference of values for each lag h. The
table shows that the QRU, QR, Hawkes_U and Hawkes_S models generally underesti-
mate the volatility while the FTQR heavily overestimates it. The SAQR is the model
with the least quadratic error and least bias, confirming its ability to capture the real
volatility at different scales. However, it is important to note that while the SAQR model
excels in terms of quadratic error and bias, it still struggles to perfectly capture the exact
decaying profile of the real data, especially at smaller time scales.

Relative
Difference

(%)

L2

Norm
×10−5

QRU -9.80 2.89
QR -7.55 2.28
FTQR 41.32 9.99
SAQR 4.43 1.05
Hawkes_U -8.57 2.09
Hawkes_S -7.91 1.95

Table 5: Statistics over multiple days of calibration data - signature plot values.

3.2.5. Distribution of returns
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Figure 12: Distribution of logarithmic returns of prices log(P (t+τ)
P (t) ) of real and simulated data.

Figure 12 displays a comparison of one daily return distributions between various
simulated markets and the actual market. Part (a) of the figure compares the distributions
of all models against the real market, while part (b) focuses on the best-performing models
for enhanced clarity. This comparison reveals that the SAQR model’s distribution of
returns closely resembles that of the real market. In part (a), it’s noticeable that the
QR, QRU, Hawkes_U, and Hawkes_S models generate returns that are too concentrated
around zero, reflecting a slower volatility than what is seen in the actual market. On the
other hand, part (b) illustrates how the SAQR model’s return distribution closely mirrors
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the real market. This finding is corroborated by Table 6, which indicates that the SAQR
and FTQR models have return distributions most similar to those of the real market,
with the SAQR model being the closest.

QRU QR FTQR SAQR Hawkes_U Hawkes_S
mean 0.52 0.35 0.21 0.16 0.43 0.42
std 0.04 0.05 0.05 0.03 0.03 0.03
min 0.43 0.25 0.12 0.11 0.39 0.37
25% 0.49 0.31 0.17 0.14 0.41 0.40
50% 0.51 0.35 0.20 0.15 0.43 0.42
75% 0.55 0.37 0.23 0.17 0.46 0.44
max 0.60 0.44 0.35 0.25 0.50 0.48

Table 6: Kolmogorov-Smirnov statistic of the distribution of returns in simulated markets compared to
the real market. Description over multiple days of calibration data

3.2.6. Order sizes distribution
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Figure 13: Distribution of order sizes (the y-axis is in logarithmic scale).

Figure 13 provides insights into the distribution of order sizes in both real and simu-
lated markets. Several observations can be made:

• As anticipated, the QRU and Hawkes_U models perform poorly in reproducing
this stylized fact. All orders in these models are unitary and clustered around the
average event size (AES), resulting in a limited range of order sizes, and completely
different distribution.
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• The QR and Hawkes_S models exhibit a good fit to the historical distribution of
order sizes. This outcome is expected since these models sample, by construction,
order sizes from the stationary distribution of real market order sizes.

• Conversely, the SAQR model demonstrates a strong capability in reproducing the
distribution of order sizes. It is important to emphasize that, in contrast to the
QR model, this capability is not inherent to the SAQR model’s design. The order
sizes in the SAQR model are drawn based on a distribution conditional on the
queue size. This feature allows the SAQR model to capture the empirical order size
distribution more accurately, accounting for the realism of the queue sizes dynamics
of this model.

• The FTQR model, while similar to the QR model in terms of order size picking
paradigm, presents a distribution slightly shifted towards larger sizes. This shift is
primarily due to the introduction of the two event types cancel_all and trade_all
which encourage the placement of larger orders. This could also justify the increased
volatility and activity observed in this model.

3.2.7. Order book shape
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Figure 14: Order book mean volumes (averaged).

Figure 14 illustrates the average volume available at each queue up to the fifth level,
normalized by the average of all queue sizes. This figure indicates that the limit order
book is generally more populated at deeper levels, a phenomenon also observed on other
markets (Abergel et al., 2016; Chakraborti et al., 2011), especially on the Bund Bodor
and Carlier (2023).

This stylized fact is particularly evident in the FTQR and QR models. However, it ap-
pears less applicable to the QRU and QR models. This difference underscores the superior
ability of the FTQR and SAQR models to accurately simulate queue size distributions at
various price depths. The Hawkes-based models are absent in the figure as they simulate
only best prices order flow.
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3.2.8. Summary
Additional stylized facts are detailed in Appendix A. Tables 7 and 8 present a compre-

hensive list of stylized facts examined in our study, along with a performance summary for
each model concerning these facts. We have used a color-coded system for clarity: green
signifies that a model successfully captures a stylized fact, orange denotes partial accu-
racy, red indicates a miss, and black dash means irrelevant. The SAQR model emerges
as a clear frontrunner, corroborating the most stylized facts and thereby underscoring
its proficiency in mimicking real market dynamics. Conversely, the QRU and Hawkes_U
models lag behind, emphasizing the significance of incorporating order sizes in market
simulations. To sum up, accurately modeling order sizes is instrumental in enhancing the
authenticity of simulated markets and bolstering the efficacy of the queue-reactive model.

Index Stylized fact name
1 Distribution of order sizes
2 Power-law of order sizes distribution
3 Signature plot
4 Distribution of available volumes in the queue
5 Price dynamics and volatility
6 Long range dependency
7 Distribution of returns
8 Order book shape
9 Absence of autocorrelation
10 Traded volumes in a fixed window
11 Weibull fit of interarrival time of trades
12 Excitation between events

Table 7: Table of stylized facts.

Model 1 2 3 4 5 6 7 8 9 10 11 12
QRU 7 7 7 3 7 7 7 7 3 7 3 7

QR 3 3 7 3 7 3 7 7 3 7 3 7

FTQR 7 3 7 3 7 3 7 3 3 7 3 7

SAQR 3 3 3 3 3 3 3 3 3 3 3 7

Hawkes_U 7 7 7 7 7 3 7 - 3 3 3 3

Hawkes_S 3 3 7 7 7 3 7 - 3 3 3 3

Table 8: Summary of stylized facts verified by each model.
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4. Conclusion and Perspectives

In this paper, we delve into the queue-reactive model’s various adaptations to simulate
limit order book dynamics accurately, using empirical data, especially from German bond
futures. Our research uniquely incorporates and demonstrates the critical importance of
order sizes, alongside order types and arrival rates, in realistically modeling limit order
book flows. This methodological enhancement is validated by aligning closely with nu-
merous market stylized facts, emphasizing the model’s ability to accurately replicate real
market behaviors. Moving forward, we aim to further refine the model by integrating
additional dynamics such as event excitation and intra-day seasonality, among others,
ensuring a balance between simplicity and comprehensive market representation.
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Appendix A. Complementary Stylized Facts Results

Appendix A.1. Weibull Fit of Interarrival Time of Trades
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Figure A.15: Distribution of interarrival times of market orders.

Another known stylized fact is the Weibull fit of interarrival times of market orders.
Results in Figure A.15 show that all the models verify this stylized fact, as the Weibull
distribution is the closest fit.
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Appendix A.2. Long Range Dependence
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Figure A.16: Long range dependence.

While a realistic market should show no correlation between returns, it is commonly
observed in different markets that the correlation of absolute returns shows a slow decay
(Cont, 2001). Moreover, this decay follows a power-law distribution. Figure A.16 shows
how simulated markets exhibit this slow decay of absolute returns correlation, with a
pretty good fit of power-law distribution, except for the QRU and Hawkes_U models.
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Appendix A.3. Excitation between events
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Figure A.17: Transition probabilities between events.

Figure A.17 presents the matrix of conditional probabilities of an event Et+ (columns)
given a past event Et− (rows), denoted as IP (Et+|Et−). The matrices reveal that the
queue-reactive models replicate the empirical matrices quite inadequately, as evidenced
by nearly uniform rows in the matrix. This indicates that the occurrence of a past
event does not significantly influence the likelihood of future events in these models.
In contrast, Hawkes-based models demonstrate a notable accuracy in reproducing the
excitation between events, attributable to their design and the inclusion of a memory
component.
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Appendix A.4. Power-law of Order Sizes
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Figure A.18: Distribution of trade order sizes and power-law fit.

The power-law fit of order sizes is also one of the stylized facts that is verified in
multiple markets (Chakraborti et al., 2011; Abergel et al., 2016; Bouchaud et al., 2018).
In particular, Bund futures market exhibits this behavior (Bodor and Carlier, 2023).
Figure A.18 shows that all the models satisfy this stylized fact, except for the QRU and
Hawkes_U models, mainly because of the unitary nature of the order sizes.
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Appendix A.5. Excitation between events
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Figure A.19: Autocorrelation of returns for different sampling frequencies.

Figure A.19 displays the autocorrelation of returns for different sampling frequencies
and for the six models, it shows that there is generally no autocorrelation between returns
at different time scales.
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