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ABSTRACT

We study the denoising of higher-order moments of multivariate financial returns using co-moment
tensors and show that exploiting these tensors leads to more accurate predictions of realized quantile
and tail risk for general portfolios. These tensors exhibit super-symmetry, which enables a specialized
Tucker decomposition and allows covariance-filtering techniques to extend naturally to this setting.
We propose a cross-validated tensor-filtering heuristic that selects and aggregates core-tensor esti-
mates, with the goal of empirically reducing Frobenius error relative to an out-of-sample reference
tensor. For empirical applications, we develop a generalization of the Average Oracle to higher-order
co-moment tensors. Using real data, we show that the resulting methods consistently outperform sam-
ple estimates in terms of Frobenius-norm error relative to the target tensor, and, in all specifications,
yield more accurate quantile and tail risk measurements.

Keywords Higher order moments - Tensor decomposition - Value-at-risk - Cross validation

1 Introduction

Quantitative risk management aims to characterize the distribution of portfolio losses, with particular emphasis on
its lower tail, where rare but economically relevant events occur. Tail risk is commonly quantified by Value-at-Risk
(VaR) [} 2] and Conditional Value-at-Risk (CVaR)[3l |4], which capture, respectively, a quantile of losses and the
expected loss exceeding that threshold. These quantities characterize rare but severe loss events and play a central role
in portfolio construction, risk budgeting, and regulatory capital requirements [J5].

In practice, computing VaR and CVaR for large portfolios rests on the modeling and estimation of the joint distribution
of asset returns [6]. Ideally, one relies on a multivariate model flexible enough to capture nonlinear dependence, which
is then reflected in higher-order co-moments beyond covariance. In large-dimensional multivariate data, however,
estimating these higher-order quantities is data-intensive: the number of parameters grows rapidly with the number
of assets, while sampling error decreases only slowly as the sample size increases [[7, 8]. Extending the estimation
window can reduce variance, but in financial markets, it may also introduce bias because return distributions evolve
over time [9, [10]. This trade-off motivates moment-based approximations of tail risk that rely on low-order information
to improve statistical stability and efficiency.

A common pragmatic compromise is indeed to approximate tail risk using only second-order dependence [L1[2]. Let
x € R denote a vector of asset returns, and let w € R™ be the vector portfolio weights, so that the portfolio return is
w " 2. Under a joint Gaussian approximation for z, the distribution of the portfolio’s return is entirely characterized
by its mean and variance, implying that VaR and CVaR at any confidence level « reduce to explicit functions of the
portfolio volatility. Consequently, even within this baseline Gaussian framework, the accuracy of volatility-based
tail-risk estimates is primarily determined by the quality of the covariance estimator and by the absence of non-Gaussian
behavior in the data of interest.
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When the number of assets is comparable to the available sample size, known as the high-dimensional case, the sample
covariance matrix exhibits large estimation error, a phenomenon refered to as curse of dimensionality. As a consequence,
naive sample-based estimators tend to produce overly noisy risk assessments and unstable portfolio allocations [12} [13].

To mitigate estimation noise in high dimensions, a standard strategy is to correct the spectrum of the sample covariance
matrix, which assumes that the distribution of returns is rotationally invariant [14]]. In the high-dimensional regime,
random matrix theory describes how sampling distorts the eigenvalue distribution, motivating a spectral correction
known as non-linear shrinkage [[15]]. While this correction is theoretically well-grounded under idealized assumptions
about the data-generating process, those assumptions may only be approximately satisfied in empirical return data [[16].
This motivates complementary procedures that retain the same rotationally invariant structure but rely more directly on
the data.

A practical and widely used alternative is cross-validated spectral filtering based on sample splitting [17]. The basic idea
is to use one part of the data to identify the main directions of co-movement in returns (the empirical risk factors), and a
different part of the data to reassess how strong each of these directions is. In this way, the method keeps the factor
directions learned in-sample (IS) but replaces their variances, which are strongly contaminated by high-dimensional
noise, with out-of-sample (OOS) estimates of the variance explained along the same directions. Repeating the split-and-
recalibrate step over multiple random partitions and averaging the resulting corrections further reduces sensitivity to any
particular split, yielding a stable filtered covariance estimator. When the assumptions underlying random-matrix-based
non-linear shrinkage are approximately satisfied, this cross-validated procedure recovers the same asymptotic spectral
correction [17], while remaining applicable even when those assumptions are not strictly met.

Several variants of cross-validated spectral filtering differ in whether the split is performed at random or in a time-ordered
(walk-forward) way, and in whether the calibration is performed on the same asset universe or in an asset-agnostic
manner by pooling information across instruments. In non-stationary financial markets, overfitting transient features can
become a dominant source of error, thus enforcing causality through chronological splits and increasing the effective
calibration sample by borrowing cross-sectional information both improve robustness. The Average Oracle [18] follows
the same core logic as walk-forward cross-validation, but it does so over many past time windows and averages the
resulting “oracle” eigenvalues that can be used in the current window and may be periodically refreshed. This additional
averaging acts as a regularizer against regime-specific fluctuations, and in empirical evaluations, yields systematically
more accurate estimates of the covariance matrix than methods based on the most recent data only [19].

Our objective is to mitigate the curse of dimensionality for higher-order dependence through co-moments (e.g., co-
skewness and co-kurtosis), which matter for tail risk, but whose naive estimation is extremely noisy in high dimensions
and unreliable in finance because of non-stationarity. To make co-moments usable in practice, we extend covariance-
cleaning methods to higher-order tensors. While a fully optimal theoretical analogue of non-linear shrinkage for
tensors is technically demanding, numerical methods such as cross-validation and Average Oracle methods admit direct
generalizations, providing robust performance without strong asymptotic assumptions.

A first conceptual difficulty in extending covariance cleaning to higher-order co-moments is that (co-moments) tensors
do not possess a spectral decomposition analogous to the matrix case. Indeed, for covariance matrices, a single
orthogonal change of basis yields a diagonal representation in which the relevant information is concentrated in a
spectrum: the eigenvalues quantify the empirical strength of each risk direction, and most cleaning schemes act by
regularizing these eigenvalues while leaving the eigenvectors unchanged. For a co-moment tensor of order d > 3, there
is no comparably stable and essentially unique notion of eigenvalues and eigenvector basis that would diagonalize
the object and provide a complete set of scalar coefficients capturing its content. A natural substitute is therefore
to rely on multilinear factorizations such as the Tucker decomposition (or the higher-order SVD), which identifies
orthogonal directions along each mode and represents the tensor as a rotated core tensor [20]. This mirrors the role of
eigenvectors in the matrix setting by providing interpretable co-movement directions, but it also makes clear why a
direct spectral-style shrinkage is not available: unlike matrices, generic higher-order tensors cannot always be rotated
into a diagonal form [21]]. Importantly, this framework remains consistent with the classical case: when applied to a
matrix, the discussed tensor decomposition reduces to the usual matrix singular value decomposition [20, 22]]. Another
tensor decomposition is the ODECO of Ref. [23], for which overly strong constraints are required and appears unsable
in the context of this paper.

The remainder of the paper is organized as follows. Section 2 introduces quantile risk measures and the related
assessment methodology, higher-order co-moment tensors and tensor decompositions. Section 3 presents the proposed
cross-validation and Higher-Order Average Oracle estimators of co-moments. Section 4 reports the empirical results on
U.S. equity data, assessing both tensor estimation accuracy and the resulting VaR and CVaR performance, leading to
the concluding discussion of Section 5.
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2 Theoretical Background

2.1 Higher order co-moment tensors

Letx = (x1,...,2,)" € R™ be arandom vector with mean u := E[x], and assume that the k-th centered moments
exist. The centered co-moment tensor of order k is defined by
MB) = E[(z - p)®*] € (R™)®F. 1)

Here (x — p)®* denotes the k-fold tensor (outer) product of = — p with itself, i.e., the k-way array whose entries are
products of centered components:

V (i, vin) € [k, M =Bl - ) (@ — )] 2)

k

This implies that, M ¥ has n¥ entries and is supersymmetric, i.e., its entries do not change under any permutation of
its indices. For k = 2 this recovers the covariance matrix X := M(Q); for k = 3 and k£ = 4 one obtains the coskewness
tensor S := M and the cokurtosis tensor K := M@, respectively. Higher orders encode increasingly complex
multi-asset co-movements and provide moment-based information about non-Gaussian shape features that are relevant
for tail-risk assessment.

In practice, M) must be estimated from data. Given At independent observations X = {xy,..., A} € Rn*At
we use the maximum likelihood estimators
| A | &
N & - ANT
_Ezwta E At Z(ivt_ﬂ)(wt_N) 9 (3)
t=1 t=1
and, more generally, the sample centered co-moment tensor
At
— (k) 1 @k
M= (- ) )

which is consistent for M *) under standard conditions [24]]. As k and n increase, the number of entries n* Srows
rapidly, so finite-sample estimation noise becomes severe; moreover, higher-order sample moments are biased in finite
samples, with biases depending on At, n, and lower-order moments [25]].

2.2 Portfolio moments

Letw € R" denote portfolio weights and let the (central) co-moments of asset returns up to order four be given by fi;,

Z”, S; k> and IC”M The corresponding portfolio moments are obtained by contracting these objects with the weight
vector along all their indices. Concretely, if & = Y, w;Z; denotes the portfolio return, then the portfolio mean and
variance follow from the familiar linear and quadratic forms, while portfolio skewness and kurtosis are induced by the
third- and fourth-order co-moments:

~

- - - WiW ;W Kkt wiw; wiw

~ ~ ~2 S ~ z]k W3 WE ikl WiW; WEWi

= E [ w;, o° = E Yij wiw;, 5= E s T 54 ®)
i=1

ij=1 6,4, k=1 04k l=1

x>
|

The normalization by 2 and 6 yields the dimensionless standardized skewness and kurtosis, respectively, making
these quantities comparable across portfolios and time windows.

The contraction operation can be interpreted as a multilinear extension of the quadratic form w " Zw. For a matrix,
contraction aggregates pairwise dependencies into the variance of the linear combination. For the third-order coskew-
ness tensor S, contracting with w;w;wy, aggregates triple co-movements into the portfolio third central moment;

analogously, contracting ’/C\ij & With w;wjwi,w; aggregates fourth-order co-movements into the portfolio fourth central
moment. This viewpoint is useful because it clarifies how higher-order dependence structures at the asset level propagate
to portfolio-level tail-shape descriptors beyond variance.

Two practical remarks are important in applications. First, the denominators in § and & require & > 0; in near-degenerate
cases (e.g., highly concentrated weights or nearly collinear assets over short windows), the standardized moments may
become numerically unstable, and regularization of ¥;; is typically required before computing &. Second, higher-order
empirical co-moments are substantially more noise-sensitive than YJ;;: their estimation error grows quickly with n and
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they react strongly to outliers, which motivates the filtering procedures developed in the remainder of the paper. In
particular, while 62 depends on O(n?) entries, the raw tensors & and K involve O(n?) and O(n*) coefficients, thus
even moderate-dimensional portfolios can render naive plug-in estimates unreliable unless the effective dimension is
reduced or the tensors are denoised.

2.3 Quantile Risk

Value-at-Risk (VaR) and Conditional Value-at-Risk / Expected Shortfalls (CVaR / ES) are standard risk measures
dedicated to estimate potential loss induced by rare events [6]. Let x be the random variable associated with the portfolio
returns of fixed time horizon, with continuous Cumulative Distribution Function (CDF) Fy. Downside risk therefore
corresponds to the integral of left tail of the distribution of x. Let a € [0, 1] be the considered confidence level. The
VaR of x is defined as the left-tail quantile of level a:

VaR,(a) := inf{z € R|Fy(2) > a} = F_ ' (a) (6)

However, VaR is not a coherent risk measure [5]. While VaR,,(«) summarizes a single tail quantile of the return
distribution, it does not quantify the severity of outcomes beyond that quantile. In particular, two return distributions
can share the same VaR,; () but exhibit materially different tail behavior, because VaR is insensitive to the magnitude
of losses once the threshold is crossed.

CVaR was introduced to address this limitation by averaging losses in the a-tail [26]. Formally, for « € [0, 1], CVaR is
defined as

CVaRy(a) = Bz < VaRy(a)] = é / " VaRy(8) 5. )
0

This tail-conditional expectation yields a coherent risk measure and provides a more informative summary of downside
tail severity than VaR [27]].

Because of the non-stationarity of financial returns [[10]], the return distribution is rarely well-approximated by a single
time-invariant law over long horizons. To make the dependence on the estimation period explicit, we may write the
return distribution at time ¢ as a time-indexed CDF F;.

In practice, VaR and CVaR are typically used either as instantaneous risk measures or as forecasted risk measures for a
future horizon. Accordingly, an estimator built from an in-sample window W, (t) is best interpreted as producing a

forecast VaR;(«) and CVaR;(«) for future returns. A common evaluation approach is to analyze VaR breach rates
(coverage tests), which implicitly assumes that the conditional distribution of future returns is correctly captured
by the distribution estimated from past data. Under non-stationarity, however, this assumption is fragile: even a
well-regularized estimator can fail coverage if the underlying return distribution shifts between the in-sample and
out-of-sample periods. Moreover, in realistic settings there is no observable ground-truth CDF for the next return; only
realized samples from a future window are available.

For these reasons, we adopt an explicitly forecasting viewpoint and evaluate quantile and tail-risk estimators by compar-
ing their forecasts to an OOS reference distribution constructed from a subsequent window of observations. Concretely,
let Woui(t) denote a future evaluation window following Wiy, (¢), and let FP"* be the estimated CDF computed on

Wout (t). We then assess the quality of an estimator through forecasting losses comparing (\Taﬁt(a), mt(a)) to

—— out ———out
(VaR, (a),CVaR, («)). This evaluation choice makes explicit that (i) a true distribution is not directly observable,
and (ii) when the distribution evolves over time, the relevant benchmark for a forecast is the distribution realized in the
future evaluation window, rather than an expectation of exact long-run coverage under stationarity.

2.4 Parametric Risk Estimation: Fernandez and Steel Skew-t Distribution

To obtain parametric estimates of VaR and CVaR, one possibility is to model the portfolio returns using the skewed-t
distribution, as introduced by Fernandez and Steel (FS) [28]]. While the Student-t distribution is already widely used for
financial returns, primarily because it captures heavy tails through a single paramter v, the FS skewed-t distribution
has recently attracted attention as a flexible extension [29]]. In addition to preserving heavy-tailed behavior, the FS
distribution allows for asymmetry via a skewness parameter (§ > 0). Technically, its density is obtained by applying an
asymmetric scale transformation to an underlying symmetric Student-t distribution.
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The FS probability density function with location i € R, scale 0 > 0, skewness parameter £ > 0, and degrees of

freedom v > 0 is given by
R<§(1‘—W|V) R
2 o

st e R(xu ©

PFS(I'LM,O',S, V) =

o

where P, denotes the standardardized Student-¢ density with v degrees of freedom.

|V>, x>,

Given sample estimates of the univariate centered moments estimated for a given portfolio ({i, 7, §, &), we estimate
(v, €) via nonlinear moment matching. Let sps(v, §) and kps (v, ) denote the model-implied skewness and kurtosis of
the FS skew-t distribution (available in closed form [28]). We then compute

(7,€) = arg V>rgig>o [(sps(v,€) —8)° + (kps(v,€) — R)?] . )

The constraint v > 4 guarantees finite fourth moment.

Once (7, é ) are obtained, the model-implied mean pps(7, é ) and standard deviation opg (7, «f ) need not coincide with
the empirical (fi, &). To retain consistency with the observed scale and location of returns, the fitted skew-t quantiles
are therefore standardized and rescaled:

ars(a]?,€) — pres(7,€)
JFS(ﬁv 5)

where grs(a|v, £) denotes the centered and standardized FS skew-¢ quantile.

VaRps(a) := i+ 6

, (10)

2.5 Semi-parametric Risk Estimation: the Cornish-Fisher Expansion

Another viable approach is to approximate VaR and CVaR via the Cornish—Fisher (CF) expansion, a moment-based
semi-parametric correction of Gaussian tail risk that is also referred to as the modified VaR in the literature [30]. The
key idea is to approximate the lower-tail quantile function of portfolio returns by a truncated asymptotic expansion
around the Gaussian distribution; in other words, instead of committing to a fully specified parametric family for the
return distribution, CF uses only a finite set of standardized cumulants to adjust the normal quantile map [31 32].

Let x be the random variable associated with the portfolio returns, with first four estimated central moments ({i, 5, §, &).
Specifically, CF postulates that the standardized return (x — ji)/& can be approximated as a polynomial perturbation of
a standard normal variable z ~ A(0,1):

X—f 5, 4 k , 4 s2

P ~z+6(z 1)+24(z 3z) 36
where s and k are expansion coefficients inferred from the target skewness & and kurtosis & as detailed in Ref. [33]].
Importantly, because the mapping is a truncated approximation, these coefficients should be viewed as effective
parameters of the expansion and need not coincide exactly with the true standardized cumulants [33|34]]. Since CF is
obtained by truncating an asymptotic quantile expansion around the Gaussian distribution [31} 32, it is most accurate
when departures from normality are moderate at the tail level of interest, and it can deteriorate for very extreme quantiles
or pronounced skewness/kurtosis [35, 36]. Moreover, truncation does not guarantee that the resulting mapping defines a
globally valid (monotone) quantile function [37].

(22° — 52), (1

For tail level o € (0, 1), let g, := VaR,(a) = ®~!(«a) be the standard normal quantile. The standardized CF quantile

18
2

s k s
VaR.« (o) & ga + = (2 — 1) + — (¢ — 3¢a) — — (2¢° — 5¢a 12
aRe+ () % Ga + 5 (00 = 1) + 57 (40 = 3¢0) — 55 (200 — 50a), (12)
which yields the CF approximation of the wanted quantile:
VaRx(a) = pp + 0p VaR,+ (). (13)

The computation of CVaR(«) uses the Gaussian tail factor y,, := CVaR,.(«). A convenient implementation is

o 1—2¢2 2 _q
CV&RZ*(Q)%ya[l_A'_qiS_’_ qa82+qa k]7

14
6 36 24 (14)
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finally:
CVaR(a) = pp + 0, CVaR,+ () (15)

Operationally, the procedure proceeds as follows. Portfolio moments are first obtained by contracting the estimated
co-moment tensors with the portfolio weights over all indices, yielding the portfolio mean, volatility, skewness, and
kurtosis (see Eq.[5). These empirical moments are then used to infer the effective CF parameters s and k, and the VaR
and CVaR are then calculated using equations[T3]and[T5]

2.6 Tensor decomposition

Tensor decompositions generalize the matrix Singular Value Decomposition (SVD) to higher-order arrays. Among
the most widely used are the Canonical Polyadic decomposition and the Higher-Order Singular Value Decomposition
(HOSVD). Both reduce to the classical SVD in the matrix (second-order tensor) case: the CP decomposition extends
the rank-one factorization of matrices, while the Tucker decomposition extends the rotation—scaling—rotation structure
of the SVD. However, there is in general no single decomposition unifying both forms for generic tensors [21]].

To connect tensor operations with familiar linear-algebraic ones, it is convenient to unfold (or matricize) the tensor
along a chosen mode. This operations reshape tensor into a matrix by selecting one axis to play the role of “rows” and
merging all remaining axes into a single “column” axis.

We denote the mode-r unfolding as

k
unfold, 7 :=T, € R"*Pr p.:= H n; (16)
it

The mode-r product of T~ by a matrix A € R"*" is denoted T~ X, A € RM XMz r—1XmxXnri1Xnk and defined
element-wise by

(T %r A)iyeciyrjrivsrin = D Tiyieviae Ajri (17

=1

The HOSVD, proposed by De Lathauwer et al [20], is a generalization of the matrix SVD by expressing an order-k
tensor 7 in terms of £ mode products. In our specific case, we are interested in decomposing the co-moments tensor

M®) which is super-symmetric (see Eq. (Z)), therefore the decomposition can be written as
MFB) =g UT x,UT - %, U, (18)
where

g® e R, U e OM).

The core tensor G*) has the same shape as the original tensor M ¥ and encodes the interactions between the different
modes, playing a role analogous to that of the singular values in the standard matrix SVD, which is recovered for k£ = 2.

Operationally, one may compute U from any unfolding
T\ T =UAU", (19)
then the core tensor can be obtained by

G = MB) U U, UT. (20)

Since the present work aims to regularize the core tensor, it is important to stress that a suitable core G &) must satisfy
the all-orthogonality condition [20], which is

G c Ay = [AcR™ " |Vr<k Va, §<n, <A”:a,AiT:5> —0if o # f), @1

where <0, 0> denotes the canonical inner-product on tensor space, that is <A, B> => Ai, . inBiy..4y- In plain

U1,eee50k
words, any family of slices of a given mode are mutually orthogonal (see appendix for a discussion).
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2.7 Oracle for co-moment tensors

In analogy with covariance filtering, we consider co-moment tensor cleaning in a fixed multilinear basis, where
regularization acts only on the core. We define the oracle core as the Frobenius-optimal set of core coefficients that
would be obtained if population (equivalently, strictly out-of-sample) information were available for calibration. While
infeasible in applications, this oracle provides a natural lower bound for any implementable fixed-basis cleaning rule
and identifies the core as the sole object to be filtered.

These points are formalized by two propositions. Proposition [T]establishes the orthogonal transformation properties of
co-moment tensors and the structural implications of distributional symmetries. Proposition 2] then characterizes the
unconstrained oracle core associated with a prescribed basis; under the symmetry assumptions of Proposition (1} this
oracle core is compatible with the all-orthogonality structure of HOSVD-type representations. Finally, we show how
the oracle principle can be approximated without data leakage by calibrating the core using information independent of
the basis estimation (e.g., via sample splitting or cross-fitting).

Proposition 1. Let x € R™ a random vector, and let k > 2. Assume that x is rotationally invariant, so that for any
orthogonal matrix U € O(n) we have in distribution:

x < Ux. (22)

Then, its co-moment tensor M of order k verifies
M=Mx;U---x,U. (23)
In words, M is invariant under the simultaneous orthogonal action of U on all modes. A proof is presented in appendix

A2l

If x is rotationally invariant, then in particular for U = —I,, we have

Therefore, any odd-order co-moment must vanish:

M 2R+ 0, (24)
including the coskewness tensor. Observing near-0 odd-order co-moments is therefore compatible with the assumption
of rotationally invariant financial returns, as it will be the case in our empirical analysis of Sec. 4]

Proposition 2. Let x be a random (vector) variable associated with returns. Let k > 2, and let M yopuiaiion be the
population co-moment tensor of order k. Consider realizations of x from which one estimates the co-moment tensor

M of order k. Let U € O(n) be the mode basis of the HOSVD of./Cl\ (see Eq. (I8)).

Define the map
MG) = Gx1U---x, U, GeR>m, (25)
Then the following unconstrained minimization problem:
g* = arg min ||M(g) - Mpopulation”%‘ (26)
geRnX---XTL
has the unique solution
AT T
g* = Mpopulation X1 u .- X U . (27)

In words, given a fixed orthogonal basis U, the best unconstrained core (in Frobenius sense) is obtained by inverse
rotat10n of the populatlon co-moment (see an algebraic proof in appendix - Observe that G* ¢ A means that

G x1U-- xg U is not the HOSVD of a co-moment tensor even if it solves the considered least- squares problem.

However under the assumption of rotational invariance of x, we have G* € Ay as shown in appendix [A.4] Estimating
Q’ from realized returns can be assumed, under rotational invariance, to provide g € Ay in expectation.
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3 Co-Moment Shrinkage

3.1 Cross-Validation estimators

We now describe the proposed shrinkage of sample co-moments based on the tensor decomposition of Sec. [2.6|using

_— . . —(k) (k) . . .
K-fold cross-validation. The goal is to construct an estimator M~ whose core tensor G~ is estimated in hold-out
way, to empirically approximate the Oracle of Eq. (27) from realized returns.
The idea is to split the IS data into train and test subsets by randomly assigning the cross-sectional day block either to
the train or to the test. We estimate the co-moments M, and M., from the training and testing set respectively. We

— . ~(k

then decompose M i, by HOSVD, yielding a training rotation matrix U i, and core tensor. We then build G *) using
Mieg and U iy in Eq. (I8). Repeating this procedure and averaging the newly formed tensors yields a cross-validated
estimator of the core tensor.

(k)

Let the dataset be split into K folds of training/test (IS/OOS) splits. For a given fold b, denote J/\\Atrain(b) the co-moment

. ()
tensor of order k& computed from the train data, M ;) the co-moment tensor from the test data. The proposed CV
procedure consists in performing the HOSVD of the train co-moment tensor:
(k) = (b)

M ainp) = atrain(b) X1 Ugain Xk ﬁilr);in (28)
Given Ut(f;n, the test tensor is projected onto the train multilinear basis:
Gly) = My 1 Uty 1 Ut 29)
This ensures that a (v) 1s the optimal core to estimate ./\/;ltest in the basis ﬁizm, as shown in Sec.
The CV core estimator a gc\)/ is then obtained by averaging over folds:
K
Gl .~ % S G- (30)
b=1
Once the CV core is obtained, the final estimator of the co-moment tensor is
/\A’ték\)/ = ag\)/ < U %, U, (31)

where U is typically chosen as the rotation basis computed from the HOSVD on the full dataset. As in the covariance
setting, the estimator trades bias in the tensor core to lower the variance of the estimated co-moment. We explicitely
¥

~(k
assume G é\), € Ay, which can be expected to hold for rotationally invariant returns, as shown in Appendix

3.2 Higher order Average Oracle estimator

An alternative to K -fold cross-validation is the Average Oracle approach, which preserves the temporal ordering of
the data and is designed for settings where a long calibration window is available. Instead of repeatedly shuffling and
splitting the sample of a single IS window, we slide a fixed-length IS window forward in time and use the subsequent
OOS observations as a causal validation block.

More precisely, let the sample be {xt}tA:tl and fix two calibration subwindows of length Ati, Aty < At. For

— (k
each time 7 = Atyain, Algain + 1, . .., At — Atpeg, let Mim)in(ﬂ be the sample k-order co-moment computed on
— (k
the training set {&,_Aguut1,-- -, &}, and M,(:es)t(f) the sample k-order co-moment computed on the testing set
{'TT’ Tty xT+AthSl}'
The proposed procedure consists in computing the HOSVD of the training co-moment tensor:
— (k) (k) ~ (1) ~(7)
Mtrain(r) = gtrain(r) x U - U (32)
followed by projecting the testing co-moment tensor onto the training basis:
(k) = (k) ~()T O
gOracle(T) = Mtest(r) x1U e xp U : (33)
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(K
The (Higher Order) Average Oracle core gég A0 15 obtained by an arithmetic mean of the calibrated Oracle cores:

At—Atiey

(k) 1 = (k)
= . 34
gHOAO At — Atyan — Atest b gOraCle(T) (34
Finally, the corresponding tensor estimator is
= (k) (k) = P
Moo = Guono X1 U X -+ x, U, (35)

where U is chosen as the HOSVD basis matrix of the sample co-moment to be filtered. We call this estimator the
Higher Order Average Oracle (HOAO). When k = 2, one recovers the shrinkage recipe of Ref. [18].

The HOAO method mirrors the logic of CV but enforces the chronological structure of the data, making it particularly
suitable for financial or econometric applications where shuffling the time indices breaks the dependence structure.

~(k
As explained in Sec. G 1(-13 Ao can be calibrated on other instruments’ time-series and applied on the desired sample
co-moment tensor by replacing the noisy core with the HOAO one. This bootstrapping approach, which empirically
works on equity data, allows one to calibrate a large number of past Oracles on a temporally limited dataset [18]].

~(k
Furthermore, we assume explicitely that the expectation over a large number of Oracles in Eq. (34) implies gf{(iAo € Ay,
—~ (k
so that Eq. (33)) is the HOSVD of Ml(-lO)AO'

4 Empirical Study

We now turn to the empirical analysis, for which we use 30 years (1995-2024) of unbiased US equity close-to-close
daily returns. The universe consists of common stocks listed on NYSE, AMEX, and NASDAQ.

In this context, population quantities are not accessible, and as explained in Sec. [2.3] we adopt an OOS evaluation
perspective throughout. For tensor estimation, target quantities are defined as realized OOS co-moment tensors. For tail
risk evaluation, we use the OOS realized portfolio moments, which are then employed to fit a FS skew-t distribution
following the methodology described in Sec. and subsequently compute the corresponding RMSE of the estimated
risk measures.

We argue that this procedure provides a sound target : calibrating a skew-t distribution on OOS realized moments
empirically ensures exact coverage of OOS realized percentiles and, equivalently, correct breach rates for the estimated
quantiles in the test period. As such, it constitutes a coherent and internally consistent reference for assessing the
performance of competing estimators in the absence of observable population quantities.

For computational reasons, we focus on portfolios of dimension n = 50, which allows for robust empirical analysis
while keeping the manipulation of higher-order tensors tractable. The computational cost of tensor-based estimators
grows rapidly with dimension, but the results appear to remain valid for dimensions n > 100.

Tensor accuracy is measured through Frobenius-norm errors to realized OOS co-moment tensors, for orders k € {2, 3,4}.
Tail risk accuracy is assessed through the RMSE of VaR and CVaR estimates over a dense grid of percentiles
{0.01,0.02,...,0.50}, as the analysis focuses on downside risk.

In each IS window, we compute three tensor estimators: (i) the sample (MLE) co-moment tensors (Eq. (1)); (ii) the CV
filtered estimator with 10 folds with a train/test split of 65% (Sec. ; and (iii) the HOAO estimator (Sec.[3.2)). Volatility
is handled by first standardizing each marginal using the IS univariate standard deviations, and subsequently rescaling
after estimation. The same procedure is applied to the oracle core tensors, which are computed using standardized
returns.

HOAQO is calibrated on the 1995 — 2010 period. During calibration, we repeatedly draw (with replacement) random
subsets of n stocks and create causal decompositions of the data into independent training and testing windows of
length Aty,in = Atese = 100 trading days each. For each split and each order k£ € {2, 3,4}, we compute the IS
sample co-moment tensor and perform its HOSVD, producing factor matrices and a core tensor. Core tensors are
accumulated across all calibration draws and averaged order-by-order. In the testing period, the data are processed in
rolling-window fashion: each evaluation uses an IS window of At;g = 100 days to estimate tensors and risk models,
followed by a non-overlapping OOS window of Atpos = 100 days used for realized evaluation. Additionally, every
two years we update the oracle by incorporating 2,000 new calibrated oracle cores from newly available data. We
conduct 10,000 experiments over the 2010-2024 period. In each experiment, n stocks are randomly selected and two
causal, non-overlapping windows of 100 trading days each are used for IS estimation and OOS evaluation. Sample
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Figure 1: Frobenius relative errors F

(MLE), CV, and HOAO co-moment estimators are computed, after which 100 portfolios are drawn from a Dirichlet
distribution. VaR and CVaR are then evaluated for each portfolio, yielding a total of one million portfolio-level risk
estimation experiments.

For each order k € {2,3,4}, let Mg%s be the realized OOS co-moment tensor of order £ computed from the entire
100-day OOS window, and let MP) denote the corresponding IS estimator (MLE/sample, CV, or HOAO). We

model
measure tensor accuracy using the Frobenius relative error

CIIO!
) = [Muodal (k)MOOST”F, model € {MLE, CV, HOAO}. (36)
[Moosrlle

This definition places all tensor orders on a common scale, and is applied at the de-volatilized level, isolating the
accuracy of the covariate structure. Results are reported in Figure[T]

The Frobenius-norm results exhibit a clear and stable ordering that mirrors what is known for covariance filtering and
extends to higher orders: the sample estimator is dominated by CV, and HOAO improves further, i.e. MLE > CV >
HOAQO in terms of error magnitude for all tensor orders considered. The HOAO coskewness tensor shrinks strongly
toward zero, but not exactly: its residual magnitude remains statistically distinguishable from zero, with a Frobenius
norm significantly below 1 under a one-sample ¢-test, indicating that HOAO removes most spurious third-order structure
while preserving a small but detectable component. Furthermore, this observation conforts the discussion of Sec.[T} as
we expect such RIE to shrink odd-order co-moment towards 0.

~(k (K

We further observe that, for k € {3,4}, g;ng is almost in set Ay, while g((:V) exhibit non-negligeable violation of
the all-orthogonality constraint. Specifically, our initial assumption holds well for HOAO and much less for CV as
discussed in App.[B.I]

For each IS window and fixed portfolio, we compute sample, CV and HOAO portfolio moments (/i, 5,6, k) and
construct previoulsy described VaR/CVaR estimators, see sections [2.4]and [2.5] We also consider a Gaussian parametric
estimator using only (1, 5) and a historical estimator using the empirical quantile of the 100 IS datapoints.

10
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Figure 2: Out-of-sample accuracy of VaR and CVaR estimators across confidence levels. Left panel: RMSE of VaR
estimates as a function of the confidence level o € {0.01,--- ,0.50} for the different estimators considered. Right
panel: RMSE of CVaR estimates over the same range of confidence levels. The target VaR and CVaR are computed from
a Ferndndez—Steel skew-¢ model fitted to realized out-of-sample portfolio moments. Results are based on US equity
close-to-close daily returns with portfolio dimension n = 50, in-sample calibration window of size At;g = 100 and
out-of-sample test window of size of Atpps = 100, with 1,000,000 experiments: we performed 10,000 bootstrapped
selections, and for each selection we evaluate 100 portfolios drawn from a Dirichlet distribution.

Results of the RMSE against the percentile level are reported in Figure 2] To furthur quantify robustness of performance
differences across estimators and level percentile, we compute a MCS at test size 0.001 from RMSE values. The MCS
identifies the subset of estimators statistically indistinguishable from the best-performing method [38], see App.

The tail-risk results corroborate the tensor-level findings. Across all percentiles below 50%, the MCS analysis at
0.001 confidence level excludes the Gaussian, historical, and MLE-based skew-t and CV estimators, leaving only the
HOAO-based procedures as statistically competitive. Both HOAO parametric (skew-t) and HOAO semi-parametric
(corrected Cornish—Fisher) variants remain alternatively in the confidence set, indicating that the performance gains
translate into robust improvements in VaR/CVaR estimation. The consistent under-performance of the historical
estimator for relatively large percentile is a sign of the non-stationary nature of financial returns distributions, while the
observed superiority of the normal approach over the parametric MLE indicates that the use of unfiltered higher-order
moments may be detrimental rather than beneficial for risk assessment.

Aggregating the RMSE across all a percentiles, rather than analyzing each percentile separately, yields the summary
statistics reported in Table[I] The table summarizes VaR and CVaR performance aggregated over all experiments, and
reports the correlation between estimated risk measures and realized OOS risk. The results show that parametric risk
estimation based on HOAO-filtered moments consistently overperforms the competing approaches. Best-performing
RMSE values are reported in bold when they are statistically significant at the 1% level according to a one-sided paired
Wilcoxon signed-rank test.

5 Conclusion

Across both tensor-level and risk-level criteria, the proposed higher-order filtering procedures deliver systematic gains
over naive plug-in estimation. On real U.S. equity data in a rolling out-of-sample design, the ranking of performance of
tensor estimators is stable across tensor orders: sample estimates are dominated by cross-validation, and HOAO further
lowers relative Frobenius errors for covariance, coskewness, and cokurtosis. These tensor improvements translate into
materially more accurate tail-risk measurements, as evidenced by lower RMSE for VaR and CVaR across confidence
levels and by decisive MCS tests that retain HOAO-based estimators as the only consistently competitive procedures
over the relevant lower-tail region.

11
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Figure 3: Model Confidence Set (MCS) inclusion results at test size 0.001 with block bootstrap, for percentiles in
{0.01, - --0.50}. Inclusion in the MCS is marked by a colored band percentile-wise. Left panel: VaR best performing
models from left to right. Right panel: CVaR best performing models from left to right. The MCS identifies the
subset of estimators statistically indistinguishable from the best-performing method in each setting. Results are based
on US equity close-to-close daily returns with portfolio dimension n = 50, in-sample calibration window of size
Ats = 100 and out-of-sample test window of size of Atgos = 100, with 1,000,000 experiments: we performed 10,000
bootstrapped selections, and for each selection we evaluate 100 portfolios drawn from a Dirichlet distribution.

VaR CVaR
Model RMSE (10~%) Correlation RMSE (10~%) Correlation
HOAO (SKEWT) 5.067 0.951 1.792 0.961
HOAO (CF) 5.228 0.948 1.839 0.960
CV (SKEWT) 5.677 0.935 2.077 0.941
Normal 5.746 0.938 2.080 0.943
MLE (SKEW T) 5.786 0.936 2.068 0.943
Historical 5.866 0.933 2.104 0.940
CV (CF) 5.956 0.933 2.172 0.938

Table 1: Out-of-sample RMSE and correlation for VaR and CVaR estimation, aggregated across all confidence levels.
Best-performing RMSE values are shown in bold when statistically significant at the 1% level according to a paired
Wilcoxon signed-rank test. Results are based on US equity close-to-close daily returns with portfolio dimension
n = 50, in-sample calibration window of size At;g = 100 and out-of-sample test window of size of Atgos = 100, with
1,000,000 experiments: we performed 10,000 bootstrapped selections, and for each selection we evaluate 100 portfolios
drawn from a Dirichlet distribution.

When moving from co-moment estimation to tail-risk evaluation, the choice of the moment-to-tail map becomes an
essential component of the methodology. It is particularly relevant for optimized portfolios, where the weight vector
is itself a function of the estimated moments and therefore amplifies small distortions in higher-order inputs. In our
empirical analysis, we observe that stabilizing higher-order tensors is necessary but not sufficient to guarantee accurate
VaR/CVaR for such portfolios: the link function must be consistent with the distributional shape implied by the estimated
moments, and robust to residual estimation noise. Under these constraints, the proposed pipeline yields the greatest
and most stable improvements when the tail-risk functional is computed from a parametric or corrected approximation
calibrated to the filtered moments, whereas purely nonparametric quantile estimation remains comparatively sensitive
to window choice and regime shifts. Overall, the evidence indicates that the dominant bottleneck in practice lies
upstream—in the estimation of higher-order dependence—but that translating those gains into tail-risk accuracy requires
an explicit, carefully chosen mapping from moments to tail quantities.
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A Tensor algebra

A.1 Numerical estimation of mode matrices U

Let M € R™*"*™ be an order-k supersymmetric co-moment tensor. By super-symmetry of M, all of its unfoldings
are equal: V r € [1,k], M, = M. However, in practice, their respective SVDs may yield different left singular
vectors in case of degeneracy of the singular values and sign ambiguity. Instead of estimating k potentially different
mode matrices, we enforce a shared orthogonal basis U from a single matrix unfolding of M. Concretely, we form the
mode-1 unfolding

n nk—l
M) e R, My, Ga,voin) = Miga.iis (37
and compute its SVD:
M) =UAV'. (38)

We then define the core tensor by successive mode multiplications with U':

G =Mx U x;U" - x, U" € A, C R?*"X", (39)
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or expressed in coefficients,

Garvan = O, Uiay - Uipay Miy i (40)

This construction is a constrained HOSVD: the equality of mode matrices is enforced by definition through the single
mode matrix, rather than obtained as a property of the usual HOSVD algorithm of Ref. [20]. This allows us to reduce
memory as only one orthogonal matrix is used per estimated co-moment, with substantially no loss in accuracy of
tensor reconstruction. As a remark, notice that the HOSVD construction, if applied to a symmetric matrix 32 of EVD
> = VAV is exactly its diagonalisation. Indeed, as a matrix ¥ = X and thus the EVD of X is the SVD of X so
that the proposed matrix coreis G = X x; V' x, VI = VIZV = A,

A.2 Rotational invariance of co-moment tensors

Fix U € O(n). Consider the order-k co-moment tensor of Ux:

MY = E(Ux)®], MY =E[Ux);, - (Ux);].

Ji--Jk

Using (Ux); = >, Uj;z; and multilinearity of the multilinear product, we compute componentwise:

k k n
M) =E [ 1T @), 11 ( > Ui wz)]

m=1 m=1 \¢,,=1

n k
- 3 (Hv)
1

ol = m=1

n k
= Z (HUszm> [, - @i, ]

m=1

o Ujkik Milmik

I
|~M
=

Where the fourth equality stems from linearity of the expectation assuming E[|x;, - - - 24, |] < oo.

We recognize the last expression, by definition, as the multilinear product with U applied on all modes of :
MU = M, U %, U. 41)

Assuming rotational invariance of the random variable associated to the vector of returns x = (z1, ..., Z,), meaning

VU € O(n), x < Ux, we have E[f(x)] = E[f(Ux)] for any measurable function f : R™ — R such that
E|f(x)| < co. Applying this with the element-wise integrable map f;, 4, (2) := z;, - - - z;, yields

E[x®*] = E[(Ux)®*].

We can finally conclude by
M=Mx;U---x, U, YU € O(n). 42)

This allows us to define Rotationally Invariant Estimators (RIE) of M as an estimator M under the assumption of
rotational invariance of the random varibale x, which boils down to finding an estimator of the core G of the HOSVD
of M., solution of the HOSVD problem.

A.3  Proof of Proposition 2 (Sec.[2)

Let k > 2 and let M € R™*"*"_Fix mode rotation matrices U € O(n) and define the multilinear map associated to
the HOSVD under the assumption of a unique rotation, that is assuming no rotational ambiguity :

MG) = Gx1U...x, U,  GeAMy. 43)
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We equip the considered tensor space R"®" with its canonical (Frobenius) inner product, so that for .A and B tensors

Z Aiyin Bivins AR = (A, A).

For any core tensor G, the map in (@3] preserves the Frobenius norm:
IMG)llr = 1G] r-

Indeed, by writing the multilinear rotation entrywise:

Jl Jk E : E :Ujltll"'Ujkak ga1~~~ak'

all akl

Then

IM@)E= Y M@)jy...i MGy

J1s--5dk

Z Z Z (H Jmam Jm m> ga1 akgbl..‘bk-

J1yeesdk A1505Qk b1y,

Separation of the sums yields
e k
HM(g)||2F = Z Z H Z Ujnam Ujbnm Gay...ar, Gby...by-
a1,...,ak by,....b, \m=1 j,,

Since Y im Uimam Ujpb = 0a,,b,,» the inner product simplifies to

IMO)F= > G . =Gl

A1,y...,Q)
We next define the (adjoint) map:

//\;t*(8> = le UT'“XkUT’ SERnmen.
Then for all G € R™* %" and all § € R™* X"

(M(G), S) = (G, M (S)).

We derive the identity (40) using the expression of M (G) written coefficient-wise:

(M(G), 8) = Y M@y Sir.i

J1s--0k
E § <H Umam> gal J1 Jk*
1yeesJk Q1yees@) \M=1

Interverting the two sums allows to recognize the adjoint map acting on S’

</\’71(g), S) = Z Gay...ax Z (HUJmam> g1 ]k:<g7'/\/;"*(8)>a

a1,...,0k Jiy-de \m=1

= (M*(8))ay...ay

which is {@6).

16

(44)

(45)

(46)

(47)



Higher-Order Moment Shrinkage for Risk Assessment

Optimality of G*
Consider the least-squares problem

G*=arg min |[|[M(G) - M|>%. (48)
geRnX»--Xn

In order to derive the result of equation 2] we start by expanding the Frobenius norm written as an inner product:

IM(G) — Mf% = |M(G)I[3 — 2(M(G), M) + M]3

Using Eq. (@4) and Eq. (@6)), we obtain
[M(G) ~ M7 = IM(G)]I7: — 2MI(G), M) +[IM]F
= G117 — 26 M (M) + | M}
=g~ M (M) + [M]F — M (M)
Since the last two terms are  constant in G, the unique minimizer is G* = M (M), which yields equation (27). The
result is not surprising as ||M(G*) — M||r = 0.

This solution also provides an optimal core for the HOSVD of an estimator of a co-moment tensor of order k£ > 2 of a
random vector under the assumption of its rotational invariance, yielding an optimal RIE in the sense of enforcing a
mode basis and replacing the core as to minimize the Frobenius distance to a target tensor.

A.4 Oracle under rotational invariance

The tensor G* of Eq. is in general not an element of the set Ay := {4 € R™M*">" |V < k Va, <
Ty, <AiT:a, AiT:5> = 0if o # [}, that is to say the set of admissible HOSVD core tensors. Note that G* is
however supersymmetric by construction from the supersymmetric population co-moment.

However, the HOSVD of the unconstrained, supersymmetric, Oracle core reads G* = Gg» x1 Ug» ... X3, Ug+ where
we do have Gg+ € Ay. Under the assumption of rotational invariance, then we know that M gpulation is preserved by
multilinear rotation, thus Mopulation = G* = Gg» € Ay.

. . Sk . .
Therefore, when using Eq. (27) to estimate G from finite samples of realized returns, we can assume that on average,

if the assumption of rotational invariance holds, then the estimated core G belongs to A. In other words, we assume
that the averaging procedure of Sec. [3.1] and [3.2] makes the estimated tensor cores admissible HOSVD cores. This
assumption seems to hold relatively well considering the empirical overperformance of proposed estimators, and the
observed shrinkage to the O-tensor of the estimated coskewness, which is to be expected for rotationally invariant
returns. A more detailed analysis of this question if given in appendix

Let us finally remark that, ideally, the tensor Oracle solves:

Oracle __ : A _ 2
G = argmin | M(G) — Mk, (49)

for which we did not find any closed form solution. To be more precise, we lack the orthogonal projector, in the
. k
Frobenius sense, 114, : R"®" — Ay, such that

gOracle — HA(g*) (50)

In the matrix case, we know that IT is precisely Diag(), which we therefore use in the empirical analysis to stricly
~(2
enforce all-orthogonality of the filtered covariance eigenvalues g( ).

B Empirical Analysis

~(k
B.1 Do gé\B/HOAO S Ak for k c {27 3,4} ?

Following the calculations of [39]], membership in the structured set A can be characterized through the diagonality of
a Gram matrix built from an unfolding of the estimated core tensor. More precisely, for each moment order k € {3,4}
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Model m ‘ ]E[||Gram£3) ||F] ‘ E[é,(,?)] ‘ ]E[||Gram£3) ||F] ‘ E[é,(,%)]
Ccv 25.9 0.40 1380 0.22
HOAO 1.8 0.38 1500 0.013

Table 2: Mean relative Gram distance to diagonality E[éﬁf )] (in (52)) over experiments, for k € {3,4} and m €
{CV,HOAO}.

~(k ~(k
and each model m € {CV,HOAO}, let gfn) denote the estimated (super-symmetric) core tensor. Let (gfn)) i be its
mode-1 unfolding (the choice of mode is without loss of generality under super-symmetry), and define the associated
Gram matrix by
® . 5F S(NT
Gram,,’ := (gm )(1)(gm )(1). (51)
~(k

In this setting, G fn) € Ay, if and only if Gramg,]f ) is diagonal. Therefore, we quantify the deviation from Ay, through the

relative off-diagonal norm
k) _ Dy (k)
(57(,?) _ ||Gramm Dlagk(Gramm )HF c [0.1], 52)
[Gean 2,

where Diag(-) denotes the diagonal matrix obtained by zeroing out off-diagonal entries.

Since Diag(+) is the orthogonal projector onto the subspace of diagonal matrices for the Frobenius inner product, the
numerator in (52) is precisely the residual of the Euclidean (Frobenius) projection, which makes the Frobenius loss the
natural criterion to minimize when projecting onto Ay. In the worst case, when the diagonal part vanishes, the residual

~(k
equals the full norm and 6,(5 )= 1. Importantly, in the case G fn) = 0 € A the proposed error metric becomes undefined
~(k
because of the scaling factor, and caution is advised when investigating G En) ~ 0.
We do not report this diagnostic for k£ = 2, since in practice we enforce full diagonality

~(2) . 5(2)
Govymono + Diag(Gcv moao)-

Tablereports the measured mean value of 5% for k € {3, 4} along with ||Gram{¥)|| .. While the relative deviation is
non-negligible for HOAO coskewness (k = 3), it should be interpreted with care as the residual HGramE,’f) H - is small
for a tensor of 50° entries, and may be dominated with noise.

B.2 Model Confidence Set

To compare multiple estimators while accounting for data dependence, we compute a Model Confidence Set (MCS)
following Hansen et al. (2011). For each method m, we form the loss series {£,, ;(«)}2% (here, RMSE for VaR/CVaR
at percentile «, aggregated into RMSE). The MCS procedure tests the null hypothesis of Equal Predictive Ability across
the candidate set using loss differentials

diji(a) = lig(a) — (o). (53)

The distribution of the MCS test statistic is approximated via a moving block bootstrap over ¢ with block length
L = 1000. At significance level 6 = 0.001, the MCS returns the subset of methods that cannot be statistically
distinguished from the best performer under the chosen RMSE loss for VaR and CVaR accuracy estimates.

The reported results in Fig. [3| establish clearly that, in the considered setting, HOAO-based risk models outperform
other proposed models with high degree of significance. The same MCS is obtained for different dimensions, ranging
from n = 10 to n = 100 in our experiments.
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