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Abstract

In this article, we propose to build on the DICE model (Nordhaus, 2018) where we introduce a new
quantity, commonly called exergy (Ayres et al., 2003). Data show that the variation of primary exergy, or
simply called exergy is a good predictor of the Total Factor Productivity variation. That remark allows
us to design new economic scenarios that respects the Paris Agreement. These scenarios are of particular
interest for future climate stress-tests (cf. ACPR (2020)). Moreover, our model is capable to conciliate
di�erent projections by the introduction of environmental constraints. On one hand, if exergy increases,
we have similar projections with standard economic models. On the other hand, if exergy decreases,
we obtain projections closer to other Integrated Assessment Models, where economic output declines
(Meadows et al., 2013; Capell�an-P�erez et al., 2020).

1 Introduction

Since 1988, the Intergovernmental Panel for Climate Change (IPCC) tries to evaluate the impact of human
activities on the climate and has very recently launched yet an other worrisome report IPCC (2021). Around
the same time, Nordhaus (1991) published a pioneer work was, for the �rst time, a cost bene�t analysis
where published and discussed the optimal greenhouse gas emissions abatement policy. He then published
the �rst iteration of the Dynamic Integrated model of Climate and Economy (DICE) model (Nordhaus et al.,
1992) to take into account the damage of climate change on the economy. His work seems to have met a
huge success as he has been granted the economic Nobel prize in 2018. Many economists have expressed
critics about DICE starting with Stern (2013). In this report, Stern states that economic growth shouldn't
be taken for granted and wrote that new models needs to be build to add possible recessions. In DICE,
economic declines is impossible due to the exogenous growth of Total Factor Productivity (TFP). To build
new models where economic decline is a possible scenario, it is crucial to change the exogeneity hypothesis
of the TFP. This quantity is often interpreted as a proxy for technological progress. A review from Isaksson
(2007) states that this progress is often led by education, health, infrastructure, and �nancial developments.
In practice, it seems very di�cult to quantify all these variables to build a meaningful model of TFP. Some
models rely on econometric relationships (Alestra et al., 2021) using proxy variables such as relative price of
energy or number of years in the schooling system. Some others rely on pure economic assumptions, such as
the catch-up model developed by Aghion et al. (2001); Vandenbussche et al. (2006). Unfortunately, it seems
that the relationship between all these variables and TFP are not very strong and these models seem to be
unable to provide su�cient ground to introduce endogenous TFP variations in the DICE framework.

Overall, the goal of this article is similar to the one of Alestra et al. (2021). That is, to build an easily
tractable and interpretable economic model. The most striking di�erence between their contribution and
Nordhaus (2018) model, is the assumption of endogenous TFP variation. However, Alestra et al. (2021)
model lacks crucial properties needed for relevant future Gross Domestic Product (GDP) forecasts. First,
the variables used to predict TFP seems to be very hard to project which is a problem given the key role
that variable must play in the model. One may wonder to what extent their model is endogenous as the
predictor variable cannot be easily estimated. Second, they assume energy consumption will be set by GDP
and the energy mix will adapt according to the relative price of each energy year by year. Unfortunately
such assumption is very optimistic, because the energy mix doesn't evolve much from a year to another.
And regardless of energy prices, a nuclear, coal or gas power plant is build for several decades. Third the
assumption that energy mix evolves according to the relative price undermines the physical di�culty of
replacing fossil fuels by other source of energy. Finally, we argue that price is a very poor indicator of energy
scarcity, and reects very poorly the central role it plays in every sector of the economy.

In this article, we focused on the DICE model, however we are aware other IAM models are used in
the literature. The NGFS uses GCAM (Calvin et al., 2019), MESSAGE (Krey et al., 2020) and REMIND
(Luderer et al., 2015). GCAM and MESSAGE are models that set GDP as an exogenous variable hence
inappropriate for the purpose of this article. REMIND, however, has a di�erent speci�cation where it de�nes
a production function that embed �nal energy. In a way it may seem similar to our model but they tune
e�ciency parameters to match exogenous GDP growth path : \It assigns an e�ciency parameter to each
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production factor in the various macroeconomic CES (constant elasticity of substitution) functions. The
changes of e�ciency parameters over time are tuned such that baseline economic growth and energy intensity
improvements match exogenous scenario speci�cations." Which basically makes GDP growth exogenous just
as all other models. Thus, it means that the NGFS takes into account IPCC predictions with exogenous GDP
growth paths. These assumptions are at best misleading and lead to systematic risk as �nancial institutions
are unable to properly measure climate risk. We think these models are inherently dangerous in a stress-test
framework.

That are the reasons that motivate us to build another model that addresses these critics. Our goal is to
build a statistical model using observable variables to predict future values of TFP. The main advantage of
our method is that it uses one observable variable that seems to be a driver of TFP. It also has the appealing
property of being very easily estimated from a climate trajectory. Then, using that model we would like to
show projections of GDP using our modi�ed version of the DICE model (Nordhaus, 2018). The article will
be organized as follows, in the �rst section, we will briey describe the DICE model developed by Nordhaus
(2018). Then, in the second section, we will describe all the assumptions made to develop our own version
with a focus on the TFP modelisation. In the third section, we will discuss two ways to build exergyscenario
using exogenous assumptions and endogenous ones. In the fourth section, we will build the climate change
module. The aim of this module is to translate climate change into economic damage. In the �fth section,
we will derive our full model and compare it to some other propositions such as Nordhaus (2018) and the
scenario used by the ACPR (2020) for the french climate stress-test, then the last section focuses on the
potential development of our proposed approach.

1.1 The DICE model

The DICE model introduced by Nordhaus et al. (1992) and recently reevaluated by Nordhaus (2014,
2018), is an economic model that tries to describe the interaction between the economy and the environment.
Such model answers the following question : what would be the cost of the emissions reduction needed to
meet the Paris Agreement ? To answer such question, Nordhaus identi�es two costs.

The �rst is the direct cost of climate change. Unfortunately, climate change increases the likelihood and
the magnitude of a disastrous event. Recent events such as the heat dome in Canada, wild�re in north
Africa or the chronic drought in the west of the USA are only a few observations of what is meant to come.
Obviously environmental disasters are very costly for a society, for example, Hurricane Katrina costed more
than $100 billions (Shreve and Kelman, 2014) and global warming is expected to kill millions if not billions of
people (Mora et al., 2017, 2018). Thus, Nordhaus, using the work of Tol (2009) estimated a damage function
in order to quantify these damages. Direct damages are represented by the function 
 in the model. That
function has been the center of many critics, see for example Weitzman (2010); Stern (2013).

The second cost is the adaptation to a warming climate and the investments required to lower the
greenhouse gas emissions of our economy. These investments and decommissions may slow down or reverse
growth. First, we need to decommission all internal combustion engines (planes, ships, cars, ...), all electric
generators that burns fossil fuels, change all the current cementeries and steel mills, by 2050 at a global scale.
Then we need to invest in a low carbon economy. But one may argue that, to date, green investments are
not as cost e�ective as traditional investments, else they would already be �nanced and a net-zero economy
would be reached without any public intervention. That di�erence, between traditional and low carbon
investments, might introduce a cost of greening the economy. That cost is represented in the model by the
1 � ! (t) function, which represents indirect damages.

Overall, Nordhaus considers a standard Cobb-Douglas production function multiplied by two other func-
tions representing direct and indirect damages of the climate change.

Y (t) = (1 � ! (t))
A(t)K (t) � L(t)1� �

1 + 
( t)
: (1)

In Equation (1), Y (t) represents the output of the economy at timet. Many other production functions
exist (see Thompson (2006)) but we won't discuss them as we argue the most important parameter is the TFP,
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regardless of the production function. Thus, we want to focus this paper on building an endogenous TFP
model with the simplest and most studied production function. In Equation (1) K (t) and L(t) respectively
represent capital and labor, 
 is the amount of damage caused by climate change while! represents the cost
of emissions reduction and adaptation, they have the following de�nitions :


( t) = � 1T(t) + � 2T(t)2 DICE
� 0:0026� T(t)2; (2)

! (t) = � 1� (t) � 2 : (3)

In Equation (2), T(t) is the mean temperature of earth at timet while � 1 and � 2 are regression parameters,
Tol (2009) described one method to estimate them. In Equation (3),� (t) is the reduction of greenhouse gases
and � 1; � 2 are prede�ned constants, Nordhaus and Sztorc (2013) state that� 2 = 2 :8 and, between 2020 and
2050, � 1 grows from 0:039 to 0:068. If one is interested in estimating economic output growth rate, then
the most important driver is total factor productivity A(t). According to the speci�cation of Nordhaus and
Sztorc (2013), this variable is de�ned exogenously by :

A(t) = A(t � 1)(1 + gA (t)) ;

gA (t) = gA (t � 1)(1 + � A );

gA (2015) = 7:9% per 5 years;

� A = 0 :6% per 5 years:

This model speci�cation leads to a very important economic growth, of about 1:9%=year for the coming
century, while allowing this growth to be independent of any other variable. That growth comes mainly
from the TFP growth as it growths for about 1 :5% per year. The remaining growth comes from population
increase and capital accumulation. Overall, it means that the cost of climate change is almost null. More
and more contributions in the recent literature consider that this is at best, very optimistic if not completely
misleading (Pindyck, 2020).

2 Economic model assumptions

Notation

In the following table and the rest of the article, we use a subscript to specify the country while the time
will be between parentheses. When there is no risk of confusion, the country subscript is omitted.

Symbole Signi�cation
Yc(t) Gross Domestic Product (GDP)
Ac(t) Total Factor Productivity (TFP)
K c(t) Capital stock
L c(t) Number of working hours

 c(t) Direct damage of climate change
! c(t) Transition investment on a green economy
T(t) Temperature variation since the industrial revolution
Ec(t) Exergy

TPc(t) Total primary energy
G(t) greenhouse gases emissions

SCO2(t) additional greenhouse gases in the atmosphere.
C List of countries

Table 1: Notations

In this paper, bold symbols designate vectors. For example,Y (t) is a vector with the GDP for a set of
countries. In the following we will note the logarithm of every quantity, with a lower case. Thus, for example,
ac(t) = log( Ac(t)).
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2.1 GDP estimation

As we stated in introduction, we modify the DICE model to introduce endogenous TFP growth. We
will use a standard production function, a two factors Cobb-Douglas function, such as Nordhaus and Sztorc
(2013); Alestra et al. (2021) :

Yc(t) = Ac(t)K c(t) � L c(t)1� � :

Here Yc(t) represents the GDP for country c at time t without any climate or transition damage (e.g, ! and

). The total factor productivity, capital and labor are respectively represented by Ac(t); L c(t); K c(t). The
parameter � represents the elasticity between capital and labor. Its usual value, as used by Nordhaus and
Sztorc (2013) or Alestra et al. (2021), is� = 0 :3. We will keep the damage function introduced by Nordhaus
(Equation (2) or a variant), however, as we will discuss in the following sections, we will endogenize the
indirect damage into the TFP growth model (see Equation (3)), thus, we will not use the indirect damage
function introduced by Nordhaus. It will remove signi�cant unknown as that function is nearly impossible
to calibrate as, yet, no observation exists to test its forecasts.

2.2 Capital stock

As Nordhaus and Sztorc (2013) or Solow (1956) described, we use a classical model for capital variation,
let � K be the depreciation of the capital, then the dynamic ofK (t) is

K (t) = (1 � � K )K (t � 1):

In the standard settings, � K is a constant parameter, for example, Nordhaus and Sztorc (2013) assumes this
coe�cient to be equal to 0 :10. However, it would be interesting to modify this hypothesis as climate change
will likely increase its value. For example, a very aggressive policy towards carbon emissions reduction would
increase the depreciation rate of every industrial buildings required by the fossil fuels industry. It is the
stranded assets problem, see for example : Van der Ploeg and Rezai (2020).

2.3 TFP estimation

The variable that leads to sustained growth in the aforementioned model is Total Factor Productivity
(TFP), as Ayres et al. (2003); Warr and Ayres (2006); Stern (2015) discussed, growth rate could be very
dependant of an observed variable,exergy. To simplify the notation and ease the reading, we will refer to
primary exergy as exergy, some others refer to that notion under the name �nal energy Bercegol and Benisty
(2022). Exergy is a thermodynamic quantity which represents the amount of work a given system could do
before reaching equilibrium. That quantity could be estimated using the amount of energy used and the
e�ciency of its transformation into useful work. We argue that useful work is a good predictor of TFP as
productivity is driven by exergy intensive industrial process Cleveland et al. (1984). Hence, the higherexergy
the higher the number of produced goods. All other variable being equal it should equate to more GDP.
Thus, in the framework developed by Nordhaus, we argue that, the variations ofexergy should be a good
predictor of the variations of the TFP.

Moreover, we don't want to add exergy as a substitute for labour or capital: Exergy can't be replaced by
capital because capital needs it to transform ow of natural resources into produced goods. Labour may
to some extent replace a part ofexergy as the human body can perform physical work. Unfortunately, the
human body is order of magnitude less powerful than other sources of energy. It may be the reason why
humans historically replaced their body (and to some extent all living species) by external machines powered
by fossil fuels (Huber, 2009). This is also an argument to dismiss the proposed production functions that
directly include energy (Van der Werf, 2008) and an argument to includeexergy into the error term. That
development is also explored by Bercegol and Benisty (2022) who try to explain past TFP growth using
exergy, though, they used a di�erent functional form, and we propose two advantages over their method :
�rst, our goal is to build forward looking models. Second, we try as much as possible to provide con�dence
interval for all our predictions.
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Our modelisation also echoes the idea of Santos et al. (2021, 2018) where they tried to model TFP with
the e�ciency of exergy. That e�ciency represents the amount of real useful work done in various sectors.
For instance the e�ciency of internal combustion engines that transform chemical energy onto kinetic energy
or the e�ciency of coal power plants that also transform chemical energy into electricity that will �nally be
used by machines and transformed to other form of energy (either thermal, kinetic or potential). While our
modelisation seems to be very close to their approach, it still has drawbacks and we propose some variations.

First, we want to be able to forecast long term GDP to match the stress-test use case, but we don't
know the exact amount of each work will be needed in each sector at a 30 years horizon. Thus it is hard
to compute exergy e�ciency. Also, that computation requires the e�ciency of each transformation in each
sector which is also unknown in the long run due to technical innovations. Although we could have a rough
idea of such quantity, we don't want to introduce more unknown variables in our model in order to reduce
long-term variance. That is the reason we wanted to useexergy variations, even though that model might
have a worst goodness of �t, we don't rely on unknown variables to project TFP which is a great feature for
long term forecasting. However, we think such approaches might be very interesting to develop a sectoral
approach. Primary exergy can be computed using primary energy and conversion factor (for further details
: Brockway et al. (2014)).

2.3.1 Standard auto-regressive model

In this subsection, our data consists ofexergy and TFP time series, from 1948 to 2018. Let denote
(e(t)) t 2 J1;T K the logarithm of the exergy time series and (a(t)) t 2 J1;T K the TFP one. They are I (1) according
to the Dickey-Fuller test. We tested whether or not it exists a cointegration relationship.

Let us recall that for this purpose, we have to check if their exists a scalar �1, such that : (a(t) �
� 1e(t)) t 2 J1;T K is stationary. Thus, to test the existence of such vector we have to estimate the following
model : a(t) = � 0 + � 1e(t) + � (t) and test for the stationarity of ( � t )t 2 J1;T K. The Figure 1 shows the plot of
the residuals of the OLS regression. The �tted versus observed plot are presented in Appendix B.

Figure 1: Residuals ^� (t) = a(t) � �̂ 0 + �̂ 1e(t) on US data from 1948 to 2018.

According to the Dickey-Fuller test (value : � 0:05, p� value 0:95), the stationarity of the residuals is not
rejected, which suggests there exists no (linear) cointegration relationship. Thus, we will �t a time series
model on the di�erences ofa(t). More speci�cally, we consider the following ARX (1) model :

8t 2 J1; TK : a(t) � a(t � 1) = � 0 + � 1 (a(t � 1) � a(t � 2)) + � 0 (e(t) � e(t � 1)) + " t : (4)

The number of lags fora(t) � a(t � 1), was selected by minimizing the BIC and the results could be checked
in Table 2.
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Dep. Variable: A
Model: VAR
Method: OLS

Log-Likelihood: 356.239 R2: 0.4626
No. Observations: 68 AIC: -15.6826
Df Residuals: 69 BIC: -15.4899

coef std err t P > jt j

const 0.007686 0.001959 3.924 0.000
� a(t � 1) -0.173345 0.094394 -1.836 0.066
� e(t) 0.422000 0.056792 7.431 0.000

Table 2: ARX (1) coe�cients estimations

We could plot in the Figure 2 the �tted values and the observed variation of the TFP and the residuals
in the Figure 3:

Figure 2: Observed and �tted values according to
Equation (4).

Figure 3: Residuals (Dickey Fullerp� value < 0.001)

The Ljung-Box test has a p-value of 0.77 at lag 10, The Jarque-Bera test has a p-value of 0:13. Also, it
seems that our modelisation get a higherR2 than most of the TFP modelisation found in the literature, see
for instance Alestra et al. (2021). Using ourARX (1) modelisation, we have a new interpretation of Total
Factor Productivity. On the one hand, as explained by Cleveland et al. (1984), TFP improvement might come
from technological improvement that o�set the declining concentration of mine ore and the declining energy
return on investment (cf Hall (2011)). The pace of technological advancement is set by the constant term
in this model, for example, in the recent years, information technology may have improved e�ciency while
reducing exergyconsumption. On the other hand TFP improvement could also come from the augmentation
of the amount of exergy used in the economic system. It seems to be a quite natural interpretation of factor
productivity, as an augmentation of productivity of existing machines mainly comes from an augmentation
of energy consumed by those machines. Nevertheless, we must admit we only used US data to build that
model, which means we don't measure the importance of imports. Even if the US economy is very diversi�ed
we still don't measure possible speci�city.

Let us note that our model is not able to measure the impact of the outsourcing of polluting industrial
processes as it only consider locally usedexergy. Industrial outsourcing became widely used in the last
decades in western economies. Bercegol and Benisty (2022) also briey discussed that problem. We think
this aspect minimises the impact ofexergyon the US TFP. US economy relies massively on the service sector
and imports more goods from other country than ever before Ott et al. (1987); Buera and Kaboski (2012). A
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possible reason of the decoupling observed on Figure 1 may come from the outsourcing of its manufacturing
industry at the bene�t of the service sector.

If we assume such relationship holds true at a global scale, then, given the predictions on future values of
exergy, we should be able to compute future values of the Total Factor Productivity. These projections can
be of special interest in the case of climate stress-test, but in order to build meaningful stress-test scenario
one important feature is the associated uncertainty. In the Bayesian paradigm, adopted in the following
sections, uncertainty will be measured through the credibility intervals. Also the Bayesian paradigm allows
us to share information between countries that may have similar economies.

2.3.2 Data

Before diving into our proposed Bayesian models, let us describe the data we used. It consists of time
series ranging from 1971 to 2018 for seven countries : United States, United Kingdom, France, Germany,
Japan, Canada and Italy. It consists of the biggest economies by GDP. We purposely excluded india, China
and Brazil for which we could only gather exergy data from 1990 to 2018. Also, we must warn the reader,
our data consisted only of renewables sources which includes among other things, hydroelectricity, solar and
wind. Unfortunately we wanted to have a more granular view of those sources thus we made the assumptions
that hydro powers where already fully developed, in the studied countries, from the year 2000 and from that
date, all new renewables comes from wind and solar. We might overestimate a little the actual real amount
of wind and solar, but anyway that assumptions doesn't introduce huge error as renewables only account
for a fraction of a percent of �nal energy consumption in these countries. We discovered in Bercegol and
Benisty (2022) di�erent data (Malanima, 2020). It may be very interesting to re-estimate our models with
more observations to check whether our model holds true for a longer time series.

2.3.3 Bayesian auto-regressive model

The generalization of the previous model to any other country might be dubious because the economic
structure of the US is probably not exactly the same as other countries. But we think they are to some extent
similar. Also, as stated in Section 2.3.2 we could only gather data from 1971 to 2018 for other countries.
Thus, we think a Bayesian approach might be appropriate. An other advantage of such approach is the
ability to easily build credibility intervals. A very similar Bayesian model, used in a di�erent scienti�c �eld,
could be �nd in McMillan et al. (2005) and Sahu et al. (2007); Sahu (2012). They try to predict the ozone
level at a given station using past values of ozone level and current values of meteorological data. We have
the same data structure. It gives us con�dence that our Bayesian approach will probably be identi�able and
converge to a unique solution. We want to forecast values of TFP using past values of TFP and current
values of exergy. Let assumeC is the set of considered countries, then, for every countryc 2 C we could
denote the logarithm of total factor productivity ac(t) and the logarithm of exergy ec(t) for any t 2 J1; TK.
Let assume model (4) still holds and each country has true value� 0;c ; � 1;c and � 0;c then :

� ac(t) = � 0;c + � 1;c � a(t � 1) + � 0;c � ec(t) + � c;t : (5)

Where � is the di�erence operator, that is, for instance : � ac(t) = ac(t) � ac(t � 1): We can also rewrite
the above equations using vector notation :

� a(t) = � 0 + � 1 � a(t � 1) + � 0 � e(t) + � t :

We could assume any country has a true value similar to other developed economy. The underlying idea is
that any western economy rely on energy to produce goods and the technology used in these countries might
be to some extant similar. Thus the exergy requirement to produce goods should be similar. Hence, we
assume we have some priors on the distribution of the parameters and then knowing these priors, we could
draw the regression coe�cients of our model. Figure 4 is an illustration of that idea.
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Figure 4: Hierarchical Bayesian model; densities assumptions are given in Appendix D.

To check the convergence, we estimated our model with several priors settings ranging from very infor-
mative to more uninformative ones. We summarized our setup in Table 3.

Parameters Prior 1 Prior 2 Prior 3
� � 0 N (0; 1) N (0; 100) N (0; 0:25)
� � 1 N (0; 1) N (0; 100) N (0:05; 0:25)
� � 0 N (0; 1) N (0; 100) N (0:1; 0:25)
� C(1) C(10) C(0:1)

� � 0 C(10) C(10) C(1)
� � 1 C(10) C(10) C(1)
� � 0 C(10) C(10) C(1)

Tuning steps 5000 5000 5000
Draws 2000 2000 2000

Table 3: Parameters and priors for model (5)

Only one experiment, corresponding to Prior 2, will be shown below. The plots from all described exper-
iments are provided :1. In Table 3, C(� ) corresponds to a half-Cauchy density of parameter� , f C(� ) , and
N (�; � 2) to a Gaussian density, f N (�;� 2 ) , of mean � and variance � 2. These densities are de�ned as :

8x 2 R : f C(� ) (x) =
2

��
�
1 +

�
x
�

� 2
� 1x> 0 and f N (�;� 2 ) (x) =

1

�
p

2�
exp

 

�
1
2

�
x � �

�

� 2
!

:

With the priors described in Table 4, the posterior densities for all parameters and the total factor pro-
ductivity variation posterior are shown in Figure 5. We implemented the model thanks to Salvatier et al.
(2016) and the PyMC3 python package. Our code may be found here :2.

The �rst striking result of Figure 5 is that exergy variations coe�cient is signi�cantly greater than 0 for
almost all countries (but France). The other quite interesting result is that every coe�cient are similar for
every country with a mean value near 0:2. It may indicates that every countries have the same dependence
upon exergy. The lag coe�cient is not signi�cant for all countries. But the constant term which might
account for exogenous technological improvement is greater than 0 for every country but 2. In this model,

1soon to be added
2soon to be added
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